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Abstract

In the current paper, we investigate the following new class of system of difference equations

un+1 = f−1
(

g(vn−1)
A1 f (un−2)+B1g(vn−4)

C1 f (un−2)+D1g(vn−4)

)
,

vn+1 =g−1
(

f (un−1)
A2g(vn−2)+B2 f (un−4)

C2g(vn−2)+D2 f (un−4)

)
, n ∈ N0,

where the initial conditions u−p, v−p, for p = 0,4 are real numbers, the parameters Ar, Br, Cr, Dr,
for r ∈ {1,2} are real numbers, A2

r +B2
r 6= 0 6= C2

r +D2
r , for r ∈ {1,2}, f and g are continuous

and strictly monotone functions, f (R) = R, g(R) = R, f (0) = 0, g(0) = 0. In addition, we solve
aforementioned general two dimensional system of difference equations of fifth-order in explicit
form. Moreover, we obtain the solutions of mentioned system according to whether the parameters
being zeros or not. Finally, we present an interesting application.

1. Introduction

The notation of N, N0, Z, R, stand for the set of natural, non-negative integer, integer and real number, respectively. If
γ,δ ∈ Z, γ ≤ δ the notation β = γ,δ means {β ∈ Z : γ ≤ β ≤ δ}.

Difference equations emerge from mathematical models of physical events, numerical solutions of differential equations or
generation functions. There has been an intense interest in nonlinear difference equations. Some mathematicians are interested
in nonlinear difference equations in these days in [1], [2], [3], [4], [5]. In addition, systems of difference equations are studied
by some authors in [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21].

One of the interesting difference equations is

wn+2 = Φwn+1 +Ψwn, n ∈ N0, (1.1)

where the initial values w0, w1 and the parameters Φ and Ψ are real numbers. Equation (1.1) is solved by De Moivre in [22].

The solution of (1.1) is given by

wn =
(w1−λ2w0)λ n

1 − (w1−λ1w0)λ n
2

λ1−λ2
, n ∈ N0, (1.2)

when Ψ 6= 0 and Φ2 +4Ψ 6= 0,

wn = ((w1−λ1w0)n+λ1w0)λ
n−1
1 , n ∈ N0, (1.3)
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when Ψ 6= 0 and Φ2 +4Ψ = 0, where λ1 and λ2 are the roots of the polynomial P(λ ) = λ 2−Φλ −Ψ = 0. Also, the roots of

characteristic equation are λ1,2 =
Φ±
√

Φ2+4Ψ

2 .

Another well-known difference equation, that is Riccati difference equation, is given by

wn+1 =
αwn +β

γwn +δ
, n ∈ N0, (1.4)

for γ 6= 0, αδ 6= βγ , where the initial condition w0 and the parameters α , β , γ , δ are real numbers. Equation (1.4) is reduced
to equation (1.1) by using the convenient transformation.

There are general forms of the difference equations reduced to equation (1.4) by changing variables in literature. For example,
the following difference equation

wn+1 = αwn−k +
δwn−kwn−k−l

βxn−k−l + γxn−l
, n ∈ N0, (1.5)

where k, l are fixed natural numbers, the parameters α , β , γ , δ and the initial conditions w−i, i = 1,k+ l are real numbers and
β 2 + γ2 6= 0, is solved in [23].

Some authors solved special cases of equation (1.5) in [24], [25], [26], [27], [28]. A different form of equation (1.5) continued
to be studied in the literature [29], [30], [31].

In an earlier paper, Elsayed et al., deal with the following difference equation

un+1 = γ0un−1 +
γ1un−1un−4

γ2un−4 + γ3un−2
, n ∈ N0, (1.6)

where the initial values u−p, for p = 0,4 are arbitrary positive real numbers and the coefficients γl , for l = 0,3 are real numbers
in [32].

Recently, Stević et al., investigate the following difference equations

xn+1 = Φ
−1
(

Φ(xn−1)
αΦ(xn−2)+βΦ(xn−4)

γΦ(xn−2)+δΦ(xn−4)

)
, n ∈ N0, (1.7)

where the initial values x−p, for p = 0,4 and the parameters α , β , γ and δ are real numbers in [33]. Note that, the different
form of equation (1.6) is equation (1.7).

Equations (1.7) can be expand in various ways. For instance, increasing order, adding periodic coefficients, expanding the
dimensional, etc.

In this paper, we are interested in the following general two dimensional form of equation (1.7)

un+1 = f−1
(

g(vn−1)
A1 f (un−2)+B1g(vn−4)

C1 f (un−2)+D1g(vn−4)

)
,

(1.8)

vn+1 = g−1
(

f (un−1)
A2g(vn−2)+B2 f (un−4)

C2g(vn−2)+D2 f (un−4)

)
, n ∈ N0,

where the initial conditions u−p, v−p, for p = 0,4 are real numbers, the parameters Ar, Br, Cr, Dr, for r ∈ {1,2}, are real
numbers, A2

r +B2
r 6= 0 6=C2

r +D2
r , for r ∈ {1,2}, f and g are continuous and strictly monotone functions, f (R) =R, g(R) =R,

f (0) = 0, g(0) = 0. We obtain the solutions of system (1.8) in explicit form according to states of parameters by changing the
variable. In addition, we present an application, which indicates that some conclusions in [32] are not correct.

2. Explicit-form solutions of system (1.8)

In this section, we investigate the solutions of system (1.8) in explicit-form.

Theorem 2.1. Assume that Ar, Br, Cr, Dr ∈ R, for r ∈ {1,2}, A2
1 +B2

1 6= 0 6=C2
1 +D2

1, A2
2 +B2

2 6= 0 6=C2
2 +D2

2, f and g are
continuous and strictly monotone functions, f (R) =R, g(R) =R, f (0) = 0, g(0) = 0. So, the general system (1.8) is solvable
in explicit-form.
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Proof. If at least one of the initial values u−p = 0 or v−p = 0, for p = 0,4, then the solution of system (1.8) is not defined.
Moreover, assume that un0 = 0 for some n0 ∈ N0. Then from system (1.8) we have vn0+2 = 0. These facts along with (1.8)
imply that vn0+5 is not defined. Similarly, suppose that vn0 = 0 for some n0 ∈ N0. Then from system (1.8) we have un0+2 = 0.
These facts along with (1.8) imply that un0+5 is not defined. Hence, for every well-defined solution of system (1.8), we have

unvn 6= 0, n≥−4. (2.1)

From (2.1) and the conditions of the theorem we have

f (un) 6= 0, g(vn) 6= 0, n≥−4.

Now, we examine the solutions of system (1.8) for two cases:

Case 1: First, suppose that A1D1−B1C1 6= 0, A2D2−B2C2 6= 0 and C1 6= 0 6=C2. Let

xn =
f (un)

g(vn−2)
, yn =

g(vn)

f (un−2)
, n≥−2. (2.2)

From (1.8) and monotonicity of f and g, we obtain

f (un+1) = g(vn−1)
A1 f (un−2)+B1g(vn−4)

C1 f (un−2)+D1g(vn−4)
,

(2.3)

g(vn+1) = f (un−1)
A2g(vn−2)+B2 f (un−4)

C2g(vn−2)+D2 f (un−4)
, n ∈ N0.

By using the change of variables (2.2) in (2.3) we get

xn+1 =
A1xn−2 +B1

C1xn−2 +D1
, yn+1 =

A2yn−2 +B2

C2yn−2 +D2
, n ∈ N0. (2.4)

Let

k( j)
m = x3m+ j, l( j)

m = y3m+ j, m ∈ N0, j ∈ {−2,−1,0}. (2.5)

Then from (2.4) and (2.5) we obtain

k( j)
m+1 =

A1k( j)
m +B1

C1k( j)
m +D1

, l( j)
m+1 =

A2l( j)
m +B2

C2l( j)
m +D2

, (2.6)

for m ∈ N0, j ∈ {−2,−1,0}. The equations in (2.6) are named Riccati type difference equations in literature.

Let

k( j)
m =

z( j)
m+1

z( j)
m

+ p j, l( j)
m =

t( j)
m+1

t( j)
m

+h j, m ∈ N0, j ∈ {−2,−1,0}, (2.7)

for some p j,h j ∈ R, j ∈ {−2,−1,0}.

From (2.6) and (2.7) we have

(
z( j)

m+2

z( j)
m+1

+ p j

)(
C1

z( j)
m+1

z( j)
m

+C1 p j +D1

)
−

(
A1

z( j)
m+1

z( j)
m

+A1 p j +B1

)
= 0,

(
t( j)
m+2

t( j)
m+1

+h j

)(
C2

t( j)
m+1

t( j)
m

+C2h j +D2

)
−

(
A2

t( j)
m+1

t( j)
m

+A2h j +B2

)
= 0,
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for some m ∈ N0, j ∈ {−2,−1,0}.

Let

p j =−
D1

C1
, h j =−

D2

C2
, j ∈ {−2,−1,0}.

Then, we get

C2
1z( j)

m+2−C1 (A1 +D1)z( j)
m+1 +(A1D1−B1C1)z( j)

m = 0,
(2.8)

C2
2t( j)

m+2−C2 (A2 +D2) t( j)
m+1 +(A2D2−B2C2) t( j)

m = 0,

for m ∈ N0, j ∈ {−2,−1,0}.

Assume that ∆1 := (A1 +D1)
2−4(A1D1−B1C1) 6= 0, ∆2 := (A2 +D2)

2−4(A2D2−B2C2) 6= 0. Then by employing formula
(1.2), we have

z( j)
m =

(
z( j)

1 −λ2z( j)
0

)
λ m

1 −
(

z( j)
1 −λ1z( j)

0

)
λ m

2

λ1−λ2
,

(2.9)

t( j)
m =

(
t( j)
1 − λ̂2t( j)

0

)
λ̂ m

1 −
(

t( j)
1 − λ̂1t( j)

0

)
λ̂ m

2

λ̂1− λ̂2
,

for m ∈ N0, j ∈ {−2,−1,0}, where λ1,2 =
(A1+D1)±

√
∆1

2C1
, λ̂1,2 =

(A2+D2)±
√

∆2
2C2

. Equations in (2.9) are the general solutions to
equations in (2.8).

By using (2.9) in (2.7), we obtain

k( j)
m =

(
z( j)

1 −λ2z( j)
0

)
λ

m+1
1 −

(
z( j)

1 −λ1z( j)
0

)
λ

m+1
2(

z( j)
1 −λ2z( j)

0

)
λ m

1 −
(

z( j)
1 −λ1z( j)

0

)
λ m

2

− D1

C1

=

(
k( j)

0 + D1
C1
−λ2

)
λ

m+1
1 −

(
k( j)

0 + D1
C1
−λ1

)
λ

m+1
2(

k( j)
0 + D1

C1
−λ2

)
λ m

1 −
(

k( j)
0 + D1

C1
−λ1

)
λ m

2

− D1

C1
,

l( j)
m =

(
t( j)
1 − λ̂2t( j)

0

)
λ̂

m+1
1 −

(
t( j)
1 − λ̂1t( j)

0

)
λ̂

m+1
2(

t( j)
1 − λ̂2t( j)

0

)
λ̂ m

1 −
(

t( j)
1 − λ̂1t( j)

0

)
λ̂ m

2

− D2

C2

=

(
l( j)
0 + D2

C2
− λ̂2

)
λ̂

m+1
1 −

(
l( j)
0 + D2

C2
− λ̂1

)
λ̂

m+1
2(

l( j)
0 + D2

C2
− λ̂2

)
λ̂ m

1 −
(

l( j)
0 + D2

C2
− λ̂1

)
λ̂ m

2

− D2

C2
,

for m ∈ N0, j ∈ {−2,−1,0}, from the last equalities with (2.5) we have

x3m+ j =

(
x j +

D1
C1
−λ2

)
λ

m+1
1 −

(
x j +

D1
C1
−λ1

)
λ

m+1
2(

x j +
D1
C1
−λ2

)
λ m

1 −
(

x j +
D1
C1
−λ1

)
λ m

2

− D1

C1
,

(2.10)

y3m+ j =

(
y j +

D2
C2
− λ̂2

)
λ̂

m+1
1 −

(
y j +

D2
C2
− λ̂1

)
λ̂

m+1
2(

y j +
D2
C2
− λ̂2

)
λ̂ m

1 −
(

y j +
D2
C2
− λ̂1

)
λ̂ m

2

− D2

C2
,

for m ∈ N0, j ∈ {−2,−1,0}.

From (2.2), we get
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f (un) = xng(vn−2) = xnyn−2 f (un−4) = xnyn−2xn−4g(vn−6) = xnyn−2xn−4yn−6 f (un−8)

= xnyn−2xn−4yn−6xn−8g(vn−10) = xnyn−2xn−4yn−6xn−8yn−10 f (un−12) , n≥ 8, (2.11)
g(vn) = yn f (un−2) = ynxn−2g(vn−4) = ynxn−2yn−4 f (un−6) = ynxn−2yn−4xn−6g(vn−8)

= ynxn−2yn−4xn−6yn−8 f (un−10) = ynxn−2yn−4xn−6yn−8xn−10g(vn−12) ,n≥ 8.

From (2.11), we have

f (u12m+i) = x12m+iy12m+i−2x12m+i−4y12m+i−6x12m+i−8y12m+i−10 f
(
u12(m−1)+i

)
,

(2.12)
g(v12m+i) = y12m+ix12m+i−2y12m+i−4x12m+i−6y12m+i−8x12m+i−10g

(
v12(m−1)+i

)
,

for m ∈ N0, i = 8,19. Multiplying the equalities which are obtained from (2.12), from 0 to m, it follows that

f (u12m+3s+p) = f (u3s+p−12)
m

∏
r=0

(
x12r+3s+py12r+3s+p−2x12r+3s+p−4y12r+3s+p−6x12r+3s+p−8y12r+3s+p−10

)
,

(2.13)

g(v12m+3s+p) = g(v3s+p−12)
m

∏
r=0

(
y12r+3s+px12r+3s+p−2y12r+3s+p−4x12r+3s+p−6y12r+3s+p−8x12r+3s+p−10

)
,

for m ∈ N0, s = 3,6, p =−1,1. From (2.13), we obtain

f (u12m+3s+p) = f (u3s+p−12)
m

∏
r=0

(
x

3
(

4r+s+b p+2
3 c
)
+p−3b p+2

3 c
y3(4r+s+b p

3 c)+p−2−3b p
3 c

×x
3
(

4r+s+b p−2
3 c
)
+p+2+3b p−2

3 c
y

3
(

4r+s−1+b p−1
3 c
)
+p−3−3b p−1

3 c

×x
3
(

4r+s−1+b p−3
3 c
)
+p−5−3b p−3

3 c
y

3
(

4r+s−1+b p−5
3 c
)
+p−7−3b p−5

3 c

)
, (2.14)

g(v12m+3s+p) = g(v3s+p−12)
m

∏
r=0

(
y

3
(

4r+s+b p+2
3 c
)
+p−3b p+2

3 c
x3(4r+s+b p

3 c)+p−2−3b p
3 c

×y
3
(

4r+s+b p−2
3 c
)
+p+2+3b p−2

3 c
x

3
(

4r+s−1+b p−1
3 c
)
+p−3−3b p−1

3 c

×y
3
(

4r+s−1+b p−3
3 c
)
+p−5−3b p−3

3 c
x

3
(

4r+s−1+b p−5
3 c
)
+p−7−3b p−5

3 c

)
,

for m ∈ N0, s = 3,6, p =−1,1. By substituting the equations in (2.10) into (2.14) and by using equations in (2.2), we have

u12m+3s+p

= f−1
[

f (u3s+p−12)

×
m

∏
r=0

(


 f
(

u
p−3b p+2

3 c

)
g
(

v
p−3b p+2

3 c−2

) + D1
C1
−λ2

λ
4r+s+b p+2

3 c+1
1 −

 f
(

u
p−3b p+2

3 c

)
g
(

v
p−3b p+2

3 c−2

) + D1
C1
−λ1

λ
4r+s+b p+2

3 c+1
2 f

(
u

p−3b p+2
3 c

)
g
(

v
p−3b p+2

3 c−2

) + D1
C1
−λ2

λ
4r+s+b p+2

3 c
1 −

 f
(

u
p−3b p+2

3 c

)
g
(

v
p−3b p+2

3 c−2

) + D1
C1
−λ1

λ
4r+s+b p+2

3 c
2

− D1

C1



×



 g
(

vp−2−3b p
3 c

)
f
(

up−4−3b p
3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p

3 c+1
1 −

 g
(

vp−2−3b p
3 c

)
f
(

up−4−3b p
3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p

3 c+1
2 g

(
vp−2−3b p

3 c

)
f
(

up−4−3b p
3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p

3 c
1 −

 g
(

vp−2−3b p
3 c

)
f
(

up−4−3b p
3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p

3 c
2

− D2

C2
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×



 f
(

u
p+2+3b p−2

3 c

)
g
(

v
p+3b p−2

3 c

) + D1
C1
−λ2

λ
4r+s+b p−2

3 c+1
1 −

 f
(

u
p+2+3b p−2

3 c

)
g
(

v
p+3b p−2

3 c

) + D1
C1
−λ1

λ
4r+s+b p−2

3 c+1
2 f

(
u

p+2+3b p−2
3 c

)
g
(

v
p+3b p−2

3 c

) + D1
C1
−λ2

λ
4r+s+b p−2

3 c
1 −

 f
(

u
p+2+3b p−2

3 c

)
g
(

v
p+3b p−2

3 c

) + D1
C1
−λ1

λ
4r+s+b p−2

3 c
2

− D1

C1


(2.15)

×



 g
(

v
p−3−3b p−1

3 c

)
f
(

u
p−5−3b p−1

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−1

3 c
1 −

 g
(

v
p−3−3b p−1

3 c

)
f
(

u
p−5−3b p−1

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−1

3 c
2 g

(
v

p−3−3b p−1
3 c

)
f
(

u
p−5−3b p−1

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−1

3 c−1
1 −

 g
(

v
p−3−3b p−1

3 c

)
f
(

u
p−5−3b p−1

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−1

3 c−1
2

− D2

C2



×



 f
(

u
p−5−3b p−3

3 c

)
g
(

v
p−7−3b p−3

3 c

) + D1
C1
−λ2

λ
4r+s+b p−3

3 c
1 −

 f
(

u
p−5−3b p−3

3 c

)
g
(

v
p−7−3b p−3

3 c

) + D1
C1
−λ1

λ
4r+s+b p−3

3 c
2 f

(
u

p−5−3b p−3
3 c

)
g
(

v
p−7−3b p−3

3 c

) + D1
C1
−λ2

λ
4r+s+b p−3

3 c−1
1 −

 f
(

u
p−5−3b p−3

3 c

)
g
(

v
p−7−3b p−3

3 c

) + D1
C1
−λ1

λ
4r+s+b p−3

3 c−1
2

− D1

C1



×



 g
(

v
p−7−3b p−5

3 c

)
f
(

u
p−9−3b p−5

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−5

3 c
1 −

 g
(

v
p−7−3b p−5

3 c

)
f
(

u
p−9−3b p−5

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−5

3 c
2 g

(
v

p−7−3b p−5
3 c

)
f
(

u
p−9−3b p−5

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−5

3 c−1
1 −

 g
(

v
p−7−3b p−5

3 c

)
f
(

u
p−9−3b p−5

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−5

3 c−1
2

− D2

C2


)]

,

v12m+3s+p = g−1
[

g(v3s+p−12)

×
m

∏
r=0

(


 g
(

v
p−3b p+2

3 c

)
f
(

u
p−3b p+2

3 c−2

) + D2
C2
− λ̂2

 λ̂
4r+s+b p+2

3 c+1
1 −

 g
(

v
p−3b p+2

3 c

)
f
(

u
p−3b p+2

3 c−2

) + D2
C2
− λ̂1

 λ̂
4r+s+b p+2

3 c+1
2 g

(
v

p−3b p+2
3 c

)
f
(

u
p−3b p+2

3 c−2

) + D2
C2
− λ̂2

 λ̂
4r+s+b p+2

3 c
1 −

 g
(

v
p−3b p+2

3 c

)
f
(

u
p−3b p+2

3 c−2

) + D2
C2
− λ̂1

 λ̂
4r+s+b p+2

3 c
2

− D2

C2



×



 f
(

up−2−3b p
3 c

)
g
(

vp−4−3b p
3 c

) + D1
C1
−λ2

λ
4r+s+b p

3 c+1
1 −

 f
(

up−2−3b p
3 c

)
g
(

vp−4−3b p
3 c

) + D1
C1
−λ1

λ
4r+s+b p

3 c+1
2 f

(
up−2−3b p

3 c

)
g
(

vp−4−3b p
3 c

) + D1
C1
−λ2

λ
4r+s+b p

3 c
1 −

 f
(

up−2−3b p
3 c

)
g
(

vp−4−3b p
3 c

) + D1
C1
−λ1

λ
4r+s+b p

3 c
2

− D1

C1



×



 g
(

v
p+2+3b p−2

3 c

)
f
(

u
p+3b p−2

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−2

3 c+1
1 −

 g
(

v
p+2+3b p−2

3 c

)
f
(

u
p+3b p−2

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−2

3 c+1
2 g

(
v

p+2+3b p−2
3 c

)
f
(

u
p+3b p−2

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−2

3 c
1 −

 g
(

v
p+2+3b p−2

3 c

)
f
(

u
p+3b p−2

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−2

3 c
2

− D2

C2


(2.16)

×



 f
(

u
p−3−3b p−1

3 c

)
g
(

v
p−5−3b p−1

3 c

) + D1
C1
−λ2

λ
4r+s+b p−1

3 c
1 −

 f
(

u
p−3−3b p−1

3 c

)
g
(

v
p−5−3b p−1

3 c

) + D1
C1
−λ1

λ
4r+s+b p−1

3 c
2 f

(
u

p−3−3b p−1
3 c

)
g
(

v
p−5−3b p−1

3 c

) + D1
C1
−λ2

λ
4r+s+b p−1

3 c−1
1 −

 f
(

u
p−3−3b p−1

3 c

)
g
(

v
p−5−3b p−1

3 c

) + D1
C1
−λ1

λ
4r+s+b p−1

3 c−1
2

− D1

C1
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×



 g
(

v
p−5−3b p−3

3 c

)
f
(

u
p−7−3b p−3

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−3

3 c
1 −

 g
(

v
p−5−3b p−3

3 c

)
f
(

u
p−7−3b p−3

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−3

3 c
2 g

(
v

p−5−3b p−3
3 c

)
f
(

u
p−7−3b p−3

3 c

) + D2
C2
− λ̂2

 λ̂
4r+s+b p−3

3 c−1
1 −

 g
(

v
p−5−3b p−3

3 c

)
f
(

u
p−7−3b p−3

3 c

) + D2
C2
− λ̂1

 λ̂
4r+s+b p−3

3 c−1
2

− D2

C2



×



 f
(

u
p−7−3b p−5

3 c

)
g
(

v
p−9−3b p−5

3 c

) + D1
C1
−λ2

λ
4r+s+b p−5

3 c
1 −

 f
(

u
p−7−3b p−5

3 c

)
g
(

v
p−9−3b p−5

3 c

) + D1
C1
−λ1

λ
4r+s+b p−5

3 c
2 f

(
u

p−7−3b p−5
3 c

)
g
(

v
p−9−3b p−5

3 c

) + D1
C1
−λ2

λ
4r+s+b p−5

3 c−1
1 −

 f
(

u
p−7−3b p−5

3 c

)
g
(

v
p−9−3b p−5

3 c

) + D1
C1
−λ1

λ
4r+s+b p−5

3 c−1
2

− D1

C1


)]

,

for m ∈ N0, s = 3,6, p =−1,1. The formulas in (2.15) and (2.16) are the solutions of system (1.8) if ∆1 6= 0 6= ∆2.
Assume that ∆1 = (A1 +D1)

2−4(A1D1−B1C1) = 0 and ∆2 = (A2 +D2)
2−4(A2D2−B2C2) = 0. So, by employing formula

(1.3), we obtain

z( j)
m =

((
z( j)

1 −λ1z( j)
0

)
m+λ1z( j)

0

)
λ

m−1
1 ,

(2.17)

t( j)
m =

((
t( j)
1 − λ̂1t( j)

0

)
m+ λ̂1t( j)

0

)
λ̂

m−1
1 ,

for m ∈ N0, j ∈ {−2,−1,0}, where

λ1 =
A1 +D1

2C1
6= 0, λ̂1 =

A2 +D2

2C2
6= 0.

Note that equations in (2.17) are the solutions to the system (2.8) if ∆1 = 0 = ∆2. From (2.7) and (2.17), we get

k( j)
m =

((
z( j)

1 −λ1z( j)
0

)
(m+1)+λ1z( j)

0

)
λ1(

z( j)
1 −λ1z( j)

0

)
m+λ1z( j)

0

− D1

C1

=

((
k( j)

0 + D1
C1
−λ1

)
(m+1)+λ1

)
λ1(

k( j)
0 + D1

C1
−λ1

)
m+λ1

− D1

C1
, (2.18)

l( j)
m =

((
t( j)
1 − λ̂1t( j)

0

)
(m+1)+ λ̂1t( j)

0

)
λ̂1(

t( j)
1 − λ̂1t( j)

0

)
m+ λ̂1t( j)

0

− D2

C2

=

((
l( j)
0 + D2

C2
− λ̂1

)
(m+1)+ λ̂1

)
λ̂1(

l( j)
0 + D2

C2
− λ̂1

)
m+ λ̂1

− D2

C2
,

for m ∈ N0, j ∈ {−2,−1,0}. By using (2.5) in (2.18), we obtain

x3m+ j =

((
x j +

D1
C1
−λ1

)
(m+1)+λ1

)
λ1(

x j +
D1
C1
−λ1

)
m+λ1

− D1

C1
,

y3m+ j =

((
y j +

D2
C2
− λ̂1

)
(m+1)+ λ̂1

)
λ̂1(

y j +
D2
C2
− λ̂1

)
m+ λ̂1

− D2

C2
,

for m ∈ N0, j ∈ {−2,−1,0}. From (2.14), we have
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u12m+3s+p = f−1
[

f (u3s+p−12)×
m

∏
r=0

(


 f
(

u
p−3b p+2

3 c

)
g
(

v
p−3b p+2

3 c−2

) + D1
C1
−λ1

(4r+ s+ b p+2
3 c+1

)
+λ1

λ1

 f
(

u
p−3b p+2

3 c

)
g
(

v
p−3b p+2

3 c−2

) + D1
C1
−λ1

(4r+ s+ b p+2
3 c
)
+λ1

− D1

C1



×



 g
(

vp−2−3b p
3 c

)
f
(

up−4−3b p
3 c

) + D2
C2
− λ̂1

(4r+ s+ b p
3 c+1

)
+ λ̂1

 λ̂1 g
(

vp−2−3b p
3 c

)
f
(

up−4−3b p
3 c

) + D2
C2
− λ̂1

(4r+ s+ b p
3 c
)
+ λ̂1

− D2

C2



×



 f
(

u
p+2+3b p−2

3 c

)
g
(

v
p+3b p−2

3 c

) + D1
C1
−λ1

(4r+ s+ b p−2
3 c+1

)
+λ1

λ1

 f
(

u
p+2+3b p−2

3 c

)
g
(

v
p+3b p−2

3 c

) + D1
C1
−λ1

(4r+ s+ b p−2
3 c
)
+λ1

− D1

C1


(2.19)

×



 g
(

v
p−3−3b p−1

3 c

)
f
(

u
p−5−3b p−1

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−1
3 c
)
+ λ̂1

 λ̂1

 g
(

v
p−3−3b p−1

3 c

)
f
(

u
p−5−3b p−1

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−1
3 c−1

)
+ λ̂1

− D2

C2



×



 f
(

u
p−5−3b p−3

3 c

)
g
(

v
p−7−3b p−3

3 c

) + D1
C1
−λ1

(4r+ s+ b p−3
3 c
)
+λ1

λ1

 f
(

u
p−5−3b p−3

3 c

)
g
(

v
p−7−3b p−3

3 c

) + D1
C1
−λ1

(4r+ s+ b p−3
3 c−1

)
+λ1

− D1

C1



×



 g
(

v
p−7−3b p−5

3 c

)
f
(

u
p−9−3b p−5

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−5
3 c
)
+ λ̂1

 λ̂1

 g
(

v
p−7−3b p−5

3 c

)
f
(

u
p−9−3b p−5

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−5
3 c−1

)
+ λ̂1

− D2

C2


)]

,

v12m+3s+p = g−1
[

g(v3s+p−12)

×
m

∏
r=0

(


 g
(

v
p−3b p+2

3 c

)
f
(

u
p−3b p+2

3 c−2

) + D2
C2
− λ̂1

(4r+ s+ b p+2
3 c+1

)
+ λ̂1

 λ̂1

 g
(

v
p−3b p+2

3 c

)
f
(

u
p−3b p+2

3 c−2

) + D2
C2
− λ̂1

(4r+ s+ b p+2
3 c
)
+ λ̂1

− D2

C2



×



 f
(

up−2−3b p
3 c

)
g
(

vp−4−3b p
3 c

) + D1
C1
−λ1

(4r+ s+ b p
3 c+1

)
+λ1

λ1 f
(

up−2−3b p
3 c

)
g
(

vp−4−3b p
3 c

) + D1
C1
−λ1

(4r+ s+ b p
3 c
)
+λ1

− D1

C1
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×



 g
(

v
p+2+3b p−2

3 c

)
f
(

u
p+3b p−2

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−2
3 c+1

)
+ λ̂1

 λ̂1

 g
(

v
p+2+3b p−2

3 c

)
f
(

u
p+3b p−2

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−2
3 c
)
+ λ̂1

− D2

C2


(2.20)

×



 f
(

u
p−3−3b p−1

3 c

)
g
(

v
p−5−3b p−1

3 c

) + D1
C1
−λ1

(4r+ s+ b p−1
3 c
)
+λ1

λ1

 f
(

u
p−3−3b p−1

3 c

)
g
(

v
p−5−3b p−1

3 c

) + D1
C1
−λ1

(4r+ s+ b p−1
3 c−1

)
+λ1

− D1

C1



×



 g
(

v
p−5−3b p−3

3 c

)
f
(

u
p−7−3b p−3

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−3
3 c
)
+ λ̂1

 λ̂1

 g
(

v
p−5−3b p−3

3 c

)
f
(

u
p−7−3b p−3

3 c

) + D2
C2
− λ̂1

(4r+ s+ b p−3
3 c−1

)
+ λ̂1

− D2

C2



×



 f
(

u
p−7−3b p−5

3 c

)
g
(

v
p−9−3b p−5

3 c

) + D1
C1
−λ1

(4r+ s+ b p−5
3 c
)
+λ1

λ1

 f
(

u
p−7−3b p−5

3 c

)
g
(

v
p−9−3b p−5

3 c

) + D1
C1
−λ1

(4r+ s+ b p−5
3 c−1

)
+λ1

− D1

C1


)]

,

for m ∈ N0, s = 3,6, p =−1,1, if ∆1 = 0 = ∆2.
Now assume that C1 = 0 =C2, D1 6= 0 6= D2. In this case, equations in (2.4) turn into

xn+1 =
A1

D1
xn−2 +

B1

D1
, yn+1 =

A2

D2
yn−2 +

B2

D2
, n ∈ N0.

Thus,

k( j)
m+1 =

A1

D1
k( j)

m +
B1

D1
, l( j)

m+1 =
A2

D2
l( j)
m +

B2

D2
, m ∈ N0, j ∈ {−2,−1,0}. (2.21)

If A1 = D1 and A2 = D2 then from (2.21), we have

k( j)
m =

B1

D1
m+ k( j)

0 , l( j)
m =

B2

D2
m+ l( j)

0 , m ∈ N0, j ∈ {−2,−1,0},

so

x3m+ j =
B1

D1
m+ x j, y3m+ j =

B2

D2
m+ y j, m ∈ N0, j ∈ {−2,−1,0}. (2.22)

From (2.2), (2.14) and (2.22), we get

u12m+3s+p = f−1
[

f (u3s+p−12) (2.23)

×
m

∏
r=0

(B1

D1

(
4r+ s+ b p+2

3
c
)
+

f
(

up−3b p+2
3 c

)
g
(

vp−3b p+2
3 c−2

)
×

B2

D2

(
4r+ s+ b p

3
c
)
+

g
(

vp−2−3b p
3 c

)
f
(

up−4−3b p
3 c

)


×

B1

D1

(
4r+ s+ b p−2

3
c
)
+

f
(

up+2+3b p−2
3 c

)
g
(

vp+3b p−2
3 c

)
×

B2

D2

(
4r+ s+ b p−1

3
c−1

)
+

g
(

vp−3−3b p−1
3 c

)
f
(

up−5−3b p−1
3 c

)
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×

B1

D1

(
4r+ s+ b p−3

3
c−1

)
+

f
(

up−5−3b p−3
3 c

)
g
(

vp−7−3b p−3
3 c

)
×

B2

D2

(
4r+ s+ b p−5

3
c−1

)
+

g
(

vp−7−3b p−5
3 c

)
f
(

up−9−3b p−5
3 c

)
)],

v12m+3s+p = g−1
[

g(v3s+p−12)×
m

∏
r=0

(B2

D2

(
4r+ s+ b p+2

3
c
)
+

g
(

vp−3b p+2
3 c

)
f
(

up−3b p+2
3 c−2

)


×

B1

D1

(
4r+ s+ b p

3
c
)
+

f
(

up−2−3b p
3 c

)
g
(

vp−4−3b p
3 c

)


×

B2

D2

(
4r+ s+ b p−2

3
c
)
+

g
(

vp+2+3b p−2
3 c

)
f
(

up+3b p−2
3 c

)
×

B1

D1

(
4r+ s+ b p−1

3
c−1

)
+

f
(

up−3−3b p−1
3 c

)
g
(

vp−5−3b p−1
3 c

)
 (2.24)

×

B2

D2

(
4r+ s+ b p−3

3
c−1

)
+

g
(

vp−5−3b p−3
3 c

)
f
(

up−7−3b p−3
3 c

)
×

B1

D1

(
4r+ s+ b p−5

3
c−1

)
+

f
(

up−7−3b p−5
3 c

)
g
(

vp−9−3b p−5
3 c

)
)],

for m ∈ N0, s = 3,6, p =−1,1. Hence, the formulas in (2.24) and (2.24) are solutions of system (1.8) in this case.
Suppose that A1 6= D1 and A2 6= D2. By using (2.21), we get

k( j)
m =

(
A1

D1

)m

k( j)
0 +

B1

A1−D1

((
A1

D1

)m

−1
)
,

l( j)
m =

(
A2

D2

)m

l( j)
0 +

B2

A2−D2

((
A2

D2

)m

−1
)
,

for m ∈ N0, j ∈ {−2,−1,0}. That is,

x3m+ j =

(
A1

D1

)m(
x j +

B1

A1−D1

)
− B1

A1−D1
,

y3m+ j =

(
A2

D2

)m(
y j +

B2

A2−D2

)
− B2

A2−D2
, (2.25)

for m ∈ N0, j ∈ {−2,−1,0}. From (2.2), (2.14) and (2.25), we get

u12m+3s+p = f−1
[

f (u3s+p−12)×
m

∏
r=0

((A1

D1

)4r+s+b p+2
3 c
 f

(
up−3b p+2

3 c

)
g
(

vp−3b p+2
3 c−2

) +
B1

A1−D1

− B1

A1−D1


×

(A2

D2

)4r+s+b p
3 c
 g

(
vp−2−3b p

3 c

)
f
(

up−4−3b p
3 c

) +
B2

A2−D2

− B2

A2−D2


×

(A1

D1

)4r+s+b p−2
3 c
 f

(
up+2+3b p−2

3 c

)
g
(

vp+3b p−2
3 c

) +
B1

A1−D1

− B1

A1−D1


×

(A2

D2

)4r+s+b p−1
3 c−1

 g
(

vp−3−3b p−1
3 c

)
f
(

up−5−3b p−1
3 c

) +
B2

A2−D2

− B2

A2−D2

 (2.26)

×

(A1

D1

)4r+s+b p−3
3 c−1

 f
(

up−5−3b p−3
3 c

)
g
(

vp−7−3b p−3
3 c

) +
B1

A1−D1

− B1

A1−D1


×

(A2

D2

)4r+s+b p−5
3 c−1

 g
(

vp−7−3b p−5
3 c

)
f
(

up−9−3b p−5
3 c

) +
B2

A2−D2

− B2

A2−D2

)],
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v12m+3s+p = g−1
[

g(v3s+p−12)×
m

∏
r=0

((A2

D2

)4r+s+b p+2
3 c
 g

(
vp−3b p+2

3 c

)
f
(

up−3b p+2
3 c−2

) +
B2

A2−D2

− B2

A2−D2


×

(A1

D1

)4r+s+b p
3 c
 f

(
up−2−3b p

3 c

)
g
(

vp−4−3b p
3 c

) +
B1

A1−D1

− B1

A1−D1


×

(A2

D2

)4r+s+b p−2
3 c
g

(
vp+2+3b p−2

3 c

)
f
(

up+3b p−2
3 c

) +
B2

A2−D2

− B2

A2−D2


×

(A1

D1

)4r+s+b p−1
3 c−1

 f
(

up−3−3b p−1
3 c

)
g
(

vp−5−3b p−1
3 c

) +
B1

A1−D1

− B1

A1−D1

 (2.27)

×

(A2

D2

)4r+s+b p−3
3 c−1

 g
(

vp−5−3b p−3
3 c

)
f
(

up−7−3b p−3
3 c

) +
B2

A2−D2

− B2

A2−D2


×

(A1

D1

)4r+s+b p−5
3 c−1

 f
(

up−7−3b p−5
3 c

)
g
(

vp−9−3b p−5
3 c

) +
B1

A1−D1

− B1

A1−D1

)],
for m ∈ N0, s = 3,6, p =−1,1. Then, the solutions of system (1.8) are given by the equations in (2.26) and (2.27) in this case.
Case 2: Assume that A1D1 = B1C1, A2D2 = B2C2. If A1 = 0 and B1 6= 0. Then C1 = 0 and D1 6= 0. If A2 = 0 and B2 6= 0.
Then C2 = 0 and D2 6= 0. From system (1.8), we have

un+1 = f−1
(

B1

D1
g(vn−1)

)
, vn+1 = g−1

(
B2

D2
f (un−1)

)
, n ∈ N0. (2.28)

From (2.28) we easily get

un = f−1
(

B1B2

D1D2
f (un−4)

)
, vn = g−1

(
B1B2

D1D2
g(vn−4)

)
, n≥ 3. (2.29)

By using (2.29), we obtain

u4m+i = f−1

((
B1B2

D1D2

)m+1

f (ui−4)

)
, v4m+i = g−1

((
B1B2

D1D2

)m+1

g(vi−4)

)
, (2.30)

m ∈ N0, i = 3,6.
If A1 6= 0 and B1 = 0. Then D1 = 0 from which it follows that C1 6= 0. If A2 6= 0 and B2 = 0. Then D2 = 0 from which it
follows that C2 6= 0. From system (1.8), we get

un+1 = f−1
(

A1

C1
g(vn−1)

)
, vn+1 = g−1

(
A2

C2
f (un−1)

)
, n ∈ N0. (2.31)

From (2.31) we easily get

un = f−1
(

A1A2

C1C2
f (un−4)

)
, vn = g−1

(
A1A2

C1C2
g(vn−4)

)
,n≥ 1. (2.32)

By using (2.32), we obtain

u4m+i = f−1

((
A1A2

C1C2

)m+1

f (ui−4)

)
, v4m+i = g−1

((
A1A2

C1C2

)m+1

g(vi−4)

)
, (2.33)



Fundamental Journal of Mathematics and Applications 197

m ∈ N0, i = 3,6.
If D1 = 0 so C1 6= 0. This means B1 = 0, A1 6= 0. If D2 = 0 so C2 6= 0. This means B2 = 0, A2 6= 0. Then we have system
(2.31). Moreover, the equalities in (2.33) are solutions of system (2.31).
Assume that C1 = 0 so D1 6= 0. This means A1 = 0, B1 6= 0. Suppose that C2 = 0 so D2 6= 0. This means A2 = 0, B2 6= 0. So,
we obtain system (2.28). In addition, equalities in (2.30) are solutions of system (2.28).
Suppose that A1B1C1D1 6= 0 and A2B2C2D2 6= 0. It means A1 = B1C1

D1
and A2 = B2C2

D2
. Moreover, we have system (2.28).

Similarly, it means B1 =
A1D1

C1
and B2 =

A2D2
C2

.

3. An application

In this section, we give an application for system (1.8).

Remark 3.1. If f = g, A1 = A2, B1 = B2, C1 = C2, D1 = D2, u−p = v−p, p = 0,4, then, the system (1.8) turns into the
following equation

un+1 = f−1
(

f (un−1)
A1 f (un−2)+B1 f (un−4)

C1 f (un−2)+D1 f (un−4)

)
, n ∈ N0. (3.1)

Behavior of solutions to equation (1.6) is mentioned in [32]. But somethings are not correct in [32].
Equation (1.6) can be expressed as

un+1 = un−1
γ0γ3un−2 +(γ0γ2 + γ1)un−4

γ2un−4 + γ3un−2
, n ∈ N0. (3.2)

Firstly, the authors of [32] studied to obtain the equilibrium point of equation (1.6). Then, using a great deal calculations, they
found u = 0. If

(1− γ0)(γ2 + γ3) 6= γ1,

an unique equilibrium point of equation (1.6) is u = 0.
Suppose that an equilibrium point of equation (1.6) is u. So we get the following equation

u = γ0u+
γ1u2

(γ2 + γ3)u
. (3.3)

From (3.3), we see that it must be

(γ2 + γ3) 6= 0 and u 6= 0.

This exterminates the probability u = 0.
Suppose that u 6= 0. Moreover, equation (3.3) means

u
(

1− γ0−
γ1

γ2 + γ3

)
= 0,

so we have

1− γ0−
γ1

γ2 + γ3
= 0. (3.4)

From equation (3.4), the equilibrium point of the difference equation is u 6= 0. It implies that the idea in [32] Theorem 3, under
the condition, zero equilibrium point of equation (1.6) is local asymptotic stable is not corect, because it is not an equilibrium
point at all.
In addition, Theorem 4 in [32] is expressed as:

Theorem 3.2. If γ2 (1− γ0) 6= γ1, then the unique equilibrium point of Equation (1.6) is globally asymptotically stable.

The particular case of equation (3.1) is equation (3.2) with

f (x) = x, A1 = γ0γ3, B1 = γ0γ2 + γ1, C1 = γ2, D1 = γ3.
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Example 3.3. Keep in mind the equation (1.6) with

γ0 = γ1 = γ2 = γ3 = 1,

and then we get the following equation

un+1 = un−1
un−2 +2un−4

un−2 +un−4
, n ∈ N0. (3.5)

Equation (3.5) is derived from equation (3.1) with f (x) = x and x ∈ R,

A1 =C1 = D1 = 1, B1 = 2. (3.6)

By using (3.6) the first equation in (2.8), we get

p1 (λ ) = λ
2−2λ −1,

and its roots are

λ1 = 1+
√

2 and λ2 = 1−
√

2.

Then, we obtain

γ2 (1− γ0)− γ1 =−1 6= 0,

the restriction γ2 (1− γ0) 6= γ1 in Theorem 3.2 is valid.
By using the parameters A1,B1,C1,D1 are as in (3.6) and (2.15)-(2.16), where f (x) = x and x ∈ R, we have

u12m+3s+p = u3s+p−12

×
m

∏
r=0

(
(

u
p−3b p+2

3 c
u

p−3b p+2
3 c−2

+1−λ2

)
λ

4r+s+b p+2
3 c+1

1 −

(
u

p−3b p+2
3 c

u
p−3b p+2

3 c−2
+1−λ1

)
λ

4r+s+b p+2
3 c+1

2(
u

p−3b p+2
3 c

u
p−3b p+2

3 c−2
+1−λ2

)
λ

4r+s+b p+2
3 c

1 −

(
u

p−3b p+2
3 c

u
p−3b p+2

3 c−2
+1−λ1

)
λ

4r+s+b p+2
3 c

2

−1



×


(

up−2−3b p
3 c

up−4−3b p
3 c

+1−λ2

)
λ

4r+s+b p
3 c+1

1 −
(

up−2−3b p
3 c

up−4−3b p
3 c

+1−λ1

)
λ

4r+s+b p
3 c+1

2(
up−2−3b p

3 c
up−4−3b p

3 c
+1−λ2

)
λ

4r+s+b p
3 c

1 −
(

up−2−3b p
3 c

up−4−3b p
3 c

+1−λ1

)
λ

4r+s+b p
3 c

2

−1



×


(

u
p+2+3b p−2

3 c
u

p+3b p−2
3 c

+1−λ2

)
λ

4r+s+b p−2
3 c+1

1 −

(
u

p+2+3b p−2
3 c

u
p+3b p−2

3 c
+1−λ1

)
λ

4r+s+b p−2
3 c+1

2(
u

p+2+3b p−2
3 c

u
p+3b p−2

3 c
+1−λ2

)
λ

4r+s+b p−2
3 c

1 −

(
u

p+2+3b p−2
3 c

u
p+3b p−2

3 c
+1−λ1

)
λ

4r+s+b p−2
3 c

2

−1

 (3.7)

×


(

u
p−3−3b p−1

3 c
u

p−5−3b p−1
3 c

+1−λ2

)
λ

4r+s+b p−1
3 c

1 −

(
u

p−3−3b p−1
3 c

u
p−5−3b p−1

3 c
+1−λ1

)
λ

4r+s+b p−1
3 c

2(
u

p−3−3b p−1
3 c

u
p−5−3b p−1

3 c
+1−λ2

)
λ

4r+s+b p−1
3 c−1

1 −

(
u

p−3−3b p−1
3 c

u
p−5−3b p−1

3 c
+1−λ1

)
λ

4r+s+b p−1
3 c−1

2

−1



×


(

u
p−5−3b p−3

3 c
u

p−7−3b p−3
3 c

+1−λ2

)
λ

4r+s+b p−3
3 c

1 −

(
u

p−5−3b p−3
3 c

u
p−7−3b p−3

3 c
+1−λ1

)
λ

4r+s+b p−3
3 c

2(
u

p−5−3b p−3
3 c

u
p−7−3b p−3

3 c
+1−λ2

)
λ

4r+s+b p−3
3 c−1

1 −

(
u

p−5−3b p−3
3 c

u
p−7−3b p−3

3 c
+1−λ1

)
λ

4r+s+b p−3
3 c−1

2

−1
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×


(

u
p−7−3b p−5

3 c
u

p−9−3b p−5
3 c

+1−λ2

)
λ

4r+s+b p−5
3 c

1 −

(
u

p−7−3b p−5
3 c

u
p−9−3b p−5

3 c
+1−λ1

)
λ

4r+s+b p−5
3 c

2(
u

p−7−3b p−5
3 c

u
p−9−3b p−5

3 c
+1−λ2

)
λ

4r+s+b p−5
3 c−1

1 −

(
u

p−7−3b p−5
3 c

u
p−9−3b p−5

3 c
+1−λ1

)
λ

4r+s+b p−5
3 c−1

2

−1


)
,

for m ∈ N0, s = 3,6, p =−1,1.
Note that

lim
m→∞


(

u
p−3b p+2

3 c
u

p−3b p+2
3 c−2

+1−λ2

)
λ

4r+s+b p+2
3 c+1

1 −

(
u

p−3b p+2
3 c

u
p−3b p+2

3 c−2
+1−λ1

)
λ

4r+s+b p+2
3 c+1

2(
u

p−3b p+2
3 c

u
p−3b p+2

3 c−2
+1−λ2

)
λ

4r+s+b p+2
3 c

1 −

(
u

p−3b p+2
3 c

u
p−3b p+2

3 c−2
+1−λ1

)
λ

4r+s+b p+2
3 c

2

−1



= lim
m→∞


(

up−2−3b p
3 c

up−4−3b p
3 c

+1−λ2

)
λ

4r+s+b p
3 c+1

1 −
(

up−2−3b p
3 c

up−4−3b p
3 c

+1−λ1

)
λ

4r+s+b p
3 c+1

2(
up−2−3b p

3 c
up−4−3b p

3 c
+1−λ2

)
λ

4r+s+b p
3 c

1 −
(

up−2−3b p
3 c

up−4−3b p
3 c

+1−λ1

)
λ

4r+s+b p
3 c

2

−1



= lim
m→∞


(

u
p+2+3b p−2

3 c
u

p+3b p−2
3 c

+1−λ2

)
λ

4r+s+b p−2
3 c+1

1 −

(
u

p+2+3b p−2
3 c

u
p+3b p−2

3 c
+1−λ1

)
λ

4r+s+b p−2
3 c+1

2(
u

p+2+3b p−2
3 c

u
p+3b p−2

3 c
+1−λ2

)
λ

4r+s+b p−2
3 c

1 −

(
u

p+2+3b p−2
3 c

u
p+3b p−2

3 c
+1−λ1

)
λ

4r+s+b p−2
3 c

2

−1



= lim
m→∞


(

u
p−3−3b p−1

3 c
u

p−5−3b p−1
3 c

+1−λ2

)
λ

4r+s+b p−1
3 c

1 −

(
u

p−3−3b p−1
3 c

u
p−5−3b p−1

3 c
+1−λ1

)
λ

4r+s+b p−1
3 c

2(
u

p−3−3b p−1
3 c

u
p−5−3b p−1

3 c
+1−λ2

)
λ

4r+s+b p−1
3 c−1

1 −

(
u

p−3−3b p−1
3 c

u
p−5−3b p−1

3 c
+1−λ1

)
λ

4r+s+b p−1
3 c−1

2

−1



= lim
m→∞


(

u
p−5−3b p−3

3 c
u

p−7−3b p−3
3 c

+1−λ2

)
λ

4r+s+b p−3
3 c

1 −

(
u

p−5−3b p−3
3 c

u
p−7−3b p−3

3 c
+1−λ1

)
λ

4r+s+b p−3
3 c

2(
u

p−5−3b p−3
3 c

u
p−7−3b p−3

3 c
+1−λ2

)
λ

4r+s+b p−3
3 c−1

1 −

(
u

p−5−3b p−3
3 c

u
p−7−3b p−3

3 c
+1−λ1

)
λ

4r+s+b p−3
3 c−1

2

−1



= lim
m→∞


(

u
p−7−3b p−5

3 c
u

p−9−3b p−5
3 c

+1−λ2

)
λ

4r+s+b p−5
3 c

1 −

(
u

p−7−3b p−5
3 c

u
p−9−3b p−5

3 c
+1−λ1

)
λ

4r+s+b p−5
3 c

2(
u

p−7−3b p−5
3 c

u
p−9−3b p−5

3 c
+1−λ2

)
λ

4r+s+b p−5
3 c−1

1 −

(
u

p−7−3b p−5
3 c

u
p−9−3b p−5

3 c
+1−λ1

)
λ

4r+s+b p−5
3 c−1

2

−1


= λ1−1 =

√
2 > 1,

when

up−3b p+2
3 c

up−3b p+2
3 c−2

6= λ2−1 =−
√

2, 6=
up−2−3b p

3 c

up−4−3b p
3 c
,

up+2+3b p−2
3 c

up+3b p−2
3 c

6= λ2−1 =−
√

2, 6=
up−3−3b p−1

3 c

up−5−3b p−1
3 c

, p =−1,1. (3.8)

up−5−3b p−3
3 c

up−7−3b p−3
3 c
6= λ2−1 =−

√
2, 6=

up−7−3b p−5
3 c

up−9−3b p−5
3 c

,

By selecting positive initial conditions providing (3.8) and using equations in (3.7), we obtain

lim
m→∞

um = ∞.

Now, we give numerical example to support the last equation.
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Example 3.4. Consider the equation (3.5) with the initial values u−4 = 0.195, u−3 = 0.1, u−2 = 2.4, u−1 = 3, u0 = 7.62, the
solution is given as in Figure (1).

0 20 40 60 80 100
0

5.0×107

1.0×108

1.5×108

2.0×108

n

u[
n]

Figure 1: Plots of un

Then, the solution is not convergent. It is a counterexample to the claim in Theorem 3.2 (Theorem 4 in [32]).

4. Conclusion

In this study, we have solved the following general two dimensional system of difference equations

un+1 = f−1
(

g(vn−1)
A1 f (un−2)+B1g(vn−4)

C1 f (un−2)+D1g(vn−4)

)
,vn+1 = g−1

(
f (un−1)

A2g(vn−2)+B2 f (un−4)

C2g(vn−2)+D2 f (un−4)

)
, n ∈ N0,

where the parameters A j, B j, C j, D j, for j ∈ {1,2} are real numbers, the initial values u−k, v−k, for k = 0,4 are real numbers,
f and g are continuous and strictly monotone functions, f (R) = R, g(R) = R, f (0) = 0, g(0) = 0. The following particular
cases are considered:

1. if A1D1 6= B1C1 and A2D2 6= B2C2

(a) if C1 6= 0, C2 6= 0,

i. if (A1 +D1)
2−4(A1D1−B1C1) 6= 0, (A2 +D2)

2−4(A2D2−B2C2) 6= 0, then the general solutions of system
(1.8) is given by formulas in (2.15) and (2.16).

ii. if (A1 +D1)
2−4(A1D1−B1C1) = 0, (A2 +D2)

2−4(A2D2−B2C2) = 0, then the general solutions of system
(1.8) is given by formulas in (2.19) and (2.20).

(b) if C1 = 0, C2 = 0,

i. if A1 = D1, A2 = D2, then the general solutions of system (1.8) is given by formulas in (2.24) and (2.24).

ii. if A1 6= D1, A2 6= D2, then the general solutions of system (1.8) is given by formulas in (2.26) and (2.27).

2. if A1D1 = B1C1, A2D2 = B2C2,

(a) if A1 = 0, A2 = 0, then the general solutions of system (1.8) is given by formulas in (2.30).

(b) if A1 6= 0, A2 6= 0, then the general solutions of system (1.8) is given by formulas in (2.33).

(c) if D1 = 0, D2 = 0, then the general solutions of system (1.8) is given by formulas in (2.33).

(d) if D1 6= 0, D2 6= 0, then the general solutions of system (1.8) is given by formulas in (2.30).
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(e) if A1B1C1D1 6= 0, A2B2C2D2 6= 0.

i. if A1 =
B1C1
D1

, A2 =
B2C2
D2

, then the general solutions of system (1.8) is given by formulas in (2.30).

ii. if B1 =
A1D1

C1
, B2 =

A2D2
C2

, then the general solutions of system (1.8) is given by formulas in (2.33).

In addition, an application is given.
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[17] İ. Yalçınkaya, On the global asymptotic behavior of a system of two nonlinear difference equations, Ars. Combin., 95(2010), 151-159.

[CrossRef] [Web of Science]

https://orcid.org/0000-0001-8081-0254
https://orcid.org/0000-0001-8081-0254
https://orcid.org/0000-0001-6369-540X
https://orcid.org/0000-0001-6369-540X
https://thaijmath2.in.cmu.ac.th/index.php/thaijmath/article/view/1108
https://doi.org/10.2989/16073606.2020.1787537
https://www.scopus.com/record/display.uri?eid=2-s2.0-85087820294&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.2989%2F16073606.2020.1787537%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000276301800001
https://doi.org/10.3906/mat-1503-80
https://www.webofscience.com/wos/woscc/full-record/WOS:000366443700018
https://www.webofscience.com/wos/woscc/full-record/WOS:000330602500016
https://www.webofscience.com/wos/woscc/full-record/WOS:000330602500016
https://doi.org/10.14317/jami.2017.217
https://www.webofscience.com/wos/woscc/full-record/WOS:000411010100001
https://doi.org/10.1007/s12190-02201830-y
https://doi.org/10.15672/hujms.474649
https://www.scopus.com/record/display.uri?eid=2-s2.0-85092901185&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.15672%2Fhujms.474649%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000581099500002
https://doi.org/10.2298/FIL2004167K
https://www.scopus.com/record/display.uri?eid=2-s2.0-85097881022&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.2298%2FFIL2004167K%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.scopus.com/record/display.uri?eid=2-s2.0-85097881022&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.2298%2FFIL2004167K%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000600790800010
https://doi.org/10.32513/tbilisi/1608606049
https://www.webofscience.com/wos/woscc/full-record/WOS:000603341900006
https://doi.org/10.18514/MMN.2021.3234
https://www.scopus.com/record/display.uri?eid=2-s2.0-85123234232&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.18514%2FMMN.2021.3234%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000741090800016
https://doi.org/10.2298/FIL2210453K
https://www.webofscience.com/wos/woscc/full-record/WOS:000916889600019
https://doi.org/10.3906/mat-2106-1
https://www.scopus.com/record/display.uri?eid=2-s2.0-85125523157&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.3906%2Fmat-2106-1%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000696638900001
https://doi.org/10.11948/20210305
https://www.scopus.com/record/display.uri?eid=2-s2.0-85128170166&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.11948%2F20210305%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000784384600017
https://doi.org/10.36753/mathenot.992987
https://doi.org/10.4134/CKMS.c180472
https://www.scopus.com/record/display.uri?eid=2-s2.0-85082331235&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.4134%2FCKMS.c180472%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000508684900022
https://doi.org/10.1515/ms-2021-0014
https://www.scopus.com/record/display.uri?eid=2-s2.0-85108378993&origin=resultslist&sort=plf-f&src=s&sid=48a6f1c982306bd91c68d4da1fe32d0f&sot=b&sdt=b&s=DOI%2810.1515%2Fms-2021-0014%29&sl=29&sessionSearchId=48a6f1c982306bd91c68d4da1fe32d0f&relpos=0
https://www.webofscience.com/wos/woscc/full-record/WOS:000663038900014
https://hdl.handle.net/20.500.12395/25123
https://www.webofscience.com/wos/woscc/full-record/WOS:000276676500014


202 Fundamental Journal of Mathematics and Applications
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