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The aim of this study is to examine the relations between Tzitzeica curves and Smarandache curves in 
Euclidean space. In addition, the necessary and sufficient conditions for Smarandache curves to be Tzitzeica 
curves in 3-dimensional Euclidean space are investigated and examples are given. 
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Smarandache curves were first described by Turgut and Yılmaz in 2008 [1]. The authors named as the 
Smarandache curve in Minkowski space, whose position vector is formed by the Frenet frame vectors of 
the other regular curve. They defined special cases of these curves and expressed the TB2  curve. In [2], the 
author studied some special Smarandache curves in Euclidean space. In [3,4,5], the authors studied 
Smarandache curves according to the Darboux frame in 3-dimensional Euclidean space and Minkowski 
space. In [6], the author studied Smarandache curves in 4-dimensional Euclidean space. The author obtained 
Frenet-Serret and Bishop invariants for Smarandache curves and calculated the first, second and third 
curvatures of the Smarandache curve. In [7], the authors calculated the curvature and torsion of the 
Smarandache curve when the Frenet vectors of the Anti-Salkowski curve were taken as position vectors. In 
[8], the author studied Smarandache curves obtained from a curve with by a parallel transport frame in 4-
dimensional Euclidean space. In [9], the authors examined families of hypersurfaces with Smarandache 
curves in 4-dimensional Galilean space. In [10], the authors re-characterized the Smarandache curves with 
by an alternative frame which is different from the Frenet frame. In [11], the authors defined new conjugate 
curves by integrating the Smarandache curves and examined the relations between the main curve and the 
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Frenet vectors of the resulting curve. In [12], the authors studied Smarandache Ruled surfaces. In [13], the 
authors examined some special Smarandache curves according to the Flc-frame in 3-dimensional Euclidean 
space.  
 
Romanian Mathematician Gheorghe Tzitzeica defined a class of curves that he called Tzitzeica curves in 
1911 [14]. In [15], the authors examined the relations between Tzitzeica curves and surfaces in Minkowski 
space. In [16], the author showed that elliptic and hyperbolic cylindrical curves in Euclidean space satisfy 
the Tzitzeica condition. In [17,18], the authors examined hyperbolic and elliptic cylindrical curves in 
Minkowski space, respectively. In [19], the author gave the necessary and sufficient condition for a space 
curve to become a Tzitzeica curve. In [20], the authors studied Tzitzeica curves in 3-dimensional Euclidean 
space. In [21], the authors examined Tzitzeica surfaces in 3-dimensional Euclidean space. In additionally, 
the planar Tzitzeica curve definition was defined for the first time. In [22,23], the authors studied Tzitzeica 
curves in 4-dimensional Euclidean space. In [24], the authors studied osculating and rectifiying curve in 4-
dimensional Galilean space. 
 

 
 

 
 For a regular curve 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3, if the 𝑘𝑘1  curvature 𝑘𝑘1(𝑠𝑠)   and the 𝑘𝑘2 curvature 𝑘𝑘2(𝑠𝑠) of α are 
constant functions, then α is called a screw curve or helix curve [26]. Since these curves are traces of one-
parameter groups of Euclidean transformations, they were named W-curves by F. Klein and S. Lie [27].  
If the  𝑘𝑘1(𝑠𝑠)

𝑘𝑘2(𝑠𝑠)
  ratio of a curve in 𝔼𝔼3  is a non-zero constant, this curve is called a general Helix [28]. For a 

regular space curve 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3, the planes at each point of 𝛼𝛼(𝑠𝑠) spanned by {𝑇𝑇,𝑁𝑁1}, {𝑇𝑇,𝑁𝑁2}, {𝑁𝑁1,𝑁𝑁2}  
are know as the osculating plane, rectifying plane and normal plane, respectively. If the position vector α 
lies on its rectifying plane or osculating plane or normal plane then, 𝛼𝛼(𝑠𝑠) is called rectifying curve, 
osculating curve and normal curve, respectively [29,30]. 
 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed curve in three-dimensional Euclidean space. Let us denote 𝑇𝑇(𝑠𝑠) =
𝛼𝛼′(𝑠𝑠) and call 𝑇𝑇(𝑠𝑠) a unit tangent vector of 𝛼𝛼 at 𝑠𝑠. We denote the curvature of 𝛼𝛼 by 𝑘𝑘1(𝑠𝑠) = ‖𝛼𝛼′′(𝑠𝑠)‖.    
If 𝑘𝑘1(𝑠𝑠) ≠ 0, then the unit principal normal vector 𝑁𝑁1(𝑠𝑠) of the curve  𝛼𝛼 at 𝑠𝑠 is given by 𝑇𝑇′(𝑠𝑠) =
𝑘𝑘1(𝑠𝑠)𝑁𝑁1(𝑠𝑠). The unit vector 𝑁𝑁2(𝑠𝑠) = 𝑇𝑇(𝑠𝑠) x 𝑁𝑁1(𝑠𝑠) is called the unit binormal vector of 𝛼𝛼 at 𝑠𝑠.  
Then we have the Frenet-Serret formulae 

𝑇𝑇′(𝑠𝑠) = 𝑘𝑘1(𝑠𝑠)𝑁𝑁1(𝑠𝑠)                            
𝑁𝑁1′(𝑠𝑠) = −𝑘𝑘1(𝑠𝑠)𝑇𝑇(𝑠𝑠) + 𝑘𝑘2(𝑠𝑠)𝑁𝑁2(𝑠𝑠)
𝑁𝑁2′(𝑠𝑠) = −𝑘𝑘2(𝑠𝑠)𝑁𝑁1(𝑠𝑠)                         

     (1) 

where 𝑘𝑘2(𝑠𝑠) is the torsion of the curve 𝛼𝛼 at 𝑠𝑠 [25] 
 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed curve, with a curvature  𝑘𝑘1(𝑠𝑠) > 0 and 𝑘𝑘2(𝑠𝑠) ≠ 0 . If the torsion of  
𝛼𝛼(𝑠𝑠) satisfies the condition 

𝑘𝑘2(𝑠𝑠)
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = a       (2) 

for some real non-zero constant a then 𝛼𝛼(𝑠𝑠)  is called the Tzitzeica curve (Tz-curve), where  
𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛼𝛼(𝑠𝑠),𝑁𝑁2(𝑠𝑠)〉       (3) 

is the orthogonal distance from the origin to the osculating plane of 𝛼𝛼(𝑠𝑠) . Here, 𝑁𝑁2(𝑠𝑠) is the binormal 
vector field of 𝛼𝛼 [14]. 
 

2. BASIC NOTATIONS 
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Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼2 be a unit speed planar curve (𝑘𝑘1(𝑠𝑠) > 0). In this case, if the curvature of 𝛼𝛼(𝑠𝑠) 
satisfies the condition  

𝑘𝑘1(𝑠𝑠) = a1. 𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜2         (4) 
for some real non-zero constant a1 then 𝛼𝛼(𝑠𝑠)  is called the planar Tzitzeica curve (planar Tz-curve) where  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛼𝛼(𝑠𝑠),𝑁𝑁1(𝑠𝑠)〉       (5) 
and 𝑁𝑁1(𝑠𝑠) is the unit normal vector field of 𝛼𝛼 [21]. 
If the position vector of a regular curve in Minkowski space consists of by the Frenet frame vectors on 
another regular curve, this curve is called a Smarandache curve [1]. 
 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed regular curve and {𝑇𝑇(𝑠𝑠),𝑁𝑁1(𝑠𝑠),𝑁𝑁2(𝑠𝑠)} be its Frenet frame. Then we 
have Smarandache curves of 𝛼𝛼(𝑠𝑠) by with 
1) 𝑇𝑇𝑁𝑁1- Smarandache curve are defined by 

𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 1
√2
�𝑇𝑇(𝑠𝑠) + 𝑁𝑁1(𝑠𝑠)�     (6) 

2) 𝑇𝑇𝑁𝑁2- Smarandache curve are defined by 
𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1

√2
�𝑇𝑇(𝑠𝑠) + 𝑁𝑁2(𝑠𝑠)�     (7) 

3) 𝑁𝑁1𝑁𝑁2- Smarandache curve are defined by 
𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1

√2
�𝑁𝑁1(𝑠𝑠) + 𝑁𝑁2(𝑠𝑠)�     (8) 

4) 𝑇𝑇𝑁𝑁1𝑁𝑁2- Smarandache curve are defined by 
𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1

√3
�𝑇𝑇(𝑠𝑠) + 𝑁𝑁1(𝑠𝑠) + 𝑁𝑁2(𝑠𝑠)�    (9) 

[2]. Here 𝑠𝑠𝛽𝛽 is the arc-length parameter of the curve. 
 

 
 
3.1 𝑻𝑻𝑻𝑻𝟏𝟏- Smarandache Curve 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed regular curve in 𝔼𝔼3. Let 𝛽𝛽𝑇𝑇𝑇𝑇1 Smarandache curve in 𝔼𝔼3given with the 
parametrization (6). If we denote the arc-length parameter of the 𝛽𝛽𝑇𝑇𝑇𝑇1  curve with 𝑠𝑠𝛽𝛽 and take the 
derivative of the 𝛽𝛽𝑇𝑇𝑇𝑇1 curve, we obtain 

𝛽𝛽𝑇𝑇𝑇𝑇1
′ �𝑠𝑠𝛽𝛽� =

𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝛽𝛽

∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= 1
√2

(−𝑘𝑘1(𝑠𝑠)𝑇𝑇(𝑠𝑠)+𝑘𝑘1(𝑠𝑠)𝑁𝑁1(𝑠𝑠) + 𝑘𝑘2(𝑠𝑠)𝑁𝑁2(𝑠𝑠)).  (10) 

For the norm of this expression is �
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝛽𝛽

� = 1, we get  

𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

=
�2𝑘𝑘12+𝑘𝑘22

√2
≠ 0.      (11) 

In this case, from the expression (10), the tangent vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇1 curve becomes  

𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1 =
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝛽𝛽

= 1

�2𝑘𝑘12+𝑘𝑘22
(−𝑘𝑘1𝑇𝑇+𝑘𝑘1𝑁𝑁1 + 𝑘𝑘2𝑁𝑁2).      (12) 

Again, by taking derivative of (12) and using (11), we obtain 

(𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1)′ = �
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝛽𝛽

�
′

∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= √2
(2𝑘𝑘12+𝑘𝑘22)2

(𝐴𝐴𝑇𝑇 + 𝐵𝐵𝑁𝑁1 + 𝐶𝐶𝑁𝑁2)     (13) 

where  
𝐴𝐴(𝑠𝑠) = −𝑘𝑘12(2𝑘𝑘12 + 𝑘𝑘22)−𝑘𝑘2(𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ ) 

𝐵𝐵(𝑠𝑠) = −𝑘𝑘12(2𝑘𝑘12 + 3𝑘𝑘22)+𝑘𝑘2(𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′−𝑘𝑘23) 

3.TZITZEICA SMARANDACHE CURVES IN 𝔼𝔼𝟑𝟑  
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𝐶𝐶(𝑠𝑠) = 𝑘𝑘1𝑘𝑘2(2𝑘𝑘12 + 𝑘𝑘22) − 2𝑘𝑘1(𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ ). 

The curvature of the 𝛽𝛽𝑇𝑇𝑇𝑇1 curve is 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1 = �𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1
′ � = √2

(2𝑘𝑘12+𝑘𝑘22)2
√𝐴𝐴2 + 𝐵𝐵2 + 𝐶𝐶2.    (14) 

The principal normal vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇1  curve is  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1 =
𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1
′

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1
= 1

√𝐴𝐴2+𝐵𝐵2+𝐶𝐶2
(𝐴𝐴𝑇𝑇 + 𝐵𝐵𝑁𝑁1 + 𝐶𝐶𝑁𝑁2).      (15) 

By using (13) and (14). The binormal vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇1 curve is  
𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1 = 𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1x 𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1 = 1

𝐷𝐷𝐷𝐷
[(𝐶𝐶𝑘𝑘1 − 𝐵𝐵𝑘𝑘2)𝑇𝑇 + (𝐶𝐶𝑘𝑘1 + 𝐴𝐴𝑘𝑘2)𝑁𝑁1 + (−𝐵𝐵𝑘𝑘1 − 𝐴𝐴𝑘𝑘1)𝑁𝑁2].  (16) 

By using (12) and (15), where  

𝐷𝐷(𝑠𝑠) = �2𝑘𝑘12 + 𝑘𝑘22 

     𝐸𝐸(𝑠𝑠) = √𝐴𝐴2+𝐵𝐵2+𝐶𝐶2 . 
By taking derivative of (16) and using (11), we obtain 

(𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1)′ = √2
𝐷𝐷3𝐷𝐷2

�
[−(𝐷𝐷′𝐸𝐸 +𝐷𝐷𝐸𝐸′)(𝐶𝐶𝑘𝑘1 − 𝐵𝐵𝑘𝑘2) +𝐷𝐷𝐸𝐸(𝐶𝐶′𝑘𝑘1 + 𝐶𝐶𝑘𝑘1′ − 𝐵𝐵′𝑘𝑘2 − 𝐵𝐵𝑘𝑘2′ − 𝐶𝐶𝑘𝑘12 − 𝐴𝐴𝑘𝑘1𝑘𝑘2)]𝑇𝑇

+[−(𝐷𝐷′𝐸𝐸 +𝐷𝐷𝐸𝐸′)(𝐶𝐶𝑘𝑘1 + 𝐴𝐴𝑘𝑘2) + 𝐷𝐷𝐸𝐸(𝐶𝐶𝑘𝑘12 + 𝐶𝐶′𝑘𝑘1 + 𝐶𝐶𝑘𝑘1′ + 𝐴𝐴′𝑘𝑘2 + 𝐴𝐴𝑘𝑘2′ + 𝐴𝐴𝑘𝑘1𝑘𝑘2)]𝑁𝑁1
+[(𝐷𝐷′𝐸𝐸 + 𝐷𝐷𝐸𝐸′)(𝑘𝑘1𝐴𝐴+ 𝑘𝑘1𝐵𝐵) + 𝐷𝐷𝐸𝐸(𝐶𝐶𝑘𝑘1𝑘𝑘2 + 𝐴𝐴𝑘𝑘22 − 𝐴𝐴𝑘𝑘1′ − 𝐵𝐵𝑘𝑘1′ − 𝐴𝐴′𝑘𝑘1 − 𝐵𝐵′𝑘𝑘1)]𝑁𝑁2   

� .  (17) 

By using (15) and (17), we obtain 

𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1 = −〈𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1
′ ,𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1〉 = −√2

𝐷𝐷2𝐷𝐷2
� 𝑘𝑘1�𝐶𝐶

′(𝐴𝐴+ 𝐵𝐵)− 𝐶𝐶(𝐴𝐴′ + 𝐵𝐵′)�+ 𝑘𝑘2(−𝐴𝐴𝐵𝐵′ + 𝐴𝐴′𝐵𝐵)
+𝑘𝑘12𝐶𝐶(−𝐴𝐴 + 𝐵𝐵) + 𝑘𝑘22𝐴𝐴𝐶𝐶 + 𝑘𝑘1𝑘𝑘2(−𝐴𝐴2 + 𝐴𝐴𝐵𝐵 + 𝐶𝐶2)

�.  (18) 

Theorem 1: Let 𝛽𝛽𝑇𝑇𝑇𝑇1 curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. If 𝛽𝛽𝑇𝑇𝑇𝑇1  Smarandache curve is a Tz-curve then, the equation must be 

𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = −2√2

4𝐶𝐶2𝑘𝑘12+4𝐶𝐶𝑘𝑘1𝑘𝑘2(𝐴𝐴−𝐵𝐵)+𝑘𝑘22(𝐴𝐴−𝐵𝐵)2  

⎩
⎨

⎧
𝑘𝑘1[𝐶𝐶′(𝐴𝐴 + 𝐵𝐵) − 𝐶𝐶(𝐴𝐴′ + 𝐵𝐵′)]
+𝑘𝑘2(−𝐴𝐴𝐵𝐵′ + 𝐴𝐴′𝐵𝐵)                  
+𝑘𝑘12𝐶𝐶(𝐵𝐵 − 𝐴𝐴) + 𝑘𝑘22𝐴𝐴𝐶𝐶           
+𝑘𝑘1𝑘𝑘2(−𝐴𝐴2 + 𝐴𝐴𝐵𝐵 + 𝐶𝐶2)       ⎭

⎬

⎫
= a   (19) 

where a is nonzero constant [31]. 
Proof. By using (6) and (16), we get 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1 ,𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1〉 = 1
√2𝐷𝐷𝐷𝐷

�2𝐶𝐶𝑘𝑘1 + 𝑘𝑘2(𝐴𝐴 − 𝐵𝐵)�.   (20) 
Then, using equations (18) and (20), the expression (19) is obtained. 
Corollary 2: Let 𝛽𝛽𝑇𝑇𝑇𝑇1 curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇𝑇𝑇1  Smarandache curve becomes a planar curve. 
Theorem 3: Let 𝛽𝛽𝑇𝑇𝑇𝑇1 curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇𝑇𝑇1  Smarandache curve becomes a planar  
Tz-curve [31]. 
Proof: By using (6) and (15), we obtain 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1 ,𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1〉 = 𝐴𝐴+𝐵𝐵
√2√𝐴𝐴2+𝐵𝐵2+𝐶𝐶2

 .     (21) 
Using the expressions (4), (14) and (21), we get 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 2√2

��2𝑘𝑘12+𝑘𝑘22�
9 �

(2𝑘𝑘12 + 𝑘𝑘22)2(𝑘𝑘12 + 𝑘𝑘22)
+2(𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ )[𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ − 𝑘𝑘2(2𝑘𝑘12 + 𝑘𝑘22)]�

3
2

.   (22) 

If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 is used in (22), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 2√2 � 𝑜𝑜

2+1
2𝑜𝑜2+1

�
3
2 = constant. 
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Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1 Smarandache curve is a planar Tz-curve. 

Theorem 4: Let 𝛽𝛽𝑇𝑇𝑇𝑇1 curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠). If  𝛼𝛼(𝑠𝑠) is W-curve 
(i.e. 𝑘𝑘1,𝑘𝑘2 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) then, 𝛽𝛽𝑇𝑇𝑇𝑇1 Smarandache curve is a planar Tz-curve [31]. 
Proof: 𝑘𝑘1,𝑘𝑘2 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), from equation (17), we obtain (𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1)′ = 0. Then from equation (18), we 
get 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1 = 0. This means that the 𝛽𝛽𝑇𝑇𝑇𝑇1 Smarandache curve is a planar curve. Then substituting 𝑘𝑘1,𝑘𝑘2 ≠
0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  into (22), we obtain 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 2√2�𝑘𝑘12+𝑘𝑘22�

3
2

�2𝑘𝑘12+𝑘𝑘22�
3
2
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐). 

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1 Smarandache curve is a planar Tz-curve. 
 
3.2 𝑻𝑻𝑻𝑻𝟐𝟐- Smarandache Curve 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed regular curve in 𝔼𝔼3. Let 𝛽𝛽𝑇𝑇𝑇𝑇2 be a Smarandache curve in 𝔼𝔼3 given with 
the parametrization (7). If we denote the arc-length parameter of the 𝛽𝛽𝑇𝑇𝑇𝑇2 curve with 𝑠𝑠𝛽𝛽 and take the 
derivative of the 𝛽𝛽𝑇𝑇𝑇𝑇2 curve, we obtain 

𝛽𝛽𝑇𝑇𝑇𝑇2
′ �sβ� =

𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= 1
√2
�𝑘𝑘1(𝑠𝑠)− 𝑘𝑘2(𝑠𝑠)�𝑁𝑁1(𝑠𝑠)      (23) 

For the norm of this expression is �
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

� = 1, we get  
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= �(𝑘𝑘1−𝑘𝑘2)2

√2
= |𝑘𝑘1−𝑘𝑘2|

√2
≠ 0.      (24) 

In this case, from the expression (23), the tangent vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇2 curve becomes  

𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇2 =
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

= (𝑘𝑘1−𝑘𝑘2)𝑇𝑇1
|𝑘𝑘1−𝑘𝑘2| = � 𝑁𝑁1, 𝑘𝑘1 > 𝑘𝑘2

−𝑁𝑁1, 𝑘𝑘1 < 𝑘𝑘2
     (25) 

Again, by taking derivative of (25) and using (24), we obtain 

(𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇2)′ = �
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

� ′ ∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= −√2𝑘𝑘1
(𝑘𝑘1−𝑘𝑘2)

𝑇𝑇 + √2𝑘𝑘2
(𝑘𝑘1−𝑘𝑘2)

𝑁𝑁2.     (26) 

The curvature of the 𝛽𝛽𝑇𝑇𝑇𝑇2 curve is 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2 = �𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇2
′ � =

√2�𝑘𝑘12+𝑘𝑘22

|𝑘𝑘1−𝑘𝑘2|  .         (27) 
The principal normal vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇2  curve is  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇2 =
𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇2
′

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2
=

⎩
⎪
⎨

⎪
⎧
−𝑘𝑘1𝑇𝑇+𝑘𝑘2𝑇𝑇2

�𝑘𝑘12+𝑘𝑘22
, 𝑘𝑘1 > 𝑘𝑘2

𝑘𝑘1𝑇𝑇−𝑘𝑘2𝑇𝑇2

�𝑘𝑘12+𝑘𝑘22
, 𝑘𝑘1 < 𝑘𝑘2

.      (28) 

By using (26) and (27). The binormal vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇2 curve is  
𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇2 = 𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇2x 𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇2 = 1

�𝑘𝑘12+𝑘𝑘22
(𝑘𝑘2𝑇𝑇+𝑘𝑘1𝑁𝑁2).      (29) 

By using (25) and (28). By taking derivative of (29) and using (24), we obtain 

(𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇2)′ =

⎩
⎪
⎨

⎪
⎧ √2�𝑘𝑘1′ 𝑘𝑘2−𝑘𝑘1𝑘𝑘2′�

(𝑘𝑘1−𝑘𝑘2)�𝑘𝑘12+𝑘𝑘22�
3
2

(−𝑘𝑘1𝑇𝑇+𝑘𝑘2𝑁𝑁2), 𝑘𝑘1 > 𝑘𝑘2

−√2�𝑘𝑘1′ 𝑘𝑘2−𝑘𝑘1𝑘𝑘2′�

(𝑘𝑘1−𝑘𝑘2)�𝑘𝑘12+𝑘𝑘22�
3
2

(−𝑘𝑘1𝑇𝑇+𝑘𝑘2𝑁𝑁2), 𝑘𝑘1 < 𝑘𝑘2
.    (30) 
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By using (28) and (30), we obtain 
𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇2 = − 〈𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇2

′ ,𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇2〉 = −√2�𝑘𝑘1′𝑘𝑘2−𝑘𝑘1𝑘𝑘2′�
(𝑘𝑘1−𝑘𝑘2)�𝑘𝑘12+𝑘𝑘22�

.      (31) 

 
 
 
Theorem 5: Let 𝛽𝛽𝑇𝑇𝑇𝑇2 curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. If 𝛽𝛽𝑇𝑇𝑇𝑇2  Smarandache curve is a Tz-curve then, the equation must be 

𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = −2√2�𝑘𝑘1′𝑘𝑘2−𝑘𝑘1𝑘𝑘2′�

(𝑘𝑘1−𝑘𝑘2)(𝑘𝑘1+𝑘𝑘2)2
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) [31].     (32) 

 
Proof: By using (7) and (29), we get 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇2 ,𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇2〉 = 𝑘𝑘1+𝑘𝑘2

√2�𝑘𝑘12+𝑘𝑘22
 .                (33) 

Then, using equations (31) and (33), the expression (32) is obtained. 

Corollary 6: Let 𝛽𝛽𝑇𝑇𝑇𝑇2 curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) if and only if 𝛽𝛽𝑇𝑇𝑇𝑇2  Smarandache curve becomes a 
planar curve. 
Theorem 7: Let 𝛽𝛽𝑇𝑇𝑇𝑇2 curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇𝑇𝑇2  Smarandache curve becomes a planar  
Tz-curve [31]. 
Proof: By using (7) and (28), we obtain 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇2 ,𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇2〉 =

⎩
⎪
⎨

⎪
⎧

−(𝑘𝑘1−𝑘𝑘2)

√2��𝑘𝑘12+𝑘𝑘22�
, 𝑘𝑘1 > 𝑘𝑘2

(𝑘𝑘1−𝑘𝑘2)

√2��𝑘𝑘12+𝑘𝑘22�
, 𝑘𝑘1 < 𝑘𝑘2

.     (34) 

Using the expressions (4), (27) and (34), we get 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 =

⎩
⎪
⎨

⎪
⎧2√2�𝑘𝑘12+𝑘𝑘22�

3
2

(𝑘𝑘1−𝑘𝑘2)3
, 𝑘𝑘1 > 𝑘𝑘2

2√2�𝑘𝑘12+𝑘𝑘22�
3
2

−(𝑘𝑘1−𝑘𝑘2)3
, 𝑘𝑘1 < 𝑘𝑘2

 .      (35) 

If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 is used in (35), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 =  2√2�𝑜𝑜

2+1�
3
2

(𝑜𝑜−1)3+
− = constant. 

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇2 Smarandache curve is a planar Tz-curve. 

Theorem 8: Let 𝛽𝛽𝑇𝑇𝑇𝑇2 curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠). If  𝛼𝛼(𝑠𝑠) is W-curve 
(i.e. 𝑘𝑘1,𝑘𝑘2 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) then, 𝛽𝛽𝑇𝑇𝑇𝑇2 Smarandache curve is a planar Tz-curve [31]. 
Proof: 𝑘𝑘1,𝑘𝑘2 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), from equation (30), we obtain (𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇2)′ = 0. Then from equation (31), we 
get 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇2 = 0. This means that the 𝛽𝛽𝑇𝑇𝑇𝑇2 Smarandache curve is a planar curve. Then substituting 𝑘𝑘1,𝑘𝑘2 ≠
0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  into (35), we obtain 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 =

⎩
⎪
⎨

⎪
⎧2√2�𝑘𝑘12+𝑘𝑘22�

3
2

(𝑘𝑘1−𝑘𝑘2)3
, 𝑘𝑘1 > 𝑘𝑘2

2√2�𝑘𝑘12+𝑘𝑘22�
3
2

−(𝑘𝑘1−𝑘𝑘2)3
, 𝑘𝑘1 < 𝑘𝑘2

≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐). 
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Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇2 Smarandache curve is a planar Tz-curve. 
 
3.3 𝑻𝑻𝟏𝟏𝑻𝑻𝟐𝟐- Smarandache Curve 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed regular curve in 𝔼𝔼3. Let 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve in 𝔼𝔼3 given with the 
parametrization (8). If we denote the arc-length parameter of the 𝛽𝛽𝑇𝑇1𝑇𝑇2curve with 𝑠𝑠𝛽𝛽 and take the 
derivative of the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve, we obtain 

𝛽𝛽𝑇𝑇1𝑇𝑇2 
′ �sβ� =

𝑑𝑑𝛽𝛽𝑇𝑇1𝑇𝑇2 

𝑑𝑑𝑜𝑜𝛽𝛽
∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= 1
√2
�−𝑘𝑘1(𝑠𝑠)𝑇𝑇(𝑠𝑠)−𝑘𝑘2(𝑠𝑠)𝑁𝑁1(𝑠𝑠) + 𝑘𝑘2(𝑠𝑠)𝑁𝑁2(𝑠𝑠)�.   (36) 

For the norm of this expression is �
𝑑𝑑𝛽𝛽𝑇𝑇1𝑇𝑇2 

𝑑𝑑𝑜𝑜𝛽𝛽
� = 1, we get  

𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

=
�𝑘𝑘12+2𝑘𝑘22

√2
≠ 0.          (37) 

In this case, from the expression (36), the tangent vector field of the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve becomes  

𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2 =
𝑑𝑑𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

= 1

�𝑘𝑘12+2𝑘𝑘22
(−𝑘𝑘1𝑇𝑇−𝑘𝑘2𝑁𝑁1 + 𝑘𝑘2𝑁𝑁2).      (38) 

Again, by taking derivative of (38) and using (37), we obtain 

(𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2)′ = �
𝑑𝑑𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

�
′

∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= √2
𝐵𝐵2
�

(−2𝑘𝑘2𝐴𝐴 + 𝑘𝑘1𝑘𝑘2𝐵𝐵)𝑇𝑇             
+(𝑘𝑘1𝐴𝐴 − (𝑘𝑘12 + 𝑘𝑘22)𝐵𝐵)𝑁𝑁1      
+(−𝑘𝑘1𝐴𝐴 − 𝑘𝑘22𝐵𝐵)𝑁𝑁2               

�       (39) 

where  
𝐴𝐴(𝑠𝑠) = 𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′  

𝐵𝐵(𝑠𝑠) = 𝑘𝑘12 + 2𝑘𝑘22. 

The curvature of the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve is 

𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2 = �𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2
′ � = √2

𝐵𝐵
3
2
𝐶𝐶       (40) 

where 
𝐶𝐶(𝑠𝑠) = �2𝐴𝐴2 + (𝑘𝑘12 + 𝑘𝑘22)𝐵𝐵2 − 2𝑘𝑘1𝐴𝐴𝐵𝐵. 
The principal normal vector field of the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve is  

𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2 =
𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2
′

𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2
= 1

√𝐵𝐵𝐶𝐶
�+

(−2𝑘𝑘2𝐴𝐴 + 𝑘𝑘1𝑘𝑘2𝐵𝐵)𝑇𝑇
(𝑘𝑘1𝐴𝐴 − (𝑘𝑘12 + 𝑘𝑘22)𝐵𝐵)𝑁𝑁1

+(−𝑘𝑘1𝐴𝐴 − 𝑘𝑘22𝐵𝐵)𝑁𝑁2
�.      (41) 

By using (39) and (40). The binormal vector field of the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve is  
𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2 = 𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2x 𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2 = 1

𝐶𝐶
[(𝑘𝑘2𝐵𝐵)𝑇𝑇 − 𝐴𝐴𝑁𝑁1 + (−𝐴𝐴 + 𝑘𝑘1𝐵𝐵)𝑁𝑁2].   (42) 

By using (38) and (41). By taking derivative of (42) and using (37), we obtain 

(𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2)′ = √2
√𝐵𝐵𝐶𝐶2

�
[−𝑘𝑘2𝐵𝐵𝐶𝐶′ + 𝐶𝐶(𝑘𝑘2′ 𝐵𝐵 + 𝑘𝑘2𝐵𝐵′+𝑘𝑘1𝐴𝐴)]𝑇𝑇                             
+[𝐴𝐴𝐶𝐶′ + 𝐶𝐶(𝑘𝑘2𝐴𝐴 − 𝐴𝐴′)]𝑁𝑁1                                               
+[𝐶𝐶′(𝐴𝐴 − 𝑘𝑘1𝐵𝐵) + 𝐶𝐶(−𝑘𝑘2𝐴𝐴 − 𝐴𝐴′ + 𝑘𝑘1′𝐵𝐵 + 𝑘𝑘1𝐵𝐵′)]𝑁𝑁2

�.            (43) 

By using (41) and (43), we obtain 
𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2 = −〈𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2

′ ,𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2〉 = −1
√2𝐶𝐶2

[−3𝐴𝐴𝐵𝐵′ + 2𝐵𝐵(𝐴𝐴′ − 𝑘𝑘2𝐴𝐴)]    (44) 
Theorem 9: Let 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 are 
non-constant curvatures. If 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve is a Tz-curve then, the equation must be 

𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = −√2[−3𝐴𝐴𝐵𝐵′+2𝐵𝐵(𝐴𝐴′−𝑘𝑘2𝐴𝐴)]

(−2𝐴𝐴+𝑘𝑘1𝐵𝐵)2
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) [31].    (45) 
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Proof: By using (8) and (42), we get 
𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇1𝑇𝑇2 ,𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2 〉 = 1

√2𝐶𝐶
(−2𝐴𝐴 + 𝑘𝑘1𝐵𝐵).     (46) 

Then, using equations (44) and (46), the expression (45) is obtained. 
Corollary 10: Let 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 
are non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve becomes a planar 
curve. 
Theorem 11: Let 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠), where 𝑘𝑘1, 𝑘𝑘2 ≠ 0 
are non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve becomes a planar 
Tz-curve [31]. 
Proof: By using (8) and (41), we obtain 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇1𝑇𝑇2 ,𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2〉 = −𝐵𝐵√𝐵𝐵
√2𝐶𝐶

.      (47) 
Using the expressions (4), (40) and (47), we get 

𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 2√2𝐶𝐶3

𝐵𝐵
9
2

.        (48) 

If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 is used in (48), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 2√2 �𝑜𝑜

2+1
𝑜𝑜2+2

�
3
2 = constant. 

Therefore, 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar Tz-curve. 
Theorem 12: Let 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠). If  𝛼𝛼(𝑠𝑠) is W-curve 
(i.e. 𝑘𝑘1,𝑘𝑘2 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) then, 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar Tz-curve [31]. 
Proof: 𝑘𝑘1,𝑘𝑘2 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), from equation (43), we obtain (𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2)′ = 0. Then from equation (44), 
we get 𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2 = 0. This means that the 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar curve. Then substituting 
𝑘𝑘1, 𝑘𝑘2 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  into (48), we obtain 

𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 2√2�𝑘𝑘12+𝑘𝑘22�

3
2

�𝑘𝑘12+2𝑘𝑘22�
3
2
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐). 

Therefore, 𝛽𝛽𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar Tz-curve. 
 
3.4 𝑻𝑻𝑻𝑻𝟏𝟏𝑻𝑻𝟐𝟐- Smarandache Curve 
Let 𝛼𝛼: 𝐼𝐼 ⊂ ℝ → 𝔼𝔼3 be a unit speed regular curve in 𝔼𝔼3. Let 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 Smarandache curve in 𝔼𝔼3 given with 
the parametrization (9). If we denote the arc-length parameter of the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve with 𝑠𝑠𝛽𝛽 and take the 
derivative of the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve, we obtain 

𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
′ �𝑠𝑠𝛽𝛽� =

𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝛽𝛽

∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= 1
√3

(−𝑘𝑘1(𝑠𝑠)𝑇𝑇(𝑠𝑠) + (𝑘𝑘1(𝑠𝑠)−𝑘𝑘2(𝑠𝑠))𝑁𝑁1(𝑠𝑠) + 𝑘𝑘2(𝑠𝑠)𝑁𝑁2(𝑠𝑠).   (49) 

For the norm of this expression is �
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2

dsβ
� = 1, we get  

𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

=
√2�𝑘𝑘12+𝑘𝑘22−𝑘𝑘1𝑘𝑘2

√3
≠ 0.       (50) 

In this case, from the expression (49), the tangent vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve becomes  

𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 =
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2

𝑑𝑑𝑜𝑜𝛽𝛽
= 1

√2𝐴𝐴
(−𝑘𝑘1𝑇𝑇 + (𝑘𝑘1−𝑘𝑘2)𝑁𝑁1 + 𝑘𝑘2𝑁𝑁2)      (51) 

Again, by taking derivative of (51) and using (50), we obtain 

(𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2)′ = �
𝑑𝑑𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2

𝑑𝑑𝑜𝑜𝛽𝛽
�
′

∙
𝑑𝑑𝑜𝑜𝛽𝛽
𝑑𝑑𝑜𝑜

= √3
4(𝐴𝐴)4 (𝐵𝐵𝑇𝑇+ 𝐶𝐶𝑁𝑁1 +𝐷𝐷𝑁𝑁2)       (52) 



 Natural & Applied Sciences Journal Vol. 7 (1) 2024 69 
 

where  
𝐴𝐴(𝑠𝑠) = �𝑘𝑘12 + 𝑘𝑘22−𝑘𝑘1𝑘𝑘2   
𝐵𝐵(𝑠𝑠) = (𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ )(𝑘𝑘1−2𝑘𝑘2)− 2𝑘𝑘1(𝑘𝑘12 + 𝑘𝑘22 − 𝑘𝑘1𝑘𝑘2)(𝑘𝑘1 − 𝑘𝑘2) 
𝐶𝐶(𝑠𝑠) = (𝑘𝑘1 + 𝑘𝑘2)(𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ ) − 2(𝑘𝑘12 + 𝑘𝑘22 − 𝑘𝑘1𝑘𝑘2)(𝑘𝑘12 + 𝑘𝑘22) 
𝐷𝐷(𝑠𝑠) = −(𝑘𝑘1′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2′ )(2𝑘𝑘1−𝑘𝑘2) + 2𝑘𝑘2(𝑘𝑘12 + 𝑘𝑘22 − 𝑘𝑘1𝑘𝑘2)(𝑘𝑘1 − 𝑘𝑘2). 
The curvature of the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve is 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = �𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
′ � = √3

4(𝐴𝐴)4
√𝐵𝐵2 + 𝐶𝐶2 + 𝐷𝐷2      (53) 

The principal normal vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  curve is  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 =
𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
′

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
= 1

√𝐵𝐵2+𝐶𝐶2+𝐷𝐷2
(𝐵𝐵𝑇𝑇 + 𝐶𝐶𝑁𝑁1 + 𝐷𝐷𝑁𝑁2).     (54) 

By using (52) and (53). The binormal vector field of the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  curve is  

𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = 𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2x 𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = 1  

√2𝐴𝐴 �𝐵𝐵2+𝐶𝐶2+𝐷𝐷2
�

(𝐷𝐷𝑘𝑘1 − (𝐷𝐷 + 𝐶𝐶)𝑘𝑘2)𝑇𝑇        
+(𝐷𝐷𝑘𝑘1 + 𝐵𝐵𝑘𝑘2)𝑁𝑁1               
+(−(𝐵𝐵 + 𝐶𝐶)𝑘𝑘1 + 𝐵𝐵𝑘𝑘2)𝑁𝑁2

�.    (55) 

By using (51) and (54). By taking derivative of (55) and using (50), we obtain 
 

(𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2)′ = √3

2𝐴𝐴3(𝐵𝐵2+𝐶𝐶2+𝐷𝐷2)
3
2

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ �

𝐸𝐸𝐷𝐷𝑘𝑘1 − (𝐷𝐷 + 𝐶𝐶)𝐸𝐸𝑘𝑘2
+𝐴𝐴(𝐵𝐵2 + 𝐶𝐶2 + 𝐷𝐷2)[𝐷𝐷(𝑘𝑘1′ − 𝑘𝑘2′ − 𝑘𝑘12) +𝐷𝐷′(𝑘𝑘1 − 𝑘𝑘2)−𝐶𝐶𝑘𝑘2′ − 𝐶𝐶′𝑘𝑘2 − 𝑘𝑘1𝑘𝑘2𝐵𝐵]� 𝑇𝑇    

 
 

+ �
𝐸𝐸𝐷𝐷𝑘𝑘1 + 𝐸𝐸𝐵𝐵𝑘𝑘2

+𝐴𝐴(𝐵𝐵2 + 𝐶𝐶2 + 𝐷𝐷2)[𝐷𝐷(𝑘𝑘12 − 𝑘𝑘1𝑘𝑘2 + 𝑘𝑘1′ ) + 𝐵𝐵(−𝑘𝑘22 + 𝑘𝑘1𝑘𝑘2 + 𝑘𝑘2′ ) +𝐷𝐷′𝑘𝑘1 + 𝐵𝐵′𝑘𝑘2]�𝑁𝑁1 
 

+ �
−𝐸𝐸(𝐵𝐵 + 𝐶𝐶)𝑘𝑘1 + 𝐸𝐸𝐵𝐵𝑘𝑘2

+𝐴𝐴(𝐵𝐵2 + 𝐶𝐶2 +𝐷𝐷2)[𝐷𝐷(𝑘𝑘1𝑘𝑘2) + 𝐵𝐵(𝑘𝑘22 − 𝑘𝑘1′ + 𝑘𝑘2′ ) + 𝐵𝐵′(−𝑘𝑘1 + 𝑘𝑘2)− 𝐶𝐶𝑘𝑘1′ − 𝐶𝐶′𝑘𝑘1]�𝑁𝑁2⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

  (56)  

 
where  
𝐸𝐸(𝑠𝑠) = −𝐴𝐴′(𝐵𝐵2 + 𝐶𝐶2 + 𝐷𝐷2) − 𝐴𝐴(𝐵𝐵𝐵𝐵′ + 𝐶𝐶𝐶𝐶′ + 𝐷𝐷𝐷𝐷′).  
By using (54) and (56), we obtain 

𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = −〈𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
′ ,𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2〉  = −√3

2𝐴𝐴2(𝐵𝐵2+𝐶𝐶2+𝐷𝐷2)

⎣
⎢
⎢
⎢
⎡𝑘𝑘1�𝐷𝐷

′(𝐵𝐵 + 𝐶𝐶)− 𝐷𝐷(𝐵𝐵′ + 𝐶𝐶′)�      
+𝑘𝑘2�−𝐵𝐵(𝐶𝐶′ +𝐷𝐷′) + 𝐵𝐵′(𝐶𝐶 + 𝐷𝐷)�
+𝑘𝑘12𝐷𝐷(𝐶𝐶 − 𝐵𝐵) + 𝑘𝑘22𝐵𝐵(𝐷𝐷 − 𝐶𝐶)      
+𝑘𝑘1𝑘𝑘2(−𝐵𝐵2 + 𝐵𝐵𝐶𝐶 −𝐷𝐷𝐶𝐶 +𝐷𝐷2)   ⎦

⎥
⎥
⎥
⎤
.   (57) 

Theorem 13: Let 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1, 𝑘𝑘2 ≠ 0 
are non-constant curvatures. If 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 Smarandache curve is a Tz-curve then, the equation must be 
 

𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = −3√3 

�𝐷𝐷(2𝑘𝑘1−𝑘𝑘2)−𝐶𝐶(𝑘𝑘1+𝑘𝑘2)+𝐵𝐵(2𝑘𝑘2−𝑘𝑘1)�2
 

⎩
⎪
⎨

⎪
⎧𝑘𝑘1�𝐷𝐷

′(𝐵𝐵 + 𝐶𝐶)−𝐷𝐷(𝐵𝐵′ + 𝐶𝐶′)�      
+𝑘𝑘2�−𝐵𝐵(𝐶𝐶′ + 𝐷𝐷′) + 𝐵𝐵′(𝐶𝐶 +𝐷𝐷)�
+𝑘𝑘12𝐷𝐷(𝐶𝐶 − 𝐵𝐵) + 𝑘𝑘22𝐵𝐵(𝐷𝐷 − 𝐶𝐶)      
+𝑘𝑘1𝑘𝑘2(−𝐵𝐵2 + 𝐵𝐵𝐶𝐶 − 𝐷𝐷𝐶𝐶 + 𝐷𝐷2)   ⎭

⎪
⎬

⎪
⎫

≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) [31]. (58) 

 
Proof: By using (9) and (55), we get 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 ,𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2〉 = 1
√6𝐴𝐴√𝐵𝐵2+𝐶𝐶2+𝐷𝐷2

�𝐷𝐷(2𝑘𝑘1 − 𝑘𝑘2) − 𝐶𝐶(𝑘𝑘1 + 𝑘𝑘2) + 𝐵𝐵(2𝑘𝑘2 − 𝑘𝑘1)�. (59) 
Then, using equations (57) and (59), the expression (58) is obtained. 
Corollary 14: Let 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  curve be the Smarandache curve of the unit speed curve α(s), where 𝑘𝑘1, 𝑘𝑘2 ≠ 0 
are non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 Smarandache curve becomes a planar 
curve. 
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Theorem 15: Let 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠), where 𝑘𝑘1,𝑘𝑘2 ≠ 0 
are non-constant curvatures. If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 (𝑐𝑐 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 Smarandache curve becomes a planar 
Tz-curve [31]. 
Proof: By using (9) and (54), we obtain 

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 ,𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 〉 = 1
√3√𝐵𝐵2+𝐶𝐶2+𝐷𝐷2

(𝐵𝐵 + 𝐶𝐶 + 𝐷𝐷).    (60) 
Using the expressions (4), (53) and (60), we get 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 3√3(𝐵𝐵2+𝐶𝐶2+𝐷𝐷2)

3
2

4𝐴𝐴4(𝐵𝐵+𝐶𝐶+𝐷𝐷)2  .       (61) 

If 𝑘𝑘1 = 𝑐𝑐𝑘𝑘2 is used in (61), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2

𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 3√3
2√2

� 𝑜𝑜2+1
𝑜𝑜2−𝑜𝑜+1

�
3
2

= constant. 

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar Tz-curve. 

Theorem 16: Let 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve be the Smarandache curve of the unit speed curve 𝛼𝛼(𝑠𝑠). If  𝛼𝛼(𝑠𝑠) is W-curve 
(i.e. 𝑘𝑘1,𝑘𝑘2 ≠ 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) then, 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar Tz-curve [31]. 
Proof: 𝑘𝑘1,𝑘𝑘2 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), from equation (56), we obtain (𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2)′ = 0. Then from equation (57), 
we get 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = 0. This means that the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 Smarandache curve is a planar curve. Then substituting 
𝑘𝑘1, 𝑘𝑘2 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)  into (61), we obtain 

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 3√3�𝑘𝑘12+𝑘𝑘22�

3
2

2√2�𝑘𝑘12+𝑘𝑘22−𝑘𝑘1𝑘𝑘2�
3
2
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐). 

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  Smarandache curve is a planar Tz-curve. 

Example 17: Let 𝛼𝛼1(𝑠𝑠) be a unit speed helix curve (W-curve) given with the parametrization  
𝛼𝛼1(𝑠𝑠) = �𝑐𝑐𝑐𝑐𝑠𝑠 �

𝑠𝑠
√2
� , 𝑠𝑠𝑠𝑠𝑐𝑐 �

𝑠𝑠
√2
� ,

𝑠𝑠
√2
� 

(Fig. 1). Frenet vectors, curvature and torsion of 𝛼𝛼1 curve can be given by 
𝑇𝑇𝛼𝛼1(𝑠𝑠) = �−1

√2
𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� , 1

√2
𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
� , 1

√2
�  

𝑁𝑁1𝛼𝛼1(𝑠𝑠) = �− 𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠
√2
� ,−𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� , 0�    

𝑁𝑁2𝛼𝛼1(𝑠𝑠) = � 1
√2
𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� , −1

√2
𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
� , 1

√2
�  

𝑘𝑘1𝛼𝛼1(𝑠𝑠) = 1
2
   and  𝑘𝑘2𝛼𝛼1(𝑠𝑠) = 1

2
.  

a)  𝑻𝑻𝑻𝑻𝟏𝟏 -Smarandache curve of 𝜶𝜶𝟏𝟏(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇𝑇𝑇1 = 1

√2
�𝑇𝑇𝛼𝛼1 + 𝑁𝑁1𝛼𝛼1� = 1

√2
�− 1

√2
𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� − 𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
� , 1

√2
𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
�−𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� , 1

√2
�  

(Fig. 2). Frenet vectors, curvature and torsion of 𝛽𝛽𝑇𝑇𝑇𝑇1 curve using equations (11), (12), (14), (15), (16) and 
(18), we obtain 
𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 1

√3
�− 𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽� + √2𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� ,−𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� −√2𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽� , 0�  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 1
√3
�𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� + √2 𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽� ,−𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽�+ √2𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� , 0�  

𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = (0,0,1)  

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 2
√3

  and  𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 0. 
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In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇𝑇𝑇1 curve becomes a planar curve. By using (21), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽)〉 = −√3
2

.  
By using (22), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 8

3√3
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) . 

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1 curve becomes a planar Tz-curve. 
b)  𝑻𝑻𝟏𝟏𝑻𝑻𝟐𝟐 -Smarandache curve of 𝜶𝜶𝟏𝟏(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇1𝑇𝑇2 = 1

√2
�𝑁𝑁1𝛼𝛼1 + 𝑁𝑁2𝛼𝛼1� = 1

√2
�−𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
�+ 1

√2
𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� ,−𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� − 1

√2
𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
� , 1

√2
�  

(Fig. 3). Frenet vectors, curvature and torsion of 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve using equations (37), (38), (40), (41), (42) and 
(44), we obtain  
𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1

√3
�√2𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽�+ 𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽� ,−√2𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽�+ 𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� , 0�  

𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1
√3
�√2 𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽� − 𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� ,√2𝑠𝑠𝑠𝑠𝑐𝑐 � 2

√3
𝑠𝑠𝛽𝛽� + 𝑐𝑐𝑐𝑐𝑠𝑠 � 2

√3
𝑠𝑠𝛽𝛽� , 0�  

𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = (0,0,1)  

𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 2
√3

  and  𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0.  

In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve becomes a planar curve. By using (47), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽)〉 = −√3
2

.  
By using equation (48) 
𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 8

3√3
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐).   

Therefore, 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve becomes a planar Tz-curve. 
 
c)  𝑻𝑻𝑻𝑻𝟏𝟏𝑻𝑻𝟐𝟐 -Smarandache curve of 𝜶𝜶𝟏𝟏(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = 1

√3
�𝑇𝑇𝛼𝛼1 + 𝑁𝑁1𝛼𝛼1 + 𝑁𝑁2𝛼𝛼1)� = 1

√3
�− 𝑐𝑐𝑐𝑐𝑠𝑠 � 𝑠𝑠

√2
� ,−𝑠𝑠𝑠𝑠𝑐𝑐 � 𝑠𝑠

√2
� ,√2�  

(Fig. 4). Frenet vectors, curvature and torsion of curve 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  using equations (50), (51), (53), (54), (55) 
and (57), we obtain 
𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = �𝑠𝑠𝑠𝑠𝑐𝑐�√3 𝑠𝑠𝛽𝛽� ,−𝑐𝑐𝑐𝑐𝑠𝑠�√3 𝑠𝑠𝛽𝛽� , 0� 

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = �− 𝑐𝑐𝑐𝑐𝑠𝑠�√3 𝑠𝑠𝛽𝛽� ,−𝑠𝑠𝑠𝑠𝑐𝑐�√3 𝑠𝑠𝛽𝛽� , 0� 

𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = (0,0,1)  

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = √3  and  𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0. 

In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve becomes a planar curve. By using (60), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽)〉 = −1
√3

.  
By using (61), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2

𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 3√3 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐).   
Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  curve becomes a planar Tz-curve 
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Example 18: Let 𝛼𝛼2(𝑠𝑠) be a unit speed cylindrical helix curve given with the parametrization  
𝛼𝛼2(𝑠𝑠) =

1
√5

��1 + 𝑠𝑠2, 2𝑠𝑠, ln �𝑠𝑠+ �1 + 𝑠𝑠2�� 

(Fig. 5). Frenet vectors, curvature and torsion of 𝛼𝛼2 curve can be given by 
𝑇𝑇𝛼𝛼2(𝑠𝑠) = 1

√5
� 𝑠𝑠
√1+𝑠𝑠2

, 2, 1
√1+𝑠𝑠2

�  

𝑁𝑁1𝛼𝛼2(𝑠𝑠) = � 1
√1+𝑠𝑠2

, 0, −𝑠𝑠
√1+𝑠𝑠2

�    

𝑁𝑁2𝛼𝛼2(𝑠𝑠) = 1
√5
� −2𝑠𝑠
√1+𝑠𝑠2

, 1, −2
√1+𝑠𝑠2

�  

𝑘𝑘1𝛼𝛼2(𝑠𝑠) = 1
√5(1+𝑠𝑠2)

  and  𝑘𝑘2𝛼𝛼2(𝑠𝑠) = 2
√5(1+𝑠𝑠2)

 . 

 
 

1

0.5

0

x
-0.5

-1-1

-0.5

y

0

0.5

-5

0

5

1

z z

-0.5

0

0.5

1

1.5

x-1

-0.5

0

0.5

1

y -1

-0.5

0

0.5

1

z

-0.5

0

0.5

1

1.5

x-1

-0.5

0

0.5

1

y -1

-0.5

0

0.5

1

z

-1

-0.5

0

0.5

1

1.5

x-1

-0.5

0

0.5

1

y -1

-0.5

0

0.5

1



 Natural & Applied Sciences Journal Vol. 7 (1) 2024 73 
 

a)  𝑻𝑻𝑻𝑻𝟏𝟏 -Smarandache curve of 𝜶𝜶𝟐𝟐(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇𝑇𝑇1 = 1

√2
�𝑇𝑇𝛼𝛼2 + 𝑁𝑁1𝛼𝛼2� = 1

√10
� 𝑠𝑠+√5
√1+𝑠𝑠2

, 2, 1−√5𝑠𝑠
√1+𝑠𝑠2

�  

(Fig. 6). Frenet vectors, curvature and torsion of 𝛽𝛽𝑇𝑇𝑇𝑇1 curve using equations (11), (12), (14), (15), (16) and 
(18), we obtain 
T𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽)= 1

√6
�𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√3
𝑠𝑠𝛽𝛽� − √5𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√3
𝑠𝑠𝛽𝛽� , 0,−√5𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√3
𝑠𝑠𝛽𝛽� − 𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√3
𝑠𝑠𝛽𝛽��  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 1
√6
�−𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√3
𝑠𝑠𝛽𝛽� − √5𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√3
𝑠𝑠𝛽𝛽� , 0,√5𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√3
𝑠𝑠𝛽𝛽� − 𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√3
𝑠𝑠𝛽𝛽��  

𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = (0,1,0)  

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = √5
√3

  and  𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 0. 
In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇𝑇𝑇1 curve becomes a planar curve. By using (21), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1(𝑠𝑠𝛽𝛽)〉 = −√3
√5

.  
By using (22), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 5√5

3√3
 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) . 

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1 curve becomes a planar Tz-curve. 
b)  𝑻𝑻𝑻𝑻𝟐𝟐 -Smarandache curve of 𝜶𝜶𝟐𝟐(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇𝑇𝑇2 = 1

√2
�𝑇𝑇𝛼𝛼2 + 𝑁𝑁2𝛼𝛼2� = 1

√2
( −𝑠𝑠
√5√1+𝑠𝑠2

, 3
√5

, −1
√5√1+𝑠𝑠2

)  

(Fig. 7). Frenet vectors, curvature and torsion of 𝛽𝛽𝑇𝑇𝑇𝑇2 curve using equations (24), (25), (27), (28), (29) and 
(31), we obtain 
𝑇𝑇𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = �−𝑐𝑐𝑐𝑐𝑠𝑠�√10𝑠𝑠𝛽𝛽� , 0, 𝑠𝑠𝑠𝑠𝑐𝑐�√10𝑠𝑠𝛽𝛽��  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = �𝑠𝑠𝑠𝑠𝑐𝑐�√10𝑠𝑠𝛽𝛽� , 0, 𝑐𝑐𝑐𝑐𝑠𝑠�√10𝑠𝑠𝛽𝛽�� 

𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = (0,1,0)  

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = √10  and  𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0. 

In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇𝑇𝑇2 curve becomes a planar curve. By using (34), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇2(𝑠𝑠𝛽𝛽)〉 = −1
√10

.  
By using (35), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 10√10 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐).   

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇2 curve becomes a planar Tz-curve. 
c)  𝑻𝑻𝟏𝟏𝑻𝑻𝟐𝟐 -Smarandache curve of 𝜶𝜶𝟐𝟐(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇1𝑇𝑇2 = 1

√2
�𝑁𝑁1𝛼𝛼2 + 𝑁𝑁2𝛼𝛼2� = 1

√10
�√5−2𝑠𝑠
√1+𝑠𝑠2

, 1, −2−√5𝑠𝑠
√1+𝑠𝑠2

�  
(Fig. 8). Frenet vectors, curvature and torsion of 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve using equations (37), (38), (40), (41), (42) and 
(44), we obtain  
𝑇𝑇𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1

3
�−√5𝑠𝑠𝑠𝑠𝑐𝑐 �√10

3
𝑠𝑠𝛽𝛽�−2𝑐𝑐𝑐𝑐𝑠𝑠 �√10

3
𝑠𝑠𝛽𝛽� , 0,−√5𝑐𝑐𝑐𝑐𝑠𝑠 �√10

3
𝑠𝑠𝛽𝛽�+2𝑠𝑠𝑠𝑠𝑐𝑐 �√10

3
𝑠𝑠𝛽𝛽��  

𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1
3
�−√5𝑐𝑐𝑐𝑐𝑠𝑠 �√10

3
𝑠𝑠𝛽𝛽�+2𝑠𝑠𝑠𝑠𝑐𝑐 �√10

3
𝑠𝑠𝛽𝛽� , 0,√5𝑠𝑠𝑠𝑠𝑐𝑐 �√10

3
𝑠𝑠𝛽𝛽�+2𝑐𝑐𝑐𝑐𝑠𝑠 �√10

3
𝑠𝑠𝛽𝛽��  
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𝑁𝑁2𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = (0,1,0)  

𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = √10
3

   and  𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0.  

In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve becomes a planar curve. By using (47), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽)〉 = −3
√10

.  
By using equation (48) 
𝑘𝑘1𝛽𝛽𝑇𝑇1𝑇𝑇2
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 10√10

27
≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐).   

Therefore, 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve becomes a planar Tz-curve. 
d)  𝑻𝑻𝑻𝑻𝟏𝟏𝑻𝑻𝟐𝟐 -Smarandache curve of 𝜶𝜶𝟐𝟐(𝒔𝒔) curve  
𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 = 1

√3
�𝑇𝑇𝛼𝛼2 + 𝑁𝑁1𝛼𝛼2 + 𝑁𝑁2𝛼𝛼2� = 1

√15
� √5−𝑠𝑠
√1+𝑠𝑠2

, 3, −1−√5𝑠𝑠
√1+𝑠𝑠2

�  

(Fig. 9). Frenet vectors, curvature and torsion of curve 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  using equations (50), (51), (53), (54), (55) 
and (57), we obtain 
T𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽)= 1

√6
�−𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√2
𝑠𝑠𝛽𝛽� − √5𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√2
𝑠𝑠𝛽𝛽� , 0,−√5𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√2
𝑠𝑠𝛽𝛽�+ 𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√2
𝑠𝑠𝛽𝛽��  

𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 1
√6
�𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√2
𝑠𝑠𝛽𝛽� − √5𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√2
𝑠𝑠𝛽𝛽� , 0,√5𝑠𝑠𝑠𝑠𝑐𝑐 �√5

√2
𝑠𝑠𝛽𝛽� + 𝑐𝑐𝑐𝑐𝑠𝑠 �√5

√2
𝑠𝑠𝛽𝛽��   

𝑁𝑁2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = (0,1,0)  

𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = √5
√2

  and  𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0. 

In this case, since 𝑘𝑘2𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽) = 0, the 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve becomes a planar curve. By using (60), we get  

𝑑𝑑𝑜𝑜𝑠𝑠𝑜𝑜 = 〈𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽),𝑁𝑁1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2(𝑠𝑠𝛽𝛽)〉 = −√2
√5

.  
By using (61), we obtain 
𝑘𝑘1𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2

𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜2 = 5√5
2√2

 ≠ 0 (𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐).   

Therefore, 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2  curve becomes a planar Tz-curve 

 
Fig. 5. 𝛼𝛼2(𝑠𝑠) curve  Fig. 6. 𝛽𝛽𝑇𝑇𝑇𝑇1 curve of 𝛼𝛼2(𝑠𝑠) curve 
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Fig. 7. 𝛽𝛽𝑇𝑇𝑇𝑇2  curve of 𝛼𝛼2(𝑠𝑠) curve  Fig. 8. 𝛽𝛽𝑇𝑇1𝑇𝑇2  curve of 𝛼𝛼2(𝑠𝑠) curve 

 

Fig. 9. 𝛽𝛽𝑇𝑇𝑇𝑇1𝑇𝑇2 curve of 𝛼𝛼2(𝑠𝑠) curve 
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