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Abstract. Let R be a commutative ring with an identity. Let Spec(R) be

the set of all prime ideals of R and Max(R) be the set of all maximal ideals

of R. Let S ⊆ Max(R). We define an S-proper ideal sum graph on Spec(R),

denoted by ΓS(Spec(R), S), as an undirected graph whose vertex set is the set

Spec(R) and, for two distinct vertices P and Q, there is an arc from P to Q,

whenever P +Q ⊆M, for some maximal idealM in S. In this paper, we prove

that the complement graph of a proper sum graph Γ(Spec(R), S) is complete

if and only if R is an Artinian ring. We also study some basic properties of

the graph ΓS(Spec(R), S) such as connectivity, girth and clique number. We

explore the influence of the ring theoretic properties of a commutative ring R

on the proper sum graph of R and vice versa.
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1. Introduction

Recently, the study of graphs associated to algebraic structures is a growing

area of research. In 1988, Istvan Beck proposed the study of commutative rings by

representing them as graphs [6]. He defined the zero-divisor graph for a ring to be

the graph consisting of a vertex for each element in the ring, and an edge between

two vertices v and w if vw is equal to zero. These zero-divisor graphs marked the

beginning of an approach to studying commutative rings with graphs. The zero-

divisor graph studied extensively by many authors (see [1],[2],[4],[7],[12],[16],[17]).

Many other classes of graphs associated to algebraic structures have also been

actively investigated by many researchers (see [3], [10], [11], [13]).

Many of the algebraic properties are studied in terms of ideals of the rings, it is

interesting to associate graph structure to the set of ideals and study the algebraic

properties and the graph theoretical properties. To see some instances of these

graphs, we refer to ([9], [14], [19]). In [15], Sharma and Bhatwadekar proposed a

new approach that constructed another graph for the commutative ring R known
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as a comaximal graph: the vertices are still elements of the ring, and there is an

edge between two vertices x and y in R if xR+yR = R. In [18], Ye and Wu defined

the comaximal graphs on the set of ideals which are not contained in the Jacobson

radical of the ring, two ideals are adjacent if and only if they are co-maximal.

In this paper, we define an S-proper sum graph on the set of prime ideals of a

commutative ring. Let R be a commutative ring with identity. By Spec(R) and

Max(R), we denote the set of all prime ideals, and the set of all maximal ideals of R,

respectively. Let S be a nonempty subset of Max(R). We define the S-proper sum

graph on the set of prime ideals of R, denoted by ΓS(Spec(R), S), as an undirected

graph whose vertex set is the set of all prime ideals and, for two distinct vertices

P and Q, there is an arc from P to Q, denoted by P ∼ Q, whenever P +Q ⊆M,

for some maximal ideal M in S. In the case when S = Max(R), we denote the

S-proper sum graph ΓS(Spec (R), S) by Γ(Spec (R), S) and we simply call it the

proper sum graph.

In Section 2, we study some basic properties of the graph ΓS(Spec (R), S) such as

connectivity, girth and clique number. In Section 3, we study the proper sum graph

of product rings and investigate the relationship between the complement graph of

proper sum graph and product rings. Throughout this paper, all the rings are

assumed to be commutative with nonzero identity. By Spec(R) and Max(R), we

denote the set of all prime ideals, and the set of all maximal ideals of R, respectively.

Moreover, V (I) is the set of all prime ideals of R containing ideal I. We refer the

standard terminology of commutative algebra following [5].

Now, we recall some definitions and notations on graphs. We use the standard

terminology of graphs following [8]. Let G = (V,E) be a graph, where V is the set

of vertices and E is the set of edges. The graph H = (V0, E0) is a subgraph of G

if V0 ⊆ V and E0 ⊆ E. The distance between two distinct vertices v1 and v2 in

G, denoted by d(v1, v2), is the length of the shortest path connecting v1 and v2, if

such a path exists; otherwise, we set d(v1, v2) :=∞. The diameter of a graph G is

diam(G) = Sup{d(v1, v2) : v1 and v2 are distinct vertices of G}. The girth of G is

the length of the shortest cycle in G, denoted by gr(G) (gr(G) := ∞ if G has no

cycles). Also, for two distinct vertices v1 and v2 in G, the notation v1 ∼ v2 means

that v1 and v2 are adjacent. A graph G is said to be connected if there exists a

path between any two distinct vertices, and it is complete if it is connected with

diameter one. For a vertex v in G, the degree of v is the number of vertices adjacent

to v and it is denoted by deg(v). A vertex v is an isolated vertex if deg(v) = 0.

A clique of a graph is a complete subgraph of it and the number of vertices in a

largest clique of G is called the clique number of G and is denoted by ω(G). An
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independent set of G is a subset of the vertices of G such that no two vertices in the

subset represent an edge of G. The independence number of G, denoted by α(G),

is the cardinality of a largest independent set. A nonempty subset S of vertices of

G is a dominating set if every vertex in V \S is adjacent to some vertex in S. The

domination number denoted by γ(G) is defined to be the number of vertices in a

smallest dominating set in G. A smallest dominating set is referred to as γ-set. For

a positive integer r, an r-partite graph is one whose vertex set can be partitioned

into r subsets, so that no edge has both ends in any one subset.

2. Basic properties of proper sum graph

Throughout this paper R is a commutative ring with nonzero identity and S is

a subset of Max(R). In this section, we study some basic properties of the graphs

ΓS(Spec(R), S). We begin this section with the following definition.

Definition 2.1. A set S is said to be minimal with respect to intersection and we

denote it by m.r.i., if for any two m1,m2 ∈ S, the intersection m1 ∩m2 does not

contain any nontrivial prime ideal.

Example 2.2. Let R = Z, then Spec(R) = {(0), (p), where p is prime}. Let

S = Max(R). Then clearly S is minimal with respect to intersection.

Example 2.3. Let R be any principal ideal domain which is not field and let

S = Max(R). Then S is minimal with respect to intersection.

Remark 2.4. If R is a commutative ring with nonzero identity, then Max(R) 6= ∅.
Moreover, for any nonzero proper ideal I, there exists a maximal idealM such that

I ⊆M.

Proposition 2.5. If the S-proper sum graph ΓS(Spec(R), S) is connected and S

is m.r.i., then R is a domain or a local ring.

Proof. If (0) is a prime ideal then clearly R is an integral domain. If (0) is not

a prime ideal, we show that R is a local ring. Let M1,M2 be any two maximal

ideals of R, we show thatM1 =M2. Since the graph ΓS(Spec(R), S) is connected,

we have a path joining M1 and M2, say M1 ∼ P1 ∼ · · · ∼ Pn ∼ M2. Note that

all the prime ideals Pi are nontrivial, for 1 ≤ i ≤ n. Since M1 is adjacent to P1,

and P1 is adjacent to say P2, there exists an ideal M∈ S such that P1 + P2 ⊆M.

Clearly, M1 ∩M contains a prime ideal P1. Since S is minimal with respect to

intersection, we have P1 = (0) or M1 = M. By the similar arguments, we have

M1 =M2. Therefore R is a local ring. �
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Proposition 2.6. If R is an integral domain or a local ring, then the proper sum

graph Γ(Spec(R), S) is connected.

Proof. If R is a domain, then (0) is a prime ideal. Therefore for any two nontrivial

prime ideals P and Q, we have a path joining P to Q is given by P ∼ (0) ∼ Q.

If R is a local ring with a maximal ideal M, then for any two prime ideals P and

Q, P + Q ⊆ M. Therefore P ∼ Q. Hence the proper sum graph Γ(Spec(R), S) is

connected. �

Corollary 2.7. If R is an integral domain or a local ring, then diam(Γ(Spec(R), S)) ≤
2.

Theorem 2.8. The proper sum graph Γ(Spec(R), S) is complete if and only if R

is a local ring.

Proof. Suppose that R is not a local ring. Let M1 and M2 be any two distinct

maximal ideals of R. Since Γ(Spec(R), S) is complete, we have M1 ∼ M2. This

is a contradiction, as M1 +M2 = R, hence our assumption is wrong, R is a local

ring. Conversely, Since R is a local ring with maximal ideal M, for any two prime

ideals P and Q, P +Q ⊆M. Therefore P ∼ Q, hence the graph is complete. �

Theorem 2.9. If R is a principal ideal domain, then Γ(Spec(R), S) is a star graph.

The converse holds if R is a unique factorization domain.

Proof. Since R is a domain, (0) is a prime ideal. As R is a principal ideal domain,

every nontrivial prime ideals are maximal. Therefore we have (0) ∼ P for all

nontrivial prime ideal P . Also any two nontrivial prime ideals are co-maximal,

hence they are not adjacent. Hence Γ(Spec(R), S) is a star graph. Now suppose

that Γ(Spec(R), S) is a star graph and R is a unique factorization domain. Since

the graph Γ(Spec(R), S) is a star graph, all nontrivial prime ideals are maximal.

It is enough to show that every nonzero prime ideal is generated by one element.

Suppose a prime ideal P is minimally generated by two elements say x and y. Since

R is a UFD, we can assume that x and y are irreducible elements. Clearly (x) is

a nonzero prime ideal of R and hence there is a chain (0) ∼ (x) ∼ (x, y) ∼ (0)

in Γ(Spec(R), S). Contradiction as Γ(Spec(R), S) is a star graph and hence every

nonzero prime ideal generated by one element. �

Theorem 2.10. Let R be a non local ring. If the proper sum graph ΓS(Spec(R), S)

is a star graph, with S is m.r.i., then R is an integral domain of dimension ≤ 1.

Proof. Let P be a vertex in a graph such that P ∼ Q for all Q ∈ Spec(R).

First, we show that (0) is a prime ideal. Let M1, M2 be two maximal ideals such
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that P ∼ M1 and P ∼ M2. As P +M1 = M1 and P +M2 = M2, we have

P ⊆M1∩M2. Since S is minimal with respect to intersection, P = (0). Therefore

(0) is a prime ideal and hence R is a domain. Suppose dimR ≥ 2. There exists a

chain of prime ideals of length at least two as follows:

P0 ( P1 ( P2.

Clearly, P0 = (0). Since ΓS(Spec(R), S) is a star graph, P0 ∼ P1, i.e. there

is a maximal ideal M such that P0 + P1 ⊆ M. If P1 6= M, then we have a

cycle P0 ∼ P1 ∼ M ∼ · · · ∼ P0, which is a contradiction as ΓS(Spec(R), S) is

a star graph. Suppose P1 = M. Since M is a maximal ideal, P1 ( P2 is not

possible. Hence there does not exist any chain of prime ideals of length two or

more. Therefore dimR ≤ 1. �

Proposition 2.11. If the proper sum graph ΓS(Spec(R), S) is a star graph, then

S = Max(R).

Proof. Let P be a fix vertex such that P ∼ Q for all vertex Q. Let M be any

maximal ideal of R. Since P ∼M, we have M∈ S. �

Proposition 2.12. If R is ring of dimension ≥ 2, then gr(Γ(Spec(R), S) = 3.

Proof. Since dimR ≥ 2, there exists a chain of prime ideals such that P0 ( P1 (
P2. Since R is a commutative ring with identity, there exists a maximal ideal M
such that P2 ⊆M. Therefore, we have the cycle P0 ∼ P1 ∼M ∼ P0. �

Proposition 2.13. If dimR = 1 and the proper sum graph Γ(Spec(R), S) has a

cycle, then R is not an integral domain.

Proof. We show that (0) is not a prime ideal. By contradiction, assume that (0)

is a prime ideal. Let P0 ∼ P1 ∼ P2 ∼ P0 be a cycle in Γ(Spec(R), S). There exists

a maximal ideal M ∈ S such that P0 + P1 ⊆ M. Either P0 or P1 is a nontrivial

prime ideal, say P0 is nontrivial. Since (0) is a prime ideal and dimR = 1, P1 is a

maximal ideal. As P0 and P1 are adjacent, P0 +P1 ⊆M and hence P1 =M. Since

dimR = 1 and P2 is a nontrivial prime ideal, P2 is also a maximal ideal. Therefore

P1 and P2 are co-maximal, which is not possible as P1 ∼ P2. Hence (0) is not a

prime ideal and R is not an integral domain. �

Proposition 2.14. Let R be a ring such that |Min(R)| <∞. Then the following

statements hold:

(a) The Spec(R) is connected if and only if Γ(Spec(R), S) is connected and

diam(Γ(Spec(R), S)) ≤ 2|Min(R)|.
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(b) γ(Γ(Spec(R), S)) ≤ |Min(R)|.

Proof. (a) By contradiction, suppose Spec(R) is not connected. There exist two

nonempty sets V (I) and V (J) such that V (I)∪V (J) = Spec(R) and V (I)∩V (J) =

∅ for some ideals I and J . Let P ∈ V (I) and Q ∈ V (J). Since Γ(Spec(R), S) is

connected, there is a path as follows:

P ∼ P1 ∼ P2 ∼ · · ·Pn ∼ Q.

Since P ∼ P1, there exists a maximal ideal M such that P + P1 ⊂ M. Since

P ∈ V (I), M ∈ V (I) and hence P2 ∈ V (I). Applying the similar arguments, we

can show that Pn ∈ V (I). Since Pn ∼ Q there exists a maximal ideal N such that

Pn + Q ⊂ N . Since Pn ⊂ N , N ∈ V (I) also as Q ⊂ N , N ∈ V (J), contradiction

as V (I) ∩ V (J) = ∅.
Let Min(R) = {P1, P2, . . . , Pr}. First suppose r = 2. Let P and Q be any two

prime ideals of R. We show that there is a path of length at most four joining

P to Q. There exist minimal prime ideals P1 and Q1 such that P1 ⊆ P and

Q1 ⊆ Q. Since Spec(R) is connected, we have V (P1) ∩ V (Q1) 6= ∅. There exists

a prime ideal P2 ∈ V (P1) ∩ V (Q1). Since R is a commutative ring with identity,

we have a path P ∼ P1 ∼ P2 ∼ Q1 ∼ Q. Now, suppose r > 2. Let 1 ≤ i ≤ l1

such that P ∈ V (Pi), for l1 < i ≤ l2 such that Q ∈ V (Pi) and l2 < i ≤ r such

that P,Q /∈ V (Pi). Since Spec(R) is connected, there exist 1 ≤ i1 ≤ · · · ≤ ik ≤
r such that V (Pil) ∩ V (Pil+1

) 6= ∅ for 1 ≤ l ≤ k and (
⋃l1

i=1 Pi)
⋂
V (Pi1) 6= ∅,

(
⋃l2

i=l1+1 Pi)∩ V (Pik) 6= ∅. Therefore, it is easy to see that there is a path between

P and Q of length at most 2|Min(R)|.
(b) Let S = {P1, P2, . . . , Pn} be a dominating set in Γ(Spec(R), S). Therefore,

for any Q ∈ Spec(R) \ S there is a Pi ∈ S such that Q ∼ Pi for some 1 ≤ i ≤ n.

Let Q1, Q2, . . . , Qr be the distinct minimal prime ideals of R such that each prime

ideal Pi contains at least one Qj for 1 ≤ j ≤ r. Therefore r ≤ n. We show that

T = {Q1, Q2, . . . , Qr} is also a dominating set. Let P ′ be any prime ideal which is

not in T . Suppose P ′ /∈ S. Since S is a dominating set, there exists a prime ideal

Pi ∈ S such that P ′ ∼ Pi. There exists a maximal idealM such that P ′+Pi ⊆M.

By construction of the set T , there exists a Qj ∈ T such that Qj ⊆ Pi for some

1 ≤ j ≤ r. Therefore P ′ + Qj ⊆ M, and hence P ′ ∼ Qj . Therefore T is a

dominating set. Now suppose P ′ ∈ S. There exists Qj ∈ T such that Qj ⊆ P ′.

Since R is a commutative ring with unity, there exists a maximal ideal M1 such

that P ′ ⊆M1. Therefore P ′ ∼ Qj , hence T is a dominating set. �
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3. Proper sum graph of direct product of rings

In this section, we study the proper sum graph of product of rings Ri for 1 ≤
i ≤ n. We relate the clique number, independent number and dominating number

of Γ(Spec(R), S) and that of Γ(Spec(Ri), Si) for 1 ≤ i ≤ n.

Theorem 3.1. Let R1, R2, . . . , Rn be commutative rings with identities and R =

R1 × R2 × · · · × Rn. Then Γ(Spec(R), S) =
∐n

i=1 Γ(Spec(Ri), Si), where Si =

Max(Ri) for 1 ≤ i ≤ n, where
∐

denotes the disjoint union of sets.

Proof. Any prime ideal P of R is of the form R1 ×R2 × · · · ×Ri−1 × Pi ×Ri+1 ×
· · · × Rn, where Pi is a prime ideal in Ri and any maximal ideal of R is of the

form R1 × R2 × · · · × Ri−1 ×Mi × Ri+1 × · · · × Rn for some maximal ideal Mi

of Ri. Therefore, we can associate each prime ideal Pi of Ri to prime ideal R1 ×
R2 × · · · × Ri−1 × Pi × Ri+1 × · · · × Rn of R. Clearly, if Pi and Qi are adjacent

in Γ(Spec(Ri), Si), then we have R1 ×R2 × · · · ×Ri−1 × Pi ×Ri+1 × · · · ×Rn and

R1×R2×· · ·×Ri−1×Qi×Ri+1×· · ·×Rn are adjacent in Γ(Spec(R), S) and vice

versa. �

Corollary 3.2. If R is an Artinian ring, then the proper sum graph Γ(Spec(R), S)

is disconnected or it is an isolated vertex.

Corollary 3.3. If R is an Artinian non local ring, then the complement graph of

the proper sum graph Γ(Spec(R), S) is complete graph.

Corollary 3.4. Let R1, R2, . . . , Rn be commutative rings with identities and R =

R1 ×R2 × · · · ×Rn. The following statements hold:

(a) γ(Γ(Spec(R), S)) ≤ |Min(R1)|+ |Min(R2)|+ . . .+ |Min(Rn)|.
(b) α(Γ(Spec(R), S)) = |Max(R1)|+ . . .+ |Max(Rn)|.
(c) ω(Γ(Spec(R), S)) = Max {ω(Γ(Spec(R1), S1)), . . . , ω(Γ(Spec(Rn), Sn))}.

Theorem 3.5. Suppose R is a reduced Noetherian ring. The complement graph of

the proper sum graph Γ(Spec(R), S) is complete multipartite if and only if R is a

direct product of local rings.

Proof. Suppose the complement graph of Γ(Spec(R), S) is complete multipartite

with the vertex-sets V1, V2, . . . , Vn. Clearly, the set of vertices in Vi forms a complete

subgraph of Γ(Spec(R), S) for 1 ≤ i ≤ n. Since the subgraph on Vi is complete, Vi

has a maximal ideal. Also it is easy to see that Vi has a unique maximal ideal, say

M. Now, consider a set A, consists of all prime ideals of R which is contained inM.

We now show that A = Vi. Let P be any prime ideal ofR such that P ⊆M. Clearly,
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P ∼M. Therefore in the complement graph, P andM are not adjacent. Suppose

P ∈ Vj for some i 6= j. Since the complement graph of Γ(Spec(R), S) is complete

multipartite, P ∼ M in complement graph. Since P ∼ M in Γ(Spec(R), S), a

contradiction. Hence A = Vi. Since R is a Noetherian ring, R has finitely many

minimal prime ideals. Let P1, P2, . . . , Pm be the minimal prime ideals of R. Clearly,

for each i, there exists at least one j such that Pj ∈ Vi. Let Pi1 , . . . , Pir be minimal

prime ideals such that Pi1 , . . . , Pir ∈ Vi. Since V (Pi1) ∪ V (Pi2) ∪ · · · ∪ V (Pir ) =

V (Pi1 ∩ Pi2 ∩ · · · ∩ Pir ), we can show that V (Pi1 ∩ Pi2 ∩ · · · ∩ Pir ) = Vi. Let P be

any prime ideal of R such that P ∈ Vi, i.e. P ⊆M. If P is a minimal prime ideal

of R, then clearly P ∈ V (Pi1 ∩ Pi2 ∩ · · · ∩ Pir ). Assume that P is not a minimal

prime ideal of R. Since P is not a minimal prime ideal, there exists a minimal

prime ideal of R, say Q such that Q ( P . If Q ∈ {Pi1 , . . . , Pir}, then clearly

P ∈ V (Pi1 ∩ Pi2 ∩ · · · ∩ Pir ). Suppose Q /∈ {Pi1 , . . . , Pir}. As Q ⊆ M and Q is

minimal, hence Q = Pik for some 1 ≤ k ≤ r which is a contradiction. Therefore

P ∈ V (Pi1 ∩ Pi2 ∩ · · · ∩ Pir ). Let P be any prime ideal containing Pik for some

1 ≤ k ≤ r. We show that P ⊆M i.e. P ∼M in the graph Γ(Spec(R), S). Suppose

P is not adjacent to M in Γ(Spec(R), S). Since R is a commutative ring with

unity, there exists a maximal ideal say M1 of R such that Pir ⊆ P ⊆ M1. Since

P ⊆ M1 there is a path M ∼ Pik ∼ M1 in Γ(Spec(R), S). As the complement

graph of Γ(Spec(R), S) is complete multipartite,M,M1 and Pik belong to the same

vertex set Vi. Since Vi has a unique maximal ideal M, a contradiction. Therefore

V (Pi1 ∩ Pi2 ∩ · · · ∩ Pir ) = Vi. Let Ii = Pi1 ∩ Pi2 ∩ · · · ∩ Pir for 1 ≤ i ≤ n. Then

clearly Spec(R) is a disjoint union of finitely many closed subsets. It is easy to

see that each of Ii are co-maximal ideals of R. Since R is a reduced ring, we have

R ∼= R/I1 × · · · ×R/In. Clearly, R/Ii is a local ring.

Now conversely, by Theorem 3.1, the graph Γ(Spec(R), S) is a disjoint union of

sub graphs Γ(Spec(Ri), Si) for 1 ≤ i ≤ n. Since each Ri is a local ring, by Theorem

2.8, each Γ(Spec(Ri), Si) is a complete graph. Therefore, the complement graph of

ΓS(Spec(R), S) is complete multipartite. �

Corollary 3.6. The complement graph of the proper sum graph Γ(Spec(R), S) is

complete if and only if R is an Artinian ring.
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