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Abstract

Drawing inspiration from Lin [3], we generalize some operator inequalities due to
Mond et al. [1] as follows: Let A be positive operator on a Hilbert space with
0<m< A<M. Then for 2< p <o and every normalized positive linear map @,
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Let A be positive operator on a Hilbert space with 0<m<A<M. Then for

1< p <oo and every normalized positive linear map @,
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Operatorlerin Pozitif Lineer Doniisiimleri icin Bazi Esitsizlikler

Ozet

Lin’in [3] teki ¢alismasindan ilham alarak, Mond ve Pecaric’in [1] dekKi
calismasinda verilen bazi operator esitsizliklerinin genellestirilmesi su sekilde yapildi:
A, Hilbert uzay1 iizerinde 0 <m< A<M sartin1 saglayan bir pozitif operatér olmak

lizere, 2< p <oo Ve her normalize edilmis @ pozitif lineer doniisiimii i¢in

2

M? +m?
DP(A%) < —( ) D(A)P
4M PmP

esitsizligi gecerlidir. Yine A, Hilbert uzay1 tizerinde 0 <m< A<M sartin1 saglayan bir
pozitif operatér olmak tizere, 1< p<oo ve her normalize edilmis @ pozitif lineer

doniisiimii igin

2

2p
+ (M _m)zj CD(A)_ZP

DOP(A?) < —(M +m
4(Mm)P 4(M +m)

esitsizligi gecerlidir.

Anahtar Kelimeler: Pozitif Operatorler, Operator Esitsizlikleri, Normalize Edilmis

Pozitif Lineer Doniistimler

1. Introduction

Let M, m be scalars and | be the identity operator. We write A >0 to mean that

the operator A is positive. If A~B>0 (A—B<0), then we writt A>B (A<B). A’
stands for the adjoint of A. Other capital letters are used to denote the general elements
of the C"-algebra L(H) of all bounded linear operators acting on a Hilbert space
(H,{,+)). L, (H) is the cone of positive (i.e., non-negative semi-definite) operators. Let

S(«x, #,H) be the totality of all self-adjoint operators on H whose spectral are contained
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in an interval (a,f). A (non-linear) transformation which maps L, (H), the set of
positive operators on H, into L,(K) will be called positive. The operator norm is
denoted by [e|. A positive linear map @ preserves order-relation, that is, A<B
implies ®(A) < ®(B), and preserves adjoint operation, that is, ®(A") = ®(A)". It is said
to be normalized if it transforms I, to |, (we use, in both cases, only I). If @ is

normalized, it maps S(«, B, H) to S(a, 5,K).
It is well known that for two positive operators A, B,
A>B= A" >B° for 0<p<l,
but
A>B= A" >B° for p>1.

Let 0O<m<A<M and ® be normalized positive linear map. Mond and

Pecaric [1] proved the following operator inequality:

2y (M +m)? 2
D(A )S—4Mm D(A). (1.1)
Lin [3] obtained
1y [ (M +m)? i -2
D(A™) S(W] D(A)“. (1.2)
If we replace A by A™ in (1.1), we get
oy _ (M +m)? 132
®(A )S—4Mm ®(AY)%, (1.3)
which is
4AMm 2 12
W(D(A ) <D(AT)". (1.4)
Combining (1.2) and (1.4), we have
-2 (M +m)? ’ -2
(A )S(WJ (A~ (1.5)
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Fujii et al. [2] proved that t* is order preserving in the following sense.

Proposition 1.1 Let 0< A<B and 0 <m< A<M . Then the following
inequality holds:

A quick use of the above proposition and (1.1) give the following preliminary
result

Proposition 1.2 Let 0<m < A<M . Then for normalized positive linear map

D(A*)? <

(M2 +m?)? ((M +m)?

AM *m? AMm j A (1.6)

It is interesting to ask whether t? (p>1) for the inequalities (1.1) and (1.5) is
order preserving. This is a main motivation for the present paper.

In this paper, we give p-power (p>2) of inequality (1.1) and present an
operator inequality which is refinement of (1.5). Furthermore, we achieve a
generalization of the refinement inequality.

2. Main Results

We give some lemmas before we give the main theorems of this paper:

Lemma 2.1 [6] Let A and B be positive operators. Then for 1<r <o

|A B[ <[(A+B)|. (2.1)
Lemma 2.2 [5] Let A, B >0.Then the following norm inequality holds:
1 2
|AB]<|A+BI". 2.2)
Lemma 2.3 [4, p. 41] Let A>0 and ® be normalized positive linear map.
Then
DA <D(A™). (2.3)

Lemma 2.4 Let 0<m< A<M . Then for normalized positive linear map ®:
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then

Thus

(M —m)*

@(A72)2 < (D(Ail) +m.

Proof : In[1, (14)], we replace A by A™ and have the result.

Now we prove the first main result in the following theorem.

(2.4)

Theorem 2.5 Let 0 <m < A<M. Then for every normalized positive linear map

B(AY) < (M? +m?
4M PmP

Proof : The operator inequality (2.5) is equivalent to

P
D(AH)2D P (A
H (A%) (A) IYE'D

Compute

2

N o

H@(AZ)&Mm)%*(A)

< %HCD(Az)g + (M2m?D(A)2)

s% (D(A) + M2mPd(A) )2

_ %HCD(AZ) +M2mo(A)?|"

)pJ Dd(A)*?, 2<p<ow

(2.5)

(2.6)

(by (2.2))

(by (2.1))

< %H(M +m)d(A)-mMI +M°m*o(A) 7. (by [1, (10)])

Note that

(M —@(A))(m-D(A)D(A)* <0,

Mm®(A)2 + 1 < (M +m)d(A)™
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HcD(AZ)S(Mm)%(A)p

That is

Thus (2.5) holds.

< %H(M +m)D(A) —mMI + M °mPd(A) |’

s%H(M +m)®(A) —mMI + Mm((M +m)d(A)™ - |)Hp (by (2.7))

= 1)M + m)(@(A) + Mma(A) ) — 2mMmi[°
4

< %II('\/I +m)(M +m)l —2mMI |° (by (2.3) and [3, (2.3)])

:%(M%mz)p.

(M2+m2)p

4M PmP

<

H@(AZ)5<1><A)-p

Remark 2.6 We cann’t get the inequality (1.6) when p =2, but we obtain the

relation between ®(A?)? and ®(A)** for p>2 and moreover the form of the

inequality (2.5) is simple.

Theorem 2.7 Let 0<m < A< M. Then for every normalized positive linear map

(M —m)

@(Afz)g% M+m+
4°M“m 4(M +m)

] D(A) 2. (2.8)

Proof : The inequality (2.8) is equivalent to

Compute

MmQJ(A’Z)%q)(A)

<

“GD(AZ);@(A)

1 (M +m+Mj .
m 4(M +m)

2

Mmq)(A’z)% +D(A)

1
4
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1 (M —m)? 2

SZ Mm®d(A )+m+®(A) (by Lemma 2.4)
1 (M —m)? Y’

SZ M +m+—4(M +m)J . (by [3, (2.3)])

That is

“CI)(A‘Z);@(A)“ < L[M +m+M].
4Mm 4(M +m)

Thus (2.8) holds.

Remark 2.8 It is easy to compute that % M +m+M IS
4°M“m 4(M +m)

2\3
smaller than (%J in the right side of (1.5). Thus (2.8) is a refinement of (1.5).
m

In the next theorem, we give a generalization of (2.8).

Theorem 2.9 Let 0 <m < A< M. Then for every normalized positive linear map
® and 1< p<oo,

1 M-my? V')
D(A?) S(4(Mm)p[M +m+4(M+m)] }cp(A) . 2.9)

Proof : The operator inequality (2.9) is equivalent to

2l M -m)z "
HCD(A )2 D(A) S4(Mm)p(M +m+—4(|v| +m)] . (2.10)
Compute
H(Mm)"’CD(A‘Z)sCD(A)p s% (mMCD(A‘Z)%)p +®(A)° (by (2.2))
s%‘ MmCD(A‘Z)% +®(A) (by (2.2))
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_1 4y, (M-m) !

=2 Mm®d(A )+m+®(A) (by Lemma 2.4)
1 M—m)? )"

<Xm +m+m] . (by 13, (2:3))

That is

HCD(A‘Z)SCD(A)" < ;(M +m+g} |
4(Mm)® 4(M +m)

Thus (2.9) holds.

Remark 2.10 When p =1, the inequality (2.9) is (2.8). Thus the inequality (2.9)

IS a generalization of (2.8).
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