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Abstract: A thorough mathematical foundation for dealing with uncertainty is provided by the notion of soft sets
introduced by Molodtsov in 1999. In contrast to classical set theory, soft sets allow elements to have
parametrization, providing a more complex representation of uncertainty. Soft set operations are important
concepts in soft set theory, as they provide new approaches to dealing with problems involving parametric data.
In this paper, we introduce a new soft set operation which we call “complementary extended theta operation,” to
contribute to the existing theory. We thoroughly analyze the properties of the operation and investigate the
relationship between the complementary extended theta operation and other soft set operations by obtaining the
distribution laws in order to further study the algebraic structures of soft sets with respect to this new operation in
the future studies. Since studying the algebraic structure of soft sets from the perspective of soft set operations
provides a thorough understanding of their application as well as an appreciation of how soft sets can be applied
to classical and non-classical logic, this paper also aims to contribute to the literature of soft sets in this regard.
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Yeni Bir Tip Genisletilmis Esnek Kiime Islemi: Tiimleyenli
Genisletilmis Teta Islemi

Ozet: Molodtsov tarafindan 1999'da 6ne siiriilen esnek kiimeler kavrami, belirsizlikle baga cikmak icin saglam bir
matematiksel temel saglar. Klasik kiime teorisinin aksine, esnek kiimeler elemanlarin parametrelendirilmesine izin
verir ve bu da belirsizligin daha karmasik bir temsilini saglar. Esnek kiime islemleri, parametrik verileri iceren
problemleri ele almak i¢in yeni yaklasimlar sunar ve bu nedenle esenek kiime teorisinde 6nemli kavramlardir. Bu
calismada, mevcut teoriye katkida bulunmak amaciyla yeni bir esnek kiime islemi olan tiimleyenli genisletilmis
teta islemi tamitilmigtir. Islemin 6zelliklerini kapsamli bir sekilde analiz edilmis ve tiimleyenli genisletilmis teta
islemi ile diger esnek kiime islemleri arasindaki iligkiyi arastirarak dagilma kurallari elde edilmistir. Bu, gelecekteki
calismalarda esnek kiimelerin cebirsel yapilarinin bu yeni islemle ilgili daha fazla incelenmesine olanak tanir. Esnek
kiimelerin cebirsel yapisin esnek kiime islemleri perspektifinden incelemek, uygulamalarinin kapsamli bir sekilde
anlagilmasini saglamanin yan sira esnek kiimelerin klasik ve klasik olmayan mantiga nasil uygulanabilecegini
anlama agisindan da 6nemlidir. Bu makale bu kapsamda esnek kiimeler konusundaki literatiire katkida bulunmay1
amaclamaktadir.

Anahtar kelimeler: esnek kiimeler, kosullu tiimleyenler, esnek kiime islemleri, tiimleyenli genisletilmis esnek
kiime iglemleri
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INTRODUCTION
In many real-world scenarios, uncertainty arising from imprecision, vagueness, and ambiguity poses a
challengeto decision-making processes and data analysis tasks. While traditional set theory provides
robust methods for organising and manipulating data, it struggles to capture and represent this inherent
uncertainty. To overcome this limitation, soft set theory emerges as a promising solution for dealing
with uncertain and indeterminate information. Soft set theory, introduced by Molodtsov (1999)
represents a soft and intuitive extension of classical set theory by introducing the concept of
parametrization. Unlike crisp sets, where elements are either fully included or excluded, soft sets allow
for parametrization that reflects the uncertainty associated with their inclusion. This adaptability
empowers soft sets to effectively model and manage uncertain information, making them suitable for a
wide range of applications, including decision support systems, pattern recognition, and information

fusion.

Since its introduction, soft set theory has been widely applied in both theoretical and practical domains,
and has inspired many new studies in the literature. Maji et al. (2003) paved the way for new studies
in soft set theory by defining the equality of two soft sets, subset and superset of a soft set, complement
of a soft set, soft binary operations such as and/or and union and intersection operations for soft sets.
Pei and Miao (2005) redefined the concepts of soft subset and intersection of two soft sets based on set
theoretical concepts. Then, Ali et al. (2009) proposed some new soft set operations, and Sezgin and
Atagiin (2011) and Ali et al. (2011) analyzed these soft set operations in detail. Sezgin et al. (2019) and
Stojanovic (2021) proposed extended difference and extended symmetric difference of soft sets,

respectively and studied their properties in detail in relation to other soft set operations, respectively.

A review of the existing literature indicates that restricted and extended soft set operations are the two
main groups into which soft set operations often fall. Eren and Calisic1 (2019) defined the soft binary
piecewise difference operation for soft sets and studied its properties, and Sezgin and Calisic1 (2024)
studied the properties of this operation in detail. Cagman (2021) proposed the definitions of inclusive
complement and exclusive complement of sets as new concepts of set theory, and applied these concepts
to group theory. Sezgin et al. (2023a) introduced new binary complement concepts similar to the binary
complement operations in Cagman (2021). Motivated by the new set operations recently specified in
this research, Aybek (2024) proposed many new restricted and extended soft set operations and
analyzed their properties. Furthermore, by taking the complement of the image set in the first row, the
soft binary piecewise operation form, of which Eren and Cagman (2019) were the pioneers, was
modified somewhat. As a result, the complementary soft binary piecewise operation has been
thoroughly investigated by a number of scholars (Sezgin and Aybek, 2023; Sezgin and Demirci, 2023;
Sezgin and Sarialioglu, 2024; Sezgin and Yavuz, 2023a; Sezgin, Aybek, Sezgin and Atagiin 2023; Sezgin
et al. 2023b).

On the other hand, Akbulut (2024) and Sarialioglu (2024) changed the form of the existing extended soft
set operations in the literature by taking the complement of the image set in the first and second rows
and defining the complementary extended difference, lambda and union, plus and theta, respectively,
and giving their algebraic properties and relations with other soft set operations. We refer to the
following for more uses of soft sets in relation to algebraic structures: (Cagman et al., 2012; Sezer, 2014;
Mustuoglu et al., 2015; Sezer et al., 2015; Sezgin et al., 2017; Atagiin and Sezgin, 2018; Sezgin, 2018;
Mahmood et al., 2018; Jana et al., 2019; Ozlii and Sezgin, 2020; Sezgin et al., 2022).
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In this paper, in order to advance the theory of soft sets, this paper presents a novel soft set operation
called "complementary extended theta" is introduced and t its properties are thoroughly investigated.
In addition, an analysis is conducted to investigate how the complementary extended theta operation
interacts with other types of soft set operations, with the aim ofestablishing its relationship with them.
Since understanding the algebraic structures of soft sets' in relation to novel operations is essential for

a thorough understanding of their applications, this study is vital in this framework.

PRELIMINARIES
2.1. Definition
Let U be the universal set, E be the parameter set, P(U) be the power set of U, and let D € E. A pair (F,
D) is called a soft set on U. Here, F is a function given by F:D — P(U) (Molodtsov, 1999)

The notation of the soft set (F,D) is also shown as Fp, however, we prefer to use the notation of (F,D) as
is used by Molodtsov (1999) and Maji et al. (2003). The definition of soft set, introduced by Molodtsov,
was modified by Cagman and Enginoglu (2010). Throughout this study, we use the definition of soft
set proposed by Molodtsov (1999).

The set of all soft sets over U is denoted by Sg(U). Let K be a fixed subset of E, then the set of all soft sets
over U with the fixed parameter set K is denoted by Sk (U). In other words, in the collection Sk (U), only
soft sets with the parameter set K are included, while in the collection Sg(U), soft sets over U with any

parameter set can be included.

2.2. Definition

Let (F,D) be a soft set over U. If for all XeD, F(X)=0, then the soft set (F,D) is called a null soft set with
respect to D, denoted by @p. Similarly, let (F,E) be a soft set over U. If for all X€E, F(e)=0, then the soft
set (F,E) is called a null soft set with respect to E, denoted by @ (Ali et al., 2009).

A soft set can be defined as F: @ — P(U), where U is a universal set. Such a soft set is called a null soft

set and is denoted as @,. Thus, @ is the only soft set with an empty parameter set (Ali et al., 2011).

2.3. Definition

Let (F,D) be a soft set over U. If for all ReD, F(X)=U, then the soft set (F,D) is called an absolute soft set
with respect to D, denoted by Up. Similarly, let (F,E) be a soft set over U. If for all R€E, F(e)=U, then the
soft set (F,D) is called an absolute soft set OVER U, denoted by Ug (Ali et al., 2009)

2.4. Definition

Let (F,D) and (G,Y) be soft sets over U. If DSY and for all XeD, F(X) €G(R), then (F,D) is said to be a soft
subset of (GY), denoted by (F,D)S(G,Y). If (GY) is a soft subset of (F,D), then (F,D) is said to be a soft
superset of (GY), denoted by (F,D)3(G)Y). If (F,D)S(G,Y) and (G,Y)S(F,D), then (F,D) and (GY) are
called soft equal sets (Pei and Maio, 2005)

2.5. Definition
Let (F,D) be a soft set over U. The soft complement of (F,D), denoted by (F,KD)r =(F:,D), is defined as
follows: for all ReD, Fr(RX)=U-F(X) (Ali et al., 2009)

Cagman (2021) introduced two new complements as novel concepts in set theory, termed as the
inclusive complement and exclusive complement. For ease of representation, we denote these binary

operations as + and 0, respectively. For two sets D and Y, these binary operations are defined as
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D+Y=D'UY, DBY=D'nY". Sezgin et al. (2023c) examined the relations between these two operations and
also defined three new binary operations and analyzed their relations with each other. Let D and Y be
two sets D*Y=D'UY', DyY=D'nY, DAY=DuUY".

We can categorize all types of soft set operations as follows: Let "®" be used to represent the set
operations (i.e., here ® canben, U\, A, +,6, ¥, A,y), then all types of soft set operations are defined as

follows:

2.6. Definition

Let (F,D), (G, Y) € Sg(U). The restricted ® operation of (F,D) and (G, Y) is the soft set (H,K), denoted to
be (F,D)®4(G,Y) = (H,K), where K=D N Y # @ and for all X € K, H(X) = FR)®G(XR). Here, if K=DnY=
@, then (F,D)®R(G,Y)=0, (Ali et al, 2009; Sezgin and Atagiin, 2011; Aybek, 2024).

2.7. Definition
Let (F,D), (G,Y) € Sg(U). The extended ® operation (F,D) and (G, Y) is the soft set (H, K), denoted by (F,
D) ®.(G, Y) =(H, K), where K=DUY and for ¥X € K,

F(X), RED-Y
H(X) = G(X), XEY-D
FRX)Y®GX), XeDNY

(Maji et al, 2003; Ali et al, 2009; Sezgin et al, 2019; Stojanavic, 2021; Aybek, 2024).

2.8. Definition
Let (F,D), (G,Y) € Sg(U). The complementary extended ® operation (F, D) and (G, Y) is the soft set (H, K),
*
denoted by (F, D) ® (G, Y) =(H, K), where K=DUY and for VX € K,
€
F'(R), NeED-Y

H(R) = G'(N), XNEY-D
FRX)Y®GX), NeDNY

(Sarialioglu, 2024; Akbulut, 2024).

2.9. Definition
Let (F,D), (G, Y) € Sg(U). The soft binary piecewise ® of (F,D) and (G,Y) is the soft set (H,D), denoted by
(F, D)é(G, Y) = (H, D), where for all X € D

B F(R), XeD-Y
HEO = {F(N)®G(N), XeEDNY

(Eren and Calisic1, 2019; Sezgin and Yavuz, 2023b; Sezgin and Calisicy, 2024; Yavuz, 2024).

2.10. Definition
Let (F,D),(G,Y) € Sg(U). The complementary soft binary piecewise ® of (F,D) and (G,Y) is the soft set
*

(H,D), denoted by (F,D)~ (G,Y) = (H, D), where for all X € D
®

_(  F(X), XeD-Y
HE® = {F(N)@)G(N), XeEDNY
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(Sezgin and Demirci, 2023; Sezgin and Aybek, 2023; Sezgin et al. 2023a, 2023b; Sezgin and Atagiin, 2023;
Sezgin and Yavuz, 2023a; Sezgin and Dagtoros, 2023; Sezgin and Cagman, 2024; Sezgin and Sarialioglu,
2024; Sezgin and Sarialioglu, 2024).

2.11. Definition

Let (5, ®) be an algebraic structure. An element s €S is called idempotent if s2=s. If for Vs€S, s2=s, then
the algebraic structure (S,®) is said to be idempotent. An idempotent semigroup is called a band; an
idempotent and commutative semigroup is called a semilattice; an idempotent and commutative
monoid is called a bounded semilattice (Clifford, 1956).

In a monoid, although the identity element is unique, a semigroup/groupoid can have one or more left
identities; however, if it has more than one left identity, it does not have a right identity element, thus
it does not have an identity element. Similarly, a semigroup/groupoid can have one or more right
identities; however, if it has more than one right identity, it does not have a left identity element, thus
it does not have an identity element (Clifford, 1954).

Similarly, in a group, although each element has a unique inverse, in a monoid, an element can have
one or more left inverses; however, if an element has more than one left inverse, it does not have a right
inverse, thus it does not have an inverse. Similarly, in a monoid, an element can have one or more right
inverses; however, if an element has more than one right inverse, it does not have a left inverse, thus it

does not have an inverse (Clifford, 1954).

We refer to Pant et al. (2024) for the implications of network analysis and graph application for the
possible implemetantation with respect to soft sets, which are determined by the divisibility of

determinants.

COMPLEMENTARY EXTENDED THETA OPERATION
In this section, a new soft set operation called complementary extended theta operation of soft sets is

introduced with its example and its full algebraic properties are analyzed.

Definition 3.1
Let (F,Z) and (G, B) be soft sets over U. The complementary extended theta operation of (F,Z) and (G, B)
*
is the soft set (H, $), denoted by (F,Z) 0 (G,B) =(H, S), where S= Z UB and for VXeZ UB;
€

F (), X€EZ-B
H®)={ G (X), NEB-Z
F(X)OG(X), NeZB
Here, F(R)0G(R)=F (X)nG'( R) for VXeZ UB.
Example 3.2
Let E=le;e,e3e,} be the parameter set, Z={e;, e;} and B={e,, e;, e,} be two subsets of E, and

U={h;,h,,h;,h,,h:} the universal set.
ASSL‘lme that (F/Z):{( el’{hz’hs}),(e3,{h1,h2,h5})},(G,B)z{( ez,{hl,h4,h5}),(83,{1’12,1’13,}14}),(64,{h3,h5})} be tWO

*
soft sets over U. Let (F, 2) 0 (G,B)=(H,ZUB), where VX €ZUB;
&

F(X) X€EZ-B
H(X)={ G (), NEB-Z
F ( X)nG'( R), REZB
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Since  ZuB={eje,e;e,}, Z-B=le;}, B-Z=le,e,}, ZnB={e;} thus, H(e;) =F'(e;)={hy,h3h,},
H(e;) =G'(e;)=th;,hs}, H(es) =G'(e4)={hy,hy, h,} and H(e;)=F'(e3)nG'(e3)={h;,h,}n{hy, hy, hg}={h,}. Hence,
(F.2) zS(G/B):{( eq,{hy,hsh,}), (e,{ hyhs}), (e3,{hs}), (e4.{hy, hy, by}l

Theorem 3.3. (Algebraic Properties of Operation)

*

1) Sk (U) is closed under 0.
*

Proof: It is clear that g. is a binary operation in Se(U). Indeed,
€

5 156 (U)x St (U) Se (U)

((F2), (GB) - (F2) zS(G,B)=(H,ZuB)
Similarly,
e*s :Sz(U)x Sz(U) - Sz(U)
((F, 2), (G, 2)) - (F, %) ZS(G’ 2)=(T, ZVZ)~T, %)
That is, when Z is a fixed subset of the set E and (F, Z) and (G, Z) are elements of S;(U), then so is (F,

* *
Z) 0 (G, Z). Namely, S;(U) is closed under 0 either.
€ €
* * * *
D [(F,) 5 GB) o (HS)# (E2) g [(GB) g (HI)
& & & &
*
Proof: Firstly, let’s handle the left hand side (LHS). Let (F, Z) 0 (G,B)=(T,ZUB), where, VXeZUB;
&
F (X), NEZ-B
TX)=1{ G (), NEB-Z
F(X)NG'(X), REZB
*
Let (T,ZUB) 0 (H,S) = (M, ZUBUS), where VXeZUBUS;
&

T (X), XE(ZUB)-S

M®X)={ H (X), XES-(ZUB)

T(X)NH'(R), Ne(ZUB)NS

Thus,

F(X), NE(Z-B)-S=ZnB'nS'
G(X), Ne(B-2)-S=Z'nBnS'
F(R)UG(R), Ne(ZnB)-S=ZnBnS'
M(R)={ H (R) XES-(ZUB)=Z'NB'NS
F(X)NH'(N), Ne(Z-B)nS=ZnB'nS
G(R)NH'(X), Ne(B-Z2)NS=Z'nBnS

L(FROUGR))NH'(X),  RE(ZNB)NS=ZnBnS
Now let’s handle the right hand side (RHS) of the equation ie. (F,Z%) Z [(G,B) Z (H,9)]. Let
& &
(GB) § (H$)~(KBUS), where VX<BUS;
&

G (X), NeB-S
K®)={ H(X), NES-B
G (R)nH'(R), R€EBNS
Let (F,2) z (K,BUS) = (S,ZUBUS), where VYReZUBUS;
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F (X), XEZ-(BUS)
S(R)={ K(N), RE(BUS)-Z
F(RX)NK'(RX),  ReZn(BUS)

Thus,
F'(X), XEZ-(BUS)=ZNB'NS'
G(X), X€E(B-S)-Z=ZnBNS'
H(®X) X€E(S-B)-Z=ZnB'nS
s(x)=4 CR)VH(), XE(BNS)-Z=Z'NBNS
F'(R)NG(R), XEZN(B-S)=ZnBnS'
F'(R)nH(X), NEZN(S-B)=ZnB'nS
F'(R)NGRUH®)), REZN(BNS)=ZnBNS

*
It is seen that M# S. That is, in Sg(U), 0 is not associative.
* * * Tk
I [E2Z) g (GAHlg HE*ED 4 [(GZ) 5 (HZ)]
&€ &€ & &

k
Proof: Firstly, let's look at the LHS. Let (F, Z) 0 (G,2)=(T,2ZUZ), where VReZUZ=Z;
&
F(R), NeZ-Z=0
T(R)= G (X), NeZ-Z=0
F (R)NG'(R), ReZNZ=Z
£
Let (T,2) 0 (H,2) = (M,2UZ), where YXeZ;
&
T (R), NEZ-Z=0
M(X)= H (X), NEZ-Z=0
T®NH'(X), NeZNZ=Z
Thus,

T (R), N €Z-2=0
M(X)= H (X), NEZ-Z=0
(F(R)UG(R))NH'(X), REZNZ=Z
%
Now let’s handle RHS. Let (G, Z) 0 (H,Z)=(L,2ZUZ%), where VXeZ;
&
G (N), NEZ-Z=0
L(R)={ H(X), REZ-Z=0
G (NNH'(R), RezZnz=Z
k
Let (F,2) 0 (L,Z2)=(N,ZUZ), where VXeZ;
&

F (), NEZ-Z=0
N®)={ L (X), NEZ-Z=0
F(X)NL'(X), NeZnz=Z

Hence,

F (), NEZ-Z=0
N®)={ LX), REZ-Z=0
F (N)NGER)UH(R)), NeZnZ=Z

%
Thus, it is observed that M#N. That is, 0 is not associative in S;(U), where Z € E is a fixed subset of E.
€
* *
1) (F2) 4 (GB)=(GB) 4 (F2).
& &

*
Proof: Consider first the LHS. Let (F, ) 0 (G,B)=(H,ZUB), where VXeZUB;
&
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F (X), NeZ-B
H®)={ G(N), XEB-Z
F(XNG'(R), XeZNB
%
Now let’s handle the RHS. Assume that (G,B) 0 (F,Z)=(T,BUZ), where VXeBUZ;

G (R), NEB-Z
T(X)={ F (), NeZ-B
G (X)NF'(RX), NeBnZ
* * *
Thus, it is seen that H=T. Similarly, it is easily seen that (F, Z) 0 (G2)=(G,2) 0 (F,Z). That is, 0 is
& & €
commutative in both Sg(U) and Sz (U).
*
5) (F,2) o (FH-F2).
&
*
Proof: Let (F, Z) 0 (F,2)=(H,ZUZ), where VX€Z;
&
F(R), REZ-Z=0
H(X)=1 F (X), NEZ-Z=0
F (R)NF'(R), NeZnZ=Z

Hence, ¥XeZ; H(X)= F'(X)nF'(X)=F'(X) and (H,Z)=(F, 2)-

*
The operation 0 does not have the idempotent property in Sg(U).
&

* *
6) (F.2) § 8,0  (F2)~E2).
Proof: Let @;=(S,Z). Thus VYXeZ; S(X)=0. Let (F, Z) Z (S,2)=(H,ZUZ), where VX€eZ;
F (X), NEZ-Z=0
H(X)={ S (N), NEZ-Z=0
F(RX)NS'(R), NeZnzZ=Z
Hence, VXeZ; H(R)= F'(X)nS'(X)= F'(X)nU= F'(X) and (H,Z)=(F,Z)-.

3k 3k
7) (F' Z) ee ®¢= (Z)@ GS(F/Z) = (F,Z)r
Proof: Let 0= (K, 0) and (E,2) 5 (K, @) = (Q2U0) = (Q %), where VXeZ;
F(X), REZ-B=7
QM)={ K (), NEP-Z=0
F(X)NK'(R), NeZNP=0
Hence, YXeZ; Q(R) = F'(R) and (Q,Z) = (F,Z)~

k k
8) (F,2) 0. Uz=Uz ¢ (F,Z2)=0;.
& &
k
Proof: Let Uz=(T,Z), where VXeZ; T(X)=U. Let (F, Z) 0 (T, Z)=(H,ZUZ), where VXeZ;
&
F (), NEZ-Z=0
H®)=4 T(X), NEZ-Z=0
F(R)NT'(R), NeZnz=Z
Hence ¥XeZ; H(X)= F'(R)nT'(X)= F'(X)n@=0 and (H,Z)= 0.

* *
9) (F, %) 0 Ue=Ug g (F, Z) =Qg.
& &
*
Proof: Let Ug=(S,E), where VReE; S(X)=U. Let (F, ) 0 (S,E)=(H,ZUE), where VXeZUE=E;
&
F(X), NeZ-E=0
H®)=1{ S (¥), NEE-Z=Z'
F(R)NS'(X), NEZNE=Z
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Here, VReZNE=Z, F'(X)NS'(X)= F'(X)n@=0 and so,

F(X), NeZ-E=¢
H(X)=1 @, NEE-Z=Z'
Thus, (H,Z)= 0.

£ ES
10) (F.2) o (F2)y=(F2) o (F2)-0;
ES
Proof: Let (F,2) = (H,Z), where VReZ; HX)=F(X). Let (F, %) o (H,2)=(T,2U%), where ¥XeZ;

F (X), REZ-Z=0
TXR)={ H (), REZ-Z=0
F(R)NH (R), NEZnZ=%Z
Thus, ¥ReZ; T(X)= F'( X )nH'(X)= F'(X) NF(X)=0 and so (T,Z)= 0.
11) [(F.2) g (GB)J =(F2) U(GB).
Proof: Let (F, %) : (G,B)=(H,ZUB), where VXeZUB;

F (X), XeZ-B
H®)={ G (), NEB-Z
F(X)NG'(X), NeZnB
Let (H,ZUB)r =(T,2UB), where VXeZUB;

F(R), NeZ-B
TXR)=1 G(X), ReB-Z
F(R)UG(X), NEZNB
Hence, (T,2UB) =(F,Z) U.(G,B).

*
12) (F,2) o (G,B)=Ugyp ©(F,2) =0; and (G,B) = 0.
&€
*
Proof: Let (F, %) 0 (G,B) = (T,2uB), where VXeZUB;
&€
F(X), XeZ-B
TX)={ G (), NEB-Z
F(X)NG'(X), NeZnB
Sie (T,ZUB)= Ug,g, T(X)=U for VXeZUB. Hence, VXeZ-B; F'(X)=U, VXeB-Z, G'(X)=U and VXeZnB;
F'(X)NG'(X)=U. Thus, V& € Z—B; F(X)=p, & e B—Z G(X)=0 ,¥Re ZnB; F(X) = Uand G'(X) = U.
Thus VYReZnB; FR) = @, G(X) = @ . Thus, YReZ; F(X)=0 and VXeB; G(X)=@. So, (F,Z) = ¢; and
(GI B) = @B-
~ * - * - * * -
13) 0, E(F.2) o (GB), 05 E(F.Z) 4 (GB), Byus E(F.2) o (GB), (F2) o (GB) E Uyyp.
&€ & & &

19) (£.2) o (GZ) € (E2yand (F.2)  (G2) EG2y.
Proof: Let (F, %) z (G,B)=(H, ZU Z), where VXeZ;
F (), NEZ-Z=0
H®)={ G (), NEZ-Z=0
F(R)NG'(X), NeZnZ=%Z
Sinnce VReZ; H(X)=F'(X)NG’(X) S F'(X). Thus, (F, ) z (G,2)E(F,Zy. Similarly, ¥ReZ; H(R)=F'(X)nG’(R) €
G'(R). Thus, (F, 2) z (G,Z) € (G2).

15) If (F,2)  (G,B), then (F.2)  (GB) =GBy and if (F2) € (G,2), then (E,2) § (G =G
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~ *
Proof: Let (F,Z) € (G,B). SoZ € B and VReZ, F(X) € G(X). Let (F,Z%) 0 (G,B)=(H,ZUB=B), where VXe ZUB;
&

F (X), ReZ-B=0
H(N)={ G (), XEB-Z
F (X)NG'(RX), N€eZNB=Z

Since YXeZ, F(R)S G(R), thus G'(R)< F'(X). Hence, VReZ; F’'(X)NG’ (X)=G'(R). So, YXeB; H(X)=G'(X). Thus,
* - *
(F,2) o (GB)=(GBY . Similarly, if (F,2) € (G, ) then (F,2) y (G2)=(G,2)" be shown.

16) If (F,2) €(G,Z), then (G, 2) ’g (H,B) € (F,2) g (H,B).

~ *
Proof: Let (F,Z) € (G,Z). Thus, VXeZ, F(RX) € G(X) and so VReZ, G'R) € F'(R). Let (G 2) 0 (H,B) =
&

G (N), XEZ-B
W(R)=4{ H (), NEB-Z
G (R)NH'(X), REZB
Let (F,Z) z (H, B) = (L,ZUB), where VX€eZUB,
F (X), NeZ-B
L(X)={ H(X), N€EB-Z
F(X)NH'(RX), NeZnB
Thus, if VReZ-B; W(R)=G'(R)SF(X)=L(R), if VReB-Z; W(X)=H'(R)SH'(X)=L(X) and if VXeZnB;
W(R)=G (R)nH'(R) € F (X)nH'(X)=L(X). Hence, (G, Z) Z (H,B) € (F, %) z (H, B).

(W,ZUB), where YXeZUB,

*k ~ * ~
17) If (G, 2) 0 (H,B) € (F, %) 0 (H, B), then (F,Z) £(G,Z) needs not have to be true. That is, the converse
&€ &

of Theorem 3.3. (16) is not true.

Proof: Let us give an example to show that the converse of Theorem 3.3 (16) is not true. Let
E={e;,e,,e3,e, €5} be the parameter set, Z={e,,e;} and B={e,,e;, es}be two subsets of E, U={h;,h,, h;,h,, hs}
be the universal set.

Let (F,Z)={(ey,.{h, hs}),(e3,{hy,hz hs})), (GZ)={(ey,{h2}) (€3, (hy h2 )}, (H,B)={(ey,U),(e3,U), (es, {hy, hs}) be
soft sets over U. Let (G3Z) zg(H, B)=(L,ZUB), then (L,ZUB)={(e;,0),(e3,9),(es,{h;,hs})} and let

(F.2)  (H,B)=(KZUB), then (KZUB)={(e,,),(e5,) (es, {hy, hs})). Hence, (G,2) o (H,B) € (F.2) o (H,B)
but (F,2) is not a subset of (G,Z).
18) If (F,2) € (G,2) and (K.B) € (L,B), then (G,2) § (LB) E(F.2) o (KB).
Proof: Let (F,Z) € (G,Z) and (K,B) € (L,B). Hence, VXeZ, F(X)S G(X) and so G'(X)S F'(X) and VXeB,
K(R)E L(X) and thus L'(X)< K'(X). Let (G, 7) z (L,B) = (W,ZUB), where YNeZUB,
G (), NeZ-B
WE)={ LX), NeB-Z
G (R)NL'(R), NeZB
Let (E2)  (K,B) = (S2UB), where YXZUB,
F (), XeZ-B
S(R)=1 K (X), NEB-Z
F(X)NK'(RX), X€ZnB
Thus, if VReZ-B; W(R)=G'(R)CF(R)=S(X); if VReB-Z; W(R)-L'(X)SK'(R)=S(X) and if VXReZnB;
W(®)=G (ONL'(X) € F (ONK'(X)=S(X) . Thus, (G,2) o (L.B) E (F,2) 5 (KB).
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Theorem 3.4.

The complementary extended theta operation has the following distributions over other soft set

operations:

Theorem 3.4.1.

The complementary extended theta operation has the following distributions over restricted soft set

operations:

i) LHS Distributions of the Complementary Extended Theta Operation on Restricted Soft Set

Operations:

1 (.2 [GBINHIIHE 2 GBIURIE Dy HIL

Proof: Consider first the LHS. Let (G,B)ng(H,S)=(M,BnS), where VXeBn §; M(X) = G(X) N H(X). Let

(F, Z) : (M,Bn $)=(N,ZU(BN S))), where ¥XeZU(BN S);

F'(X),
N(N)={ M'(X),
F (R)nM'(R),
Thus,

F(X),
N(N)={ G (R)UH'(R),

NeZ-(BnS)
Ne(BnS)-Z
XeZn(BnS)

NEZ-(BNS)=2-(BNS)
Ne(BnS)-Z=Z'nBNS

F (R)N(G'(R)UH'(R))  ReZN(BNS)=ZNBNS
Now lets handle the RHS i.e. [(F, Z)g (G,B)]ugl(F, Z)(;k (H,S)]. Let (F, Z)e* (G,B) = (V,ZUB), where

VXeZUB;

F'(X),
V(®)=4 G'(N),
F'(R)NG'(X),
Assume that (F,2) o (H,S)=(W,2US), where YX€zUS;

F'(X),
W)= { H'(X),

NeZ-B
NeB-Z
N€EZNB

ReZ-S
ReS-Z

F'(®)NH'(X), ReZNS

Let (V,ZUB) Ug(W,ZUS)=(T,(ZUB)Nn (Z U §))), where VReZU(BN §); T(X)=V(X)UW(R). Hence;

F (R)UF (X),
F (X)UH' (X),
F (R)U(F (RNH' (X))
G (R)UF (X),
T(R)={ G R)UH (R),
G (R)U(F (R)NH'(R)),
(F (R)nG'(R))UF (R),
(F (®)nG'(R)UH (X),
L(F'(R)NG'(R)U(F (R)NH' (X)),

Thus,
(F®X),
[F(x)
T(R)={ G (X)UH (X),
| F ()
\(F (9)nG' (R))U(F (R)NH' (X)),

Ne(Z-B)n(Z-S)=ZnB'nS'
Re(Z-B)n(S-2)=0
Ne(Z-B)n(ZnS)=ZnB'nS
Re(B-Z)n(Z-S)=0
Ne(B-Z2)n(S-Z2)=Z'nBNS
Re(B-Z)n(ZnS)=0
Ne(ZnB)N(Z-S)=ZnBNS'
Re(ZNB)N(S-2)=0
Ne(ZnB)N(ZnS)=2nBnS

Ne(Z-B)n(Z-S)=ZnB'nS'
Ne(Z-B)n(ZnS)=2nB'nS
Ne(B-Z2)N(S-Z2)=Z'nBNnS
Re(ZnNB)N(Z-S)=ZnBnS'
Ne(ZnB)N(ZNS)=Z2nBNS
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Hence, N=T.

2) If ZNBnS= ZnBnS=9, then (F,Z)e* [(G,B)UR(H,S)]=[(F,Z)9* (G,B)]UR[(F,Z)G* (H,9)].

3) If ZNBnS= ZNBnS=9, then (F, Z)(;k [(G,B) * r(H,9)]=[(F, Z): (G,B)Ugl(F, Z);k (H,9)].

4) If ZNBnS=0, then (F, %) ;1 [(G,B)0x(H,S)I=[(F, Z):Z (G,B)URI(F, Z)z (H,9)].

ii) RHS Distribution of Complementary Extended Theta Operation on Restricted Soft Set Operations

1 If (2AB)N 5=, then [(F, ) Un(GB)] g (HS)-I(F.2) o (HINGIGB) g ()]

Proof: Consider first LHS. Let (F, Z) Ur(G,B)=(M,ZnB), where VXeZnB; M(X)=F(X)UG(R). Let (M,ZnB) ;ks
(H,9) =(N,(2nB)uS)), where VXe(ZnB)US;

M'(R), NE(ZNB)-S
N(N)={ H'(X), NES-(ZNB)
M'(R)NH'(X),  XEZN(BNS)
Thus,
F'(®)NG'(X), NE(ZnB)-S=ZnBNS'
NX)= {H’(R), NES-(ZNB)=5-(ZNB)
(F'(RX)NG'(X)) nH'(R), ReZn(BNS)=ZnBNS

Now consider RHS. i.e. [(F, %) ; (H,9)INg[(G,B) g (H,S)]. Let (F, 2) ;k (H,S)=(V,2US), where VRXeZUS;
F'(X), NEZ-S
V(R)={ H'(X), NES-Z
F(R)NH'(X), RNeZnS
Now, let (G,B) ; (H,S)=(W,BUS), where VXeBUS;
G'(X), NEB-S
WR)=4 H'X), NES-B
G'(X)nH'(X), NXeBnS
Let (V,2U S) Ng(W,BUS)=(T,(2US)N (BUS)), where YXe(ZNB)US; T(X)=V(X)NW(X). Thus,

F (X)nG (R), XE(Z-S)N(B-$)=ZnBNS'

F (R)nH (X), RE(Z-S)N(S-B)=0

F (R)n(G'(R)nH' (X)), RE(Z-S)N(BNS)=0

H (X)nG (X), Xe(S-Z)N(B-S)=0
T(X)={ H R)nH (X), XE(S-Z)N(S-B)=Z'NB'NS
H (X)n(G'(R)NH'(X)), RE(S-Z)N(BNS)=Z'mBNS

(F' (R)nH' (%) )nG (X), Re(ZnS)N(B-S)=0
(F'(X)nH'(R) )nH (X) XE(ZnS)N(S-B)=ZNB'NS
\(F'(R)nH'(RX))N(G'(R)NH'(R)), NE(ZNB)N(ZNS)=ZnBNS

Thus,

(F'(x)nc;'(x), XE(Z-$)N(B-S)=ZnBnS'

H(®X) Ne(S-Z2)n(S-B)=Z'nB'NS

T(X)=1{ G'(®)nH'(N), RE(S-Z)N(BNS)=Z'NBNS
i(F'(N)nH‘(N)), Xe(ZnS)N(S-B)=2nB'nS
(F'(R)NHX)N(G' (R)NH(R)), NE(ZNB)N(ZNS)=ZnBNS

Here, when considering Z-(BnS) in the function N, since Z-(Bn$)=Z-(BNS)', then if an element is in the
complement of (BnS), it is either in B-$, in S$-B, or in (BU § ). Thus, if X € Z —(BnS), then X € Z NBNS' or
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X € ZNB'NSorX € ZNB'nS'. Hence, N=T is satisfied under the condition Z'NBN$S=ZNB'NS =@. The condition
Z'NBNS=ZnB'nS=@ implies that (ZAB)N $=@ is obvious.

DIE DR(GB)] g (HI-IF2) o HIIRIGB) g
3) If ZNBNS'=ZnBS=0, then (F, %) * g (G,B)] gg(H,5)=[(F,Z);k (H,9)] uR[(G,B);l< (H,9)].

4) If ZnBNS'=ZnBNS=0, then (F, Z)0R (G,B)] gg(H,5)=[(F, Z) ;k (H,S)] Ur[(G,B) ;k (H,9)].
Theorem 3.4.2.

The following distributions of the complementary extended theta operation over extended soft set

operations hold:

i)LHS Distributions of the Complementary Extended Theta Operation over Extended Soft Set

Operations

1) If ZNBNS=ZnBNS=0, then (F, Z) ; [(G,B)n.(H,S)]=[(F, %) ; (G,B)IN[(F,2) ;k (H,9)].
Proof: Consider first LHS. Let (G,B)n . (H,$)=(M,BUS), where YReBUS;
G(X), NEB-S
M(X)=1 H(X), RES-B
G(R)NH(X), NeBnS
Let (F, 2) ; (M,BUS)=(N,ZU(BUS)), where YXeZUBUS;

F'(R), XEZ-(BUS)
N(N)={ M'(N), Ne(BUS)-Z
F (R)nM'(X), XEZN(BUS)
Thus,
F'(R), XeZ-(BUS)=ZnB'nS'
G (R), Xe(B-S)-Z=ZNBnS'
H (X), XE(S-B)-Z=ZnB NS
N®)={ G (R)UH'(X), Xe(BNS)-Z=Z'NBNS
F (R)NG'(X), XeZN(B-S)=ZnBNS’
F (R)nH'(X), XEZN(S-B)=ZnB NS
LF (R)N(G'(X)UH' (X)), XeZN(BNS)=ZNBNS
Now consider the RHS, i.e. [(F,2) ;1 (G,B)N.[(F,2) ;ks (H,9)]. Let (F, 2) :s (G,B)=(V,ZUB), where YRXeZUB;
{ F'(R), XEZ-B
VR)={ G'(R), XEB-Z
F(X)NG'(R), NeZB

*
Let (F,Z (H,S)=(W,ZUS), where VYRXeZUS;
0,

F'(X), NEZ-S
WR)=4 H'(X), NEeS-Z
F(X)NH'(X), NeZnS
Let (V,ZUB) N (W, ZUS)=(T,(ZUB)US), where VRXeZUBUS;

V(R), XE(ZUB)-(ZUS)
TX)={ W), RE(ZUS)-(ZUB)
V(R)NW (), XE(ZUB)N(ZUS)

Thus,
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T(X)=+

Thus,

T(R)=

F(X),

G(N),

F (R)NG'(R),

F(X),

H({X),

F (R)nH'(X),

F (R)nF'(X),

F (R)nH (X),

F ()N(F (R)NH'(X)),
G (N)NF (X),

G (R)nH (X),

G (R)N(F (R)NH'(X)),
(F (R)nG' (R))NF (X),
(F (R)nG' (R)NH (X),
(F (R)NG'(RDN(F (R)NH' (X)),

G (N),

H (),

F(X),

F ()nH'(X),

G (N)NH'(R),

F (R)NG'(X),

(F (RONG' (R)N(F (R)NH'(X)),

N€E(Z-B)-(ZUS)=0
Xe(B-2)-(ZUS)=Z NBnS
Xe(ZnB)-(ZuUS)=0
N€E(Z-$)-(ZUB)=0
Xe(S-2)-(ZUB)=Z NB NS
Xe(ZnS)-(ZuB)=0
Xe(Z-B)N(Z-S)=ZnB NS
RE(Z-B)N(S-2)=0
XE(Z-B)N(ZnS)=ZnB NS
Re(B-2)N(2-S)=0
XE(B-Z)N(S-2)=Z NBnS
Re(B-Z2)N(ZnS)=0
Xe(ZNB)N(Z-S)=Z BnS
Ne(ZnB)N(S-2)=0
Ne(ZnB)N(ZNS)=ZnBnS

Xe(B-2)-(ZUS)=Z NBnS
Xe(S-2)-(ZUB)=Z B NS
Re(Z-B)N(Z-S)=ZnB NS
Xe(Z-B)N(ZnS)=Z B NS
RE(B-Z)N(S-2)=Z NBNS
Xe(ZNB)N(Z-S)=ZnBnS
Ne(ZnB)N(ZNS)=ZnBNS

It is seen that N=T is satisfied under the condition Z'nBNS=ZnBNS =0.

2 (%) g (GHUMIHED 5 GBINED o HI)]

* *

3) If (ZAB)N5=2nBn3'= @, then (F,Z)g [(GB)* (HEZ), (GBINAF2Z), (HSI)]

* *

4) If (ZAB)NS=ZnBNS'= @, then (F, Z) (;k [(G,B)B.(H,S)]=[(F, 2) v (G,B)U.I(F, %) y (H,9)]

ii) RHS Distributions of Complementary Extended Theta Operation over Extended Soft Set Operations

*

* *

D ([(E2) U, (G,B)] o, HO-IEZ) g HINAGB) g (HS)].
Proof: Consider first the LHS. Let (F, Z) U.(G,B)=(M,ZUB), where VXeZUB;

F(X),
M®)=1 G(),

FR)UG(R),

*
Let (M,ZUB) 0 (H,S)=(N, (ZUuB)US, where VRXReZUBUS;
€

Thus,

M'(X),
N(N)={ H'(X),

M'(R)nH'(R),

NeZ-B
NEB-Z
NeEZnB

N€E(ZUB)-S
NES-(ZUB)
Ne(ZUB)NS
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F'(X), NE(Z-B)-S=ZnB'nS'

G'(R), e (B-2)-S=ZnBnS'

F'(R)NG'(R), NXe(ZnB)-S=ZnBnS'

N(®)={ H'(X), NeS-(ZUB)=Z'nB'nS

F'(®)nH'(X), Xe(Z-B)NS=ZnB'nS

G (R)NH'(X), Xe(B-Z)NS=Z'NBNS

(F'(R)nG'(X))nH'(X), RE(ZNB)NS=ZNBNS

Now consider the RHS, i.. [(F, %) gg(H,S)]ng[(G,B) gg(H,S)]. Let (F,2) :E(H,§)=(V,ZU5), where VReZUS ;

F'(X), NEZ-S
V(N)={ H'(R), NES-Z
FX)NH'(X), ReZNS

£
Let (GB) o (H,$)=(W,BUS), where ¥XeBUS;
€

G'(X), NEB-S
WR)={ H'(X), NES-B
G'(R)nH'(X), ReBnS
Let (V,2US) N, (W,BUS)=(T,ZUBUS), where VXeZUBUS;

{ V(X), RE(ZUS)-(BUS)
TX)={ W), Xe(BUS)-(2US)
VR)NW(R), Re(ZUS)N(BUS)
Thus,
(F (R), RE(Z-S)-(BUS)=ZNB NS
H (X), RE(S-2)-(BUS)=0
F (R)nH'(X), RE(ZNS)-(BUS)=0
G (R), Xe(B-S)-(ZUS)=Z NBNS
H (X), XE(S-B)-(ZUS)=0
G'(R)nH'(R), RE(BNS)-(ZUS)=0
F (X)nG (R), Re(Z-9)N(B-S)=ZNBnS
T(X)={ F (R)nH (X), RE(Z-S)N(S-B)=0
F (R)N(G'(R)NH'(R)), RE(Z-S)N(BNS)=0
H (NG (X), RE(S-Z)N(B-5)=0
H (R)nH (X), Xe(S-Z)N(S-B)=Z B nS
H (X)N(G'R)NH' (X)) RE(S-Z)N(BNS)=Z'NBNS
(F (R)NH'(R)NG'(X), Xe(ZnS)N(B-5)=0
(F (R)nH'(R))nH'(X) Xe(ZnS)N(S-B)=ZNB'nS
L(F (R)nH'(X))N(G'(R)NH' (X)) Ne(ZnS)N(BNS)=ZnBNS
Thus,
F (X), RE(Z-9)-(BUS)=ZNB NS
G (), Re(B-S)-(ZUS)=Z NBnS
F (R)nG (X), Re(Z-S)N(B-S)=ZnBnS
TR)=1 H (x), Re(S-Z)N(S-B)=ZnB S
G'(®)nH'(R) Ne(S-Z2)n(BnS)=Z'NBNS
F'(R)nH'(X) Ne(ZnS)N(S-B)=ZnB'nS
L(F (R)nH!(X))n(G'(R)NH' (X)) NE(ZNS)N(BNS)=ZnBNS
Hence, N=T.

2) If Z0BS= 2nBrS=0, then [(E, 2)n, (GB)] | (HI-I(E2) ; (HIINIGCB) 4 HI)L

3) If (ZAB)N $=ZnBnS'=@, then [(F, 2)6,(G,B)] ;8 (H9)=[(F, 2) i(H/S)]Ug[(G,B) i HSI)]-
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9 Tf (ZAB)n §5-21Bn$'-0, then [(F, ) * (G,B)] g (HI-(F.2)| (HINAGB), (HI)]

Theorem 3.4.3.

The following distributions of the complementary extended theta operation over complementary

extended operations hold:

i) LHS Distributions of Complementary Extended Theta Operations over Complementary Extended

Soft Set Operations

% % % % *
DIEZN (BAS)=0, then (F,Z)q [(GB) o (HI)IFI(F 2)g (GB), [(F2)g (HSI)]

k
Proof: Consider first LHS. Let (G,B) , ((H,$)=(M,BUS), where VXeBUS;
€

Let (F,Z) (M,BUS)=(N,ZU(BUS)), where VXeZUBUS;
0.

Thus,

N®)=

{ G'(R), XeB-S

M(R)={ H'(X), NES-B

G(R)NH(X), XeBnS

F'(X), XeZ-(BUS)

N(x)={ M'(R), XE(BUS)-Z

F (R)nM'(X), XEZN(BUS)

(F'(R), ReZ-(BUS)=ZnB'NS'
G(X), Xe(B-S)-Z=ZnBnS'
H(X), Xe(S-B)-Z=AnBnS
G'(X)UH'(X), Xe(BNS)-Z=Z'nBNS
F (X)nG(R), XeZN(B-S)=ZrBnS
F (R)NH(X), XEZN(S-B)=ZnB NS

F (R)N(G'(R)UH'(R)), NeZN(BNS)=ZnBNS

* * * *
Now consider the RHS, i.e. [(F, Z GB)],, [(F,2), (HS)]. Let(F,2), (G,B)=(V,ZUB), where VXeZUB;
eS US eS 98

F'(X), NEZ-B
V®)=1 G'(X), NEB-7
F'(®)NG'(RX), NeZnB
Let (E2) o (H$~(W,2US), where VReZUS;
F'(X), REZ-S
WR)=1 H'(X), NES-Z
F(R)NH'(R), REZS
Let (V,2UB) |, (W,2U$)=(T,(2UB)US), where YXeZUBLS;
V'), RE(ZUB)-(2US)
T(N)={ W), RE(2US)-(ZUB)
VUW®),  Ne(ZUB)(2US)

Thus,

77



Hence,

T(X)=+

TX)=

F(X),
G(N),

F(R)UG(N),

F(X),

H(X),

F(R)UH(X),

F (X)UF (X),

F (R)uH (R),

F (R)U(F (R)nH' (X)),
G (X)UF (R),

G (X)UH (X),

G (R)U(F (R)NH'(X)),
(F (R)NG'(R))UF (R),
(F (R)nG'(R))UH (X),

(F (NG (R))U(F'(R)NH (X)),

G(X),
H(X),

F (X)

F(X)

G (N)UH (X),

F (X)

(F (R)NG'(R))u(F (R)NH' (X)),

N€E(Z-B)-(ZUS)=0
XE(B-Z)-(ZUS)=Z NBnS
Xe(ZnB)-(ZuUS)=0
N€(Z-9)-(ZUB)=0
XE(S-2)-(ZUB)=Z NB NS
Xe(ZnS)-(ZuB)=0
Xe(Z-B)N(Z-S)=ZnB NS
Xe(Z-B)N(S-2)=0
XE(Z-B)N(ZnS)=ZnB NS
Re(B-2)N(2-S)=0
NE(B-Z)N(S-2)=ZNBNS
Re(B-Z2)N(ZnS)=0
Xe(ZNB)N(Z-S)=ZnBnS
RE(ZNB)N(S-2)=0
RE(ZNB)N(ZNS)=ZnBNS

Xe(B-2)-(ZUS)=Z nBnS
XE(S-Z)-(ZUB)=Z NB NS
Xe(Z-B)N(Z-S)=ZnB NS
Xe(Z-B)N(ZnS)=Z B NS
Re(B-Z)N(S-2)=Z NBNS
R€E(ZNB)N(Z-S)=ZnBNS
Ne(ZnB)N(ZNS)=ZnBnS

N=T is satisfied under the condition Z'NnBnN$=ZnB'n$=@. It is obvious that the condition Z'NBNS=ZNB'nS=0
is equivalent to (ZAB)NS=0.

* * * * *
2) 1§20 (BAS)9, then (F,D)g [(GB) |, (HI)-I(F By (GBI, [F D) HIL

*

3) If ZNBnS=0, then (F, Z)(;ks (GB), (HYHCE, Z)Z (GB)] :8[(1:, 2, M)

*

4) Tf ZBnS= ZnBrS=0, then (F, Z)(;ks [(G,B) :S(H,S)]=[(F, Z)Z (GB)] :8[(1:, 2, M)

ii) RHS Distributions of Complementary Extended Theta Operation over Complementary Extended

Operations

* * * * *
D I 20(BAS)=0 then [(F, Z) , (GB)lg (H9)=(F 2) g (HI)] [(GB) g (H)].

*
Proof: Consider first LHS. Let (F, Z) U (G,B)=(M,ZUB), where YXeZUB;
€

F'(X),
M®)={ G'{X),

FR)UG(R),

*
Let (M,ZUB)e (H,$)=(N,(ZuB)US), where VXeZUBUS;
€

Thus,

M'(X),
N(N)={ H'(X),

M'(R)nH'(R),

NeZ-B
NEB-Z
NEZnB

N€E(ZUB)-S
NES-(ZUB)
N€e(ZUB)NS
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F(X), R€E(Z-B)-S=ZnB'nS'

G(R), Re(B-2)-S=ZnBnS'
F' (®)NG'(N), RE(ZNB)-S=ZnBnS'
N®)=< H'(R), NES-(ZUB)=Z'NB'NS
F(X) n H'(R), Xe(Z-B)NS=ZnB'nS
G(R)NH'(N), Xe(B-Z)NS=Z'NBNS

(F'(R)nG'(X)nH'(R), Ne(ZnNB)NS=ZnBNS
Now consider the RHS, L. [(E,2) ; (H9)] ~ [(GB) g (HS)]. Let (F2)q (H,S)=(V,2US), where YXeZUS;
F'(X), NEZ-S
V=1 H'(Y), NES-Z
F(RNH'(X), NeZS
Let (GB)  (H,$)=(W,BUS), where VXeBUS;

G'(X), REB-S
WER)={ H' (), NeS-B
G'(X)NH'(X), REBNS

Let (V,2US) :s (W,BUS)=(T,ZUBUS), where VXeZUBUS;
{ V'(R), RE(ZUS)-(BUS)
T(X)={ W'(X), Re(BUS)-(ZUS)
V(R)NW(X), RE(ZUS)N(BUS)
Thus,
(F(R), RE(Z-9)-(BUS)=ZNB NS
H(X), Ne($-2)-(Bug)=0
F(R)UH(R), Ne(ZnS)-(BUS)=0
G(X), Xe(B-S)-(ZUS)=Z nBnS
H(X), RE(S-B)-(2u9)=0
G(R)UH(R), Xe(BNS)-(ZUS)=0
F (X)nG (R), Re(Z-9)N(B-S)=ZnBnS
T(X)= F:(x)nH'(x), Re(Z-9)N(S-B)=0
F (X)n(G'(X)nH'(X)), Xe(Z-S)N(BNS)=0
H (®)NG (X), XE(S-2)N(B-S)=0
H (X)nH (), RE(S-Z)N(S-B)=Z B S
H (X)N(G' R)NH'(X)) RE(S-Z)N(BNS)=Z'NBNS
(F'(R)nH' (R))NG'(X), RE(ZnNS)N(B-9)=0
(F'(X)nH'(R) )nH (X) Xe(ZnS)N(S-B)=ZnB'nS
k(F'(N)nH‘(N))n(G'(N)nH‘(N)) Ne(ZnS)N(BNS)=ZnBNS
Thus,
F(R), RE(Z-9)-(BUS)=ZNB NS
G(X), Re(B-S)-(ZUS)=Z NBnS
F (R)nG (X), RE(Z-S)N(B-S)=ZnBnS
T(R)=1 H'(x), Re(S-Z)N(S-B)=Z B S
G'(R)NH'(XN), Ne(S-Z)n(BNS)=Z'NBNS
F'(R)nH'(X) Ne(ZnS)N(S-B)=Z2nB'nS
k(F'(N)nH‘(N))n(G'(N)mH'(N)) Ne(ZnS)N(BNS)=ZnBNS

It is seen that N=T under the condition Z'nBnS=ZnB'nS=@. It is obvious that the condition
Z'NBNS=ZnB'nS=0 is equivalent to the condition (ZAB)NS=0.

* * * * *
2) If (ZAB)N $=9, then [(F, 2) ., (GB)lg (HSHI(E2) o (9], (GB) g (HI)L
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3) If ZnBNn $=ZnBNS'=@, then [(F,Z) ;1 (G,B)]e*s (H,S)=[(F, Z) T (H,S)] :s[(G,B) TS(H,S)].

* * * % *
9 IEZBS=, then [(E7) ., (GB)g (HI-(ED) | HI] , (GB) | HI)L

Theorem 3.4.4.

The following distributions of the complementary extended theta operation over soft binary piecewise

operations hold:

i) LHS Distributions of the Complementary Extended Theta Operation on Soft Binary Pievewise

Operations

1) If Z2NBnS'=9, then (F, ) ;1 [(GB) , (H9)-[(F.2) ;1 GBI, [(F2) ;i (H,9)].

Proof: Consider first the LHS. Let (G,B);(H,S)=(M,B). Hence VXeB;

G(X),

M(N)z{G(N)nH(N),

*
Let (F, 2) 0 (M,B)=(N,ZUB), where YXeZUB;
€

F'(X),
N(N)={ M'(R),

XeB-S
ReBNS

N€eZ-B
NeB-Z

F(R)NM'(R), NeZnB

Thus,
(F ),
[G ),
N®)={ G (R)UH (),
| F(R)nG'(R),
E (0)n(G' (R)UH('N)),

NeZ-B
Re(B-S)-Z=Z'nBNS'
Ne(BnS)-Z=Z'nBNS
NeZn(B-S)=ZnBnS'
NeZn(BNS)=ZnBNS

* ~ * %
Now consider the RHS, i.e. [(F, Z) 0 (GB),[EZ) 0 (H,S)]. Let (F, %) 0 (G,B)=(V,ZUB), where VYXeZUB;
€ € €

F'(X),
V(®)=4 G'(N),
FR)NG'(X),
Let (E2) o (HS)=(W,2US), where YR<ZUS;

F'(X),
W)=1 H'®X),

NeZ-B
NEB-Z
NEZNB

REZ-S
RES-Z

F(X)NH'(X), ReZnS

Let (V,2UB) . (W, ZUS)=(T,(2UB)), where YXeZUB;
V(X),

N€E(ZUB)-(2U9)

T = {V(x)uw(x), RE(ZUB)N(ZLS)

Thus,
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F(X), R€e(Z-B)-(ZU9)=0

G (R), XE(B-Z)-(ZUS)=Z'nNBnS'

F (R)NG'(R), RE(ZNB)-(2US)=0

F (X)UF (X), RE(Z-B)N(Z-S)=ZnB'nS'

F (R)UH (X), RE(Z-B)n(S-2)=0

(%)= F:(N)U(I‘?‘(N)nH'(N)), RE(Z-B)N(ZnS)=ZnB'nS
G (R)UF (N), Xe(B-Z2)N(Z-S)=0

G (R)UH (R), Xe(B-Z)N(S-2)=Z nBnS

G (R)U(F (R)nH' (X)), Re(B-Z)N(ZnS)=0

(F (X)nG'(R))UF (X), XE(ZNB)N(Z-S)=ZnBnS'

(F (X)nG'(R))uH (X), NE(ZNB)N(S-2)=0

(F (R)NG'(X)U(F (R)nH' (X)), Ne(ZnB)N(ZNS)=ZnBnS

Therefore,

G (X), Xe(B-2)-(2US)=Z'nBnS'

F(R), XE(Z-B)N(Z-S)=ZnB'nS'

(%)= F(N) | Xe(Z-B)N(ZnS)=ZnB'nS
G (X)uH (Y), Re(B-Z2)N(S-Z2)=Z'nBNS

F(R), XE(ZNB)N(Z-$)=ZnBnS'

(F (X)nG'(R))u (F (R)nH'(R)), Xe(ZNB)N(ZnS)=ZNBNS

It is seen that N=T is satisfied under the condition ZNBNS'=@.

2) If ZNB'nS=, then (F, %) ; [(GB) |, (HI-I(F2) ; GB)]  [(F2) ; (H,S)].
3) If (ZAS)NB=9, then (F, %) ; [(GB) » (H9)-I(FZ) : GBI, [(F2) : (H,S)].

4) If (ZAB)NS=2nBNS'=@, then (F, %) ’ek [(GB) o (H,9)I-[(F.2) : GBI, [F2) : (H,S)].

ii) RHS Distributions of the Complementary Extended Theta Operation over Soft Binary Piecewise

Operations

1) If 0B 1$=0, then (F, 2), (G,B)] ;i (HS)-[(F, Z)e*s (H9II(GB) (1 (H9)]

Proof: Consider first LHS. Let (F, Z);(G,B)=(M,Z), where YReZ,

_(F(), NEZ-B
M= {F(N)UG(N), XEZNB

Let (M, %) ;’; (H,5)=(N,ZUS), where VReZUS;

M'(R), REZ-S
N(X)= {H‘(N), NeS-Z

M (R)nH'(R), ReZNS

Thus,
(F'(x), Xe(Z-B)-$=ZnB'nS'
F'(R)nG'(R), NE(ZNB)-S=ZnBNS'
N®)={ H'(X), NES-Z
[ F ()nH' (), NE(Z-B)NS=ZNB'NS

(F'(R)NG'(R))nH'(X), Ne(ZnB)NS=ZnBNS
Now consider the RHS, that is, [(F, Z)(;l< (H,S)];[(G,B) ;k (H,S)]. Let (F, Z): (H,5)=(V,2US), where
VReZUS;
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F'(R), N€EZ-S
V(R)=4 H'(R), NES-Z
F(R)NH'(X), ReZNS
Now let (G,B) ; (H,S)=(W,BUS), where VXeBUS;
G'(R), XeB-S
W)= H'(X), NeS-B
G'(®)nH'(X), ReBNS
Let (V,2US) ; (W,BUS)=(T, (2US)), where VRXeZUS;

V(N), Ne(ZUS)-(Bu
)= {V((N))nW(N), Ne((ZUSS))n((BU?)
Thus,

F (X), R€E(2-S)-(BuS)=2nB'nS'

H (), RE(S-2)-(BUS)=0
F'(R)nH'(R), RE(ZNS)-(BUS)=0

F (R)NG (X), XE(Z-S)N(B-S)=ZnBnS'

F (R)nH (X), Xe(Z-S)N(S-B)=0

F (R)n(G'(R)nH' (X)), Re(Z-9)N(BNS)=0

Ty 1 oonG (), RE(S-Z)N(B-9)=0
H (X)nH (X), RE(S-Z)N(S-B)=Z'NB'NS

H (X)N(G'(R)NH'(X)) RE(S-Z)N(BNS)=Z'NBNS
(F'(®)nH'(®))nG (X), Re(ZnS)N(B-S)=0
(F'(X)nH'(R))nH (X) XE(ZnS)N(S-B)=ZNB'NS
(F'(R)nH' (%) )n(G'(R)NH'(R)), RE(ZnS)N(BNS)=ZnBNS

Hence,

(F (X), RE(Z-S)-(BUS)=ZnB'nS'

F (R)nG (X), R€E(Z-S)N(B-S)=ZnBnS'

Tx)={ H®, Re(S-Z)N(S-B)=ZnB'n$
G'(R)nH'(XN), NeE(S-Z)n(BNS)=Z'NBNS
F'(R)nH'(X) Ne(ZnS)N(S-B)=ZnB'nS
(F'(R)nH' (%) )n(G'(R)NH'(R)), RE(ZNS)N(BNS)=ZnBNS

It is seen that N=T is satisfied under the condition Z'nBNS =@.

2)Tf (ZAB)NS=0, then (F,2), (GBI g (H9)-I(F.2) o HIIIGB) g HLS)
3) 1 20(BAS)-0, then [(F,2)g (GB)] o (19 -[F.2), (HIIIGE)| HIL.
9 If (ZABYS-20BnS'=0, then [(F,2) 5 (G.B)] o (9 {FD)| HICB)| HS)L

Theorem 3.4.5.

The following distributions of the complementary extended theta operation over the complementary
soft binary piecewise operations exist:

i) LHS Distribution of the Complementary Extended Theta Operation on Complementary Soft Binary
Piecewise Operations
* * * * *
D I£20BNnS'=0, then (F.2) o [(GB) ~ HH(F 2) o (GB)] ~ [(F2) g (H)]
N U
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*

Proof: Consider first LHS. Let (G,B) ~ (H,$)=(M,B). Hence VXeB;

N

Meo-{S

k
Let (F, %) o (M,B)=(N,ZUB), where ¥XeZUB;
€

Thus,

k k *k
Now consider RHS, i.e. [(F.2) o (GB)]~[(F,Z) 4 (HS)]. Let (F.2) 4 (GB)~(V,2UB), where ¥XeZUB;
€ U € €

F(X),
N(N)={ M'(X),

F (X)NM'(X),

(F(X),
| G(N),

N(X)={ G (X)UH (X),
| F (RNG(X),

\F (0)n(G'(R)UH'(R)),
k

F(X),
VX)=1 G'(X),

F'(X)nG'(X),

Let (F,Z) g (H,S)=(W,ZUS), where VReZUS;

k
Let (V,2UB) ~ (W,ZUS)=
U

Thus,

T(R)=1

F'(X),
WR)=1 H'®X),

GR)NH(X),

XeB-S
XEBNS

NEZ-B
NEB-Z
NEZNB

NEZ-B
RE(B-S)-Z=Z'nBnS'
RE(BNS)-Z=Z'nBNS
REZN(B-S)=ZnBnS'
REZN(BNS)=ZnBNS

NeZ-B
NEB-Z
NEZNB

REZ-S
NeS-Z

F(X)nH'(X), ReZnS

(T,(ZUB)), where VReZUB;

(V'(X),
T(N)_{V(N)UW(N),

F(X),

G(X),

F(X)UG'(X),

F (R)UF (X),

F (X)uH (X),

F (R)U(F (RNH(X)),
G (R)UF (X),

G (N)UH (X),

G (R)U(F (RNH(X)),
(F (R)NG(RX))UF (X),
(F (R)NG(R)UH (X),

Hence,

T(X)=

L(F (R)NG(R)U(E (R)NH (X)),

G(X),
F (X),
F(X),
G (N)UH (X),
F(X),

(F (R)NG(R)) U (F (RNH(X)),

R€E(ZUB)-(2US)
Re(ZUB)N(ZUS)

NE(Z-B)-(ZuS)=0
Ne(B-Z)-(ZUS)=Z'nBNS'
RE(ZnB)-(ZUS)=0
Ne(Z-B)n(Z-S)=ZnB'nS'
ReE(Z-B)n(S-2)=0
Ne(Z-B)n(ZnS)=ZnB'nS
Re(B-Z)n(Z-S)=0
Ne(B-Z2)N(S-Z2)=Z'nBNS
Re(B-Z2)N(ZNS)=0
Ne(ZnNB)N(Z-S)=ZnBnS'
ReE(ZNB)N(S-2)=0
Ne(ZnB)N(ZNS)=ZnBnS

Ne(B-2)-(Z2US)=Z'nBNS'
Ne(Z-B)n(Z-S)=ZnB'nS'
Ne(Z-B)n(ZnS)=2nB'nS
Ne(B-Z2)N(S-Z2)=Z'nBnS
Re(ZnNB)N(Z-S)=ZnBnS'
Ne(ZnB)N(ZnS)=2nBnS
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It is seen that N=T is satisfied under the condition ZNBNS'=@.

* %

2) 1 2n(BAS) -0, then (£, 2) o [(G,B) ~ (HSHI(F.2) o (GB)] ~ [(F.2) g (LI
€ € n €

U

% % %

3) If (ZAB)NS= @, then (F, Z) ; [(G,B)~ (H,5)I=[(F, 2) y (GB)] ~ [(F,Z) y (H,9)].
€ k € €

n

%
4) If (ZAB)NS= ZnBnS'=9, then (F, %) ’g [(G,B)~ (H,S)]=[(F, 2) j
e €

GBI~ [F2Z), HSI)]

ii) RHS Distributions of Complementary Extended Theta Operation over Complementary Soft Binary

Piecewise Operations
* *

1) If (ZAB)NS=0, then (E,2) ~ (GB) ; (HS)=[(E.2) 5 (HS)]~[GB)y (HI).
€ € n €

V)
*k

Proof: Consider first LHS. Let (F, Z) ~ (G,B)=(M,Z), where VXeZ,
V)
(F(N), NeZ-B
MO (G0, em

k
Let (M,Z) 5 (H,9)=(N,2US), where VReZUS;

M'(N), NEZ-S
N(R)= {H’(N), NeS-Z

M (R)nH'(R), ReZNS

Thus,
(F(X), Ne(Z-B)-S=ZnB'nS'
[ F'(R)NG'(R), Xe(ZNB)-S=ZNBNS'
N®)=4 H'X),

| F(R)NH'(X), RE(Z-B)NS=ZnB'nS
k(F'(N)nG’(N))nH‘(N), Re(ZNB)NS=ZnBNS

*

Now consider the RHS, that is, [(E,2)  (HS)]~[(GB)g (HI) Let (F.2), (HI=(V,2U), where

N

F(X), REZ-S
V(R)={ H'X), NESZ
FR)NH'(X), ReZMS
Now let (G,B) ) (H,S)=(W,BUS), where VXeBUS;

G'(R), XeB-S
W(K)={ H'(X), XeS-B

G'(R)NH'(RX), XEBNS

VReZUS;

*
Let (V,Z2US) ~ (W,BUS)=(T,(ZUS)), where VYReZUS;
n

T(N)={
Thus,

V'(X), Re(ZUS)-(BUS)
VR)NW(R), Xe(ZUS)N(BUS)
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F(R), Xe(Z-S)-(BuS)=ZnB'nS'
H(X), Ne(S-2)-(Bug)=0
F(R)UH(X), RE(ZnS)-(BuS)=0
F (X)nG (R), XE(Z-S)N(B-S)=ZnBNS'
F (R)nH (X), XE(Z-S)N(S-B)=0
F (R)N(G'(R)nH' (X)), RE(Z-S)N(BNS)=0
TE= H G (), RE(S-Z)N(B-S)=0
H (X)nH (), RE(S-2)N(S-B)=ZNB'NS
H X)n(G'(R)nH'(X)) XE(S-Z)N(BNS)=Z'NBNS
(F'(®)nNH'(®))nG (X), RE(ZNS)N(B-5)=0
(F'(X)nH'(R))nH (X) Xe(ZnS)N(S-B)=ZnB'nS
(F'(R)nH' (%) )n(G'(R)NH'(R)), XE(ZnS)N(BNS)=ZnBNS
Therefore,
F(X), ReE(Z-S)-(BUS)=ZnB'nS'
F (X)nG (R), RE(Z-9)N(B-S)=ZnBnS'
To=1 HE), RE(S-Z)N(S-B)=ZnB'NS
G'(®)nH'(X) RE(S-Z)nN(BNS)=Z'nBNS
F'(R)nH'(X) RE(ZNS)N(S-B)=ZnB'nS
(F'(R)nH' (%) )n(G'(R)NH'(R)), RE(ZNS)N(BNS)=ZNBNS

Under the condition Z'nBNnS=ZnB'nS=@, N=T is satisfied. It is obvious that the condition Z'nBnS= ZnB'nS=
@ is equivalent to (ZAB)NS= 9.
* * * * k
2) If (ZAB)NS=0, then (F,Z) ~ (G,B)] o, H=IEZD g HHI~(GB)g (HI)].
V)

N
* *

3) If Zn(BAS)= @, then [(F,Z) ~ (G,B)] ;k (H,9) =[(F, Z)T (H, S)]~[(G,B);k (HS3)]-
e € € €

V)
* *

9 I (ZA9NB=0, then [(F,2) ~ (GB)| g (H9)=(F2), HII~[GB)| HI)]
% € € n €

CONCLUSION
Soft set operations are crucial in soft set theory, providing a versatile framework for dealing with
uncertainty in data analysis and decision-making processes. In this paper, a new soft set operation
called, complementary extended theta is proposed and its algebraic properties are investigated. We treat
the distributions of complementary extended theta over other different types of operations on soft sets.
A complete knowledge of the applications of soft sets requires an understanding of their algebraic
structures in connection with innovative operations; within this framework, the novel soft set operations
play an equally important role. We hope that this study will be a guiding framework for future research
on soft set operations. In order to determine what algebraic structures form in the collection of soft sets
together with the complementary extended theta operation of soft sets, future research may look at

different types of complementary extended soft set operations and their distributions and properties.
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