
http://www.newtheory.org ISSN: 2149-1402

Received : 03.02.2015 Year : 2015, Number : 3 , Pages: 41-66
Accepted : 18.03.2015 Original Article**

TYPES OF FUZZY PAIRWISE

S-COMPACTNESS MODULO SMOOTH IDEALS

Osama A. E. Tantawy1

Sobhy A. El-Sheikh2

Rasha N. Majeed3,4*

<drosamat@yahoo.com>
<elsheikh33@hotmail.com>
<rashanm6@gmail.com>

1Department of Mathematics, Faculty of Science, Zagaziq University, Cairo, Egypt
2Department of Mathematics, Faculty of Education, Ain Shams University, Cairo, Egypt

3Department of Mathematics, Faculty of Science, Ain Shams University, Abbassia, Cairo, Egypt
4Department of Mathematics, College of Education Ibn-Al-Haitham, Baghdad University, Baghdad,

Iraq

Abstract − In this paper, we introduce several types of fuzzy pairwise compactness and fuzzy pair-
wise compactness modulo a smooth ideal in smooth bitopological spaces by using the family of r-
(τi, τj)-fuzzy semi-open sets as cover. Several characterizations and some properties of these spaces
are discussed. Preservation of fuzzy pairwise compactness modulo a smooth ideal by some types of
mappings is also investigated.
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1 Introduction

Šostak [27] introduced the fundamental concept of a ‘fuzzy topological structure’ as an extension of
both crisp topology and Chang’s fuzzy topology [4], indicating that not only the objects were fuzzified,
but also the axiomatics. Subsequently, Badard [3] introduced the concept of ‘smooth topological space’.
Chattopadhyay et al. [5] and Chattopadhyay and Samanta [6] re-introduced the same concept, calling
it ‘gradation of openess’. Ramadan [19] and his colleagues introduced a similar definition, namely a
smooth topological space for lattice L = [0, 1]. Following Ramadan, several authors have re-introduced
and further studied smooth topological space (cf. [5, 6, 9, 28]). Thus, the terms ‘fuzzy topology’, in
Šostak’s sense, ‘gradation of openness’ and ‘smooth topology’ are essentially referring to the same
concept. In our paper, we adopt the term smooth topology. Further to this, Lee et al. [16] introduced
the concept of smooth bitopological space as a generalization of smooth topological space and Kandil’s
fuzzy bitopological space [10].

The concept of fuzzy semi-open sets and fuzzy semi-continuous mapping in fuzzy topological
spaces was studied by Azad [2]. Kumar [13] generalized the concepts of fuzzy semi-open sets, fuzzy
semi-continuous mappings into fuzzy bitopological spaces. Kim et al. [12] as well as Lee and Lee
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[15], introduced the notion of fuzzy r-semi-open sets and fuzzy r-semi-continuous maps in smooth
topological space which are generalizations of fuzzy semi-open sets and fuzzy semi-continuous maps in
Chang’s fuzzy topology. Ramadan and Abbas [21] introduced the notion of r-fuzzy semi-open sets in
smooth bitopological spaces. El-sheikh [7] characterized the notion of r-fuzzy semi-open sets [21] and
generalized the notions that introduced in smooth bitopological space [13], [20], [21]. Recently [29],
we introduced the concept of r-τ12-fuzzy semi-open sets in smooth supra topological space (X, τ12)
which were induced from smooth bitopological space (X, τ1, τ2). We have also shown that the present
notion of fuzzy semi-open sets and the notion of r-(τi, τj)-fuzzy semi-open sets that introduced in [21]
are independent.

Ideals are an important notions which was introduced into general topology by Kuratowski [14],
where a nonempty family I of P (X) is called an ideal if: (1) A ∈ I and B ⊆ A gives B ∈ I (heredity)
and (2) A,B ∈ I gives A ∪ B ∈ I (finite additivity). Sarkar [26] introduced and studied the notion
of ideal in Chang’s sense. Ramadan et al. [22] introduced the notion of a smooth ideal in smooth
topology.

The concept of compactness modulo an ideal was first introduced by Newcomb [18] and Rančin [23]
and was studied by Hamlett and Janković [8]. Abd El-Monsef et al. [1] studied the relations between
ideals and some types of weak compactness. Salama [25] defined and studied some other types of fuzzy
compactness with respect to fuzzy ideals in Chang’s fuzzy topologies. Saber and Abdel-Sattar [24]
investigated some properties of smooth ideals and used these to introduce and study the concept of
r-fuzzy ideal-compact, r-fuzzy quasi H-closed, and r-fuzzy compact modulo a smooth ideal in smooth
topological spaces.

In the present paper we use the concept of r-(τi, τj)-fuzzy semi-open sets and a smooth ideal to in-
troduce new types of compactness in smooth bitopological spaces, namely r-(τi, τj)-FSI-compactness,
r-(τi, τj)-FSI-Lindelöfness and r-(τi, τj)-FI-S-closedness that generalize r-(τi, τj)-FS-compactness, r-
(τi, τj)-FS-Lindelöfness and r-(τi, τj)-FS-closedness respectively. We give the relation between these
types of compactness and those introduced by Saber and Abdel-Sattar [24]. Also, we study some of the
properties and characterizations. Moreover, the behavior of these types of compactness under some
types of mappings is also investigated.

2 Preliminary

In this paper, X is a non-empty set, I = [0, 1] and I0 = (0, 1]. A fuzzy set µ of X is a map-
ping with µ : X −→ I, and IX the family of all fuzzy sets of X. For any µ1, µ2 ∈ IX , (µ1 ∧
µ2)(x) = min{µ1(x), µ2(x) : x ∈ X}, (µ1 ∨ µ2)(x) = max{µ1(x), µ2(x) : x ∈ X} and (µ1 − µ2)(x) =
min{µ1(x), 1̄ − µ2(x) : x ∈ X}. For a fuzzy set λ of X, supp(λ) = {x ∈ X| λ(x) > 0}. For λ ∈ IX ,
1̄−λ denotes the complement of λ. For α ∈ I, ᾱ(x) = α ∀x ∈ X. By 0̄ and 1̄, we denote constant maps
on X with values 0 and 1, respectively. For µ, λ ∈ IX , µ is called quasi-coincident with λ, denoted
by µ q λ, if µ(x) + λ(x) > 1 for some x ∈ X. Otherwise we write µ q̄ λ. For any λ1 and λ2 ∈ IX ,
λ1 ≤ λ2 ⇐⇒ λ1 q̄ 1̄ − λ2. FP stands for fuzzy pairwise. The indices are i, j ∈ {1, 2} and i 6= j. All
other notations are standard notations of fuzzy set theory.

Definition 2.1. [3, 5, 19, 27] A smooth topology on X is a mapping τ : IX → I which satisfies the
following properties:

(1) τ(0̄) = τ(1̄) = 1,

(2) τ(µ1 ∧ µ2) ≥ τ(µ1) ∧ τ(µ2), ∀ µ1, µ2 ∈ IX ,

(3) τ(
∨

i∈J µi) ≥
∧

i∈J τ(µi), for any {µi : i ∈ J} ⊆ IX .

The pair (X, τ) is called a smooth topological space. The value of τ(µ) is interpreted as the degree
of openness of fuzzy set µ. For r ∈ I0, µ is an r-open fuzzy set of X if τ(µ) ≥ r, and µ is an r-closed
fuzzy set of X if τ(1̄ − µ) ≥ r. Note, Šostak [27] used the term ‘fuzzy topology’ and Chattopadhyay
[5], the term ‘gradation of openness’ for a smooth topology τ .

Definition 2.2. [16] A triple (X, τ1, τ2) consisting of the set X endowed with smooth topologies τ1

and τ2 on X is called a smooth bitopological space (smooth bts). For λ ∈ IX and r ∈ I0, r-τi-open
(resp. closed) fuzzy set denotes the r-open (resp. closed) fuzzy set in (X, τi), for i = 1, 2.
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Theorem 2.3. [6, 11] Let (X, τ1, τ2) be a smooth bts. For λ ∈ IX and r ∈ I0, a τi-fuzzy closure of λ
is a mapping Cτi

: IX × I0 −→ IX defined as

Cτi(λ, r) =
∧
{µ ∈ IX | µ ≥ λ, τi(1̄− µ) ≥ r}

And, a τi-fuzzy interior of λ is a mapping Iτi : IX × I0 −→ IX defined as

Iτi
(λ, r) =

∨
{µ ∈ IX | µ ≤ λ, τi(µ) ≥ r}.

Then:
(1) Cτi

(resp. Iτi
) is a fuzzy closure (resp. interior) operator.

(2) τCτi
= τIτi

= τi.
(3) Iτi

(1̄− λ, r) = 1̄− Cτi
(λ, r), ∀ r ∈ I0, λ ∈ IX .

Definition 2.4. [24] A mapping I : IX −→ I is called a smooth ideal on X if it satisfies the following
conditions:

(S1) I(1̄) = 0, I(0̄) = 1,
(S2) I(λ ∨ µ) ≥ I(λ) ∧ I(µ), for λ, µ ∈ IX ,
(S3) If λ ≤ µ, then I(µ) ≤ I(λ), for λ, µ ∈ IX .

If I and J are smooth ideals on X, we say I is finer than J (or J is coarser than I), denoted by
J ≤ I, if and only if J (λ) ≤ I(λ) for all λ ∈ IX .

For each smooth ideal I on X and α ∈ I0, Iα = {ν ∈ IX | I(ν) ≥ α} is a fuzzy ideal on X in
the sense of Sarkar [26]. By a fuzzy ideal we mean a non-empty collection of fuzzy sets I of a set X
satisfying the following conditions:

(i) If µ ∈ I and ν ≤ µ, then ν ∈ I [heredity],
(ii) If µ ∈ I and ν ∈ I, then µ ∨ ν ∈ I [finite additivity].
The simplest smooth ideal on X is I0 : IX −→ I defined by I0(λ) = 1, if λ = 0̄ and 0 otherwise.
We denote the smooth bts (X, τ1, τ2) with a smooth ideal I by the quadruple (X, τ1, τ2, I) and

call it a smooth ideal bitopological space (smooth ideal bts).

Definition 2.5. [21] Let (X, τ1, τ2) be a smooth bts for λ ∈ IX and r ∈ I0. Then:

(1) λ is an r-(τi, τj)-fuzzy semi-open set ( r-(τi, τj)-fso), if there exists µ ∈ IX with τi(µ) ≥ r such
that µ ≤ λ ≤ Cτj (µ, r).

(2) λ is an r-(τi, τj)-fuzzy semi-closed set (r-(τi, τj)-fsc), if there exists µ ∈ IX with τi(1̄ − µ) ≥ r
such that Iτj (µ, r) ≤ λ ≤ µ.

(3) The r(i, j)-fuzzy semi-interior of λ is denoted by SIij(λ, r) and defined as

SIij(λ, r) =
∨
{ν ∈ IX | ν ≤ λ, ν is r-(τi, τj)-fso}.

(4) The r(i, j)-fuzzy semi-closure of λ is denoted by SCij(λ, r) and defined as

SCij(λ, r) =
∧
{ν ∈ IX | ν ≥ λ, ν is r-(τi, τj)-fsc}.

(5) λ is an r-(τi, τj)-fuzzy preopen set ( r-(τi, τj)-fpo) if λ ≤ Iτi(Cτj (λ, r), r).

(6) λ is an r-(τi, τj)-fuzzy preclosed set ( r-(τi, τj)-fpc) if Cτi(Iτj (λ, r), r) ≤ λ.

Theorem 2.6. [7] Let (X, τ1, τ2) be a smooth bts for λ ∈ IX and r ∈ I0. Then:

(1) λ is an r-(τi, τj)-fso iff λ = SIij(λ, r).

(2) λ is an r-(τi, τj)-fsc iff λ = SCij(λ, r).

(3) λ is an r-(τi, τj)-fso iff 1̄− λ is an r-(τi, τj)-fsc.

(4) λ is an r-(τi, τj)-fso iff λ ≤ Cτj (Iτi(λ, r), r).

(5) SCij(0̄, r) = 0̄.
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(6) 1̄− SCij(λ, r) = SIij(1̄− λ, r).

Definition 2.7. [7] Let (X, τ1, τ2) and (Y, τ∗1 , τ∗2 ) be smooth bts’s. Let f : X −→ Y be a mapping.
Then f is called:

(1) FP -irresolute (resp. FP -semi-continuous [21]) iff f−1(µ) is an r-(τi, τj)-fso set in X for each
r-(τ∗i , τ∗j )-fso set µ in Y (resp. µ ∈ IY , τ∗i (µ) ≥ r).

(2) FP -irresolute open iff f(µ) is an r-(τ∗i , τ∗j )-fso set in Y for each r-(τi, τj)-fso set µ in X.

Theorem 2.8. [7] Let (X, τ1, τ2) and (Y, τ∗1 , τ∗2 ) be smooth bts’s. Let f : X −→ Y be a mapping.
Then the following statements are equivalent:

(1) f is a FP -irresolute.

(2) For each r-(τ∗i , τ∗j )-fsc set µ ∈ IY , f−1(µ) is an r-(τi, τj)-fsc set in X.

(3) SCij(f−1(µ), r) ≤ f−1(SCij(µ, r)), µ ∈ IY .

Lemma 2.9. [17] Let f : X −→ Y be a mapping and let λ and µ be fuzzy sets in X and Y , respectively.
Then the following properties hold:

(1) λ ≤ f−1(f(λ)) and equality holds if f is injective.

(2) f(f−1(µ)) ≤ µ and equality holds if f is surjective.

(3) For any fuzzy point xt in X, f(xt) is a fuzzy point in Y and f(xt) = (f(x))t.

(4) If f(λ) ≤ µ, then λ ≤ f−1(µ).

Definition 2.10. [24] Let (X, τ, I) be a smooth ideal topological space and r ∈ I0. Then X is called:

(1) An r-FI-compact (resp. r-fuzzy ideal quasi H-closed (r-FIQHC)) iff for every family {λi ∈
IX | τ(λi) ≥ r, i ∈ J} such that when

∨
i∈J

λi = 1̄, there exists a finite set J0 ⊂ J , such that

I(1̄− ∨
i∈J0

λi) ≥ r (resp. I(1̄− ∨
i∈J0

Cτ (λi, r)) ≥ r).

(2) An r-fuzzy compact modulo fuzzy ideal space (r-fuzzy C(I)-compact) if for every β ∈ IX ,
τ(1̄ − β) ≥ r and each family {λi ∈ IX | τ(λi) ≥ r, i ∈ J} such that β ≤ ∨

i∈J

λi, there exists a

finite set J0 ⊂ J , such that I(β ∧ [1̄− ∨
i∈J0

Cτ (λi, r)]) ≥ r.

3 FPSI-compact and FPSI-Lindelöf Spaces

In this section we introduce the notion of FPS-compact (resp. Lindelöf) space in smooth bts
(X, τ1, τ2) by using the family of r-(τi, τj)-fso sets as cover. Then, we generalize the same notions via
smooth ideal I on X to obtain FPSI-compact (resp. Lindelöf) space. We also give the relations
between them and study some of their basic properties.

Definition 3.1. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. A fuzzy set ρ ∈ IX is called:

(1) An r-(τi, τj)-FS-compact if for every family {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J}, such
that ρ ≤ ∨

α∈J

µα, there exists a finite set J0 ⊂ J , such that ρ ≤ ∨
α∈J0

µα. The space (X, τ1, τ2) is

an r-(τi, τj)-FS-compact if X is an r-(τi, τj)-FS-compact as a fuzzy subset.

(2) An r-(τi, τj)-FSI-compact if for every family {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J}, such
that ρ ≤ ∨

α∈J

µα, there exists a finite set J0 ⊂ J , such that I(ρ ∧ [1̄ − ∨
α∈J0

µα]) ≥ r. The space

(X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact if X is an r-(τi, τj)-FSI-compact as a fuzzy subset.

(3) An r-(τi, τj)-FS-Lindelöf if for every family {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J}, such that
ρ ≤ ∨

α∈J

µα, there exists a countable set J0 ⊂ J , such that ρ ≤ ∨
α∈J0

µα. The space (X, τ1, τ2) is

an r-(τi, τj)-FS-Lindelöf if X is an r-(τi, τj)-FS-Lindelöf as a fuzzy subset.



Journal of New Theory 3 (2015) 41-66 55

(4) An r-(τi, τj)-FSI-Lindelöf if for every family {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J}, such
that ρ ≤ ∨

α∈J

µα, there exists a countable set J0 ⊂ J , such that I(ρ ∧ [1̄ − ∨
α∈J0

µα]) ≥ r. The

space (X, τ1, τ2, I) is an r-(τi, τj)-FSI-Lindelöf if X is an r-(τi, τj)-FSI-Lindelöf as a fuzzy
subset.

Definition 3.2. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then X is called:

(1) FPS-compact (resp. FPSI-compact) if X is an r-(τi, τj)-FS-compact (resp. r-(τi, τj)-FSI-
compact) for each r ∈ I0.

(2) FPS-Lindelöf (resp. FPSI-Lindelöf) if X is an r-(τi, τj)-FS-Lindelöf (resp. r-(τi, τj)-FSI-
Lindelöf) for each r ∈ I0.

From Definition 3.1 we have the following remark.

Remark 3.3. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then the following statements are
true:

(1) If X is an r-(τi, τj)-FSI-compact, then X is an r-τi-FI-compact.

(2) If X is an r-(τi, τj)-FS-compact (resp. Lindelöf), then X is an r-(τi, τj)-FSI-compact (resp.
Lindelöf).

(3) If X is an r-(τi, τj)-FS-compact (resp. r-(τi, τj)-FSI-compact), then X is an r-(τi, τj)-FS-
Lindelöf (resp. r-(τi, τj)-FSI-Lindelöf).

(4) If I = I0, then r-(τi, τj)-FS-compact (resp. r-(τi, τj)-FS-Lindelöf) and r-(τi, τj)-FSI-compact
(resp. r-(τi, τj)-FSI-Lindelöf) are equivalent.

It follows from the Definition 3.1, Remark 3.3 and the fact that every r-τi-open fuzzy set in X is
an r-(τi, τj)-fso set that

r-(τi, τj)-FS-compact =⇒ r-(τi, τj)-FSI-compact =⇒ r-τi-FI-compact

⇓ ⇓
r-(τi, τj)-FS-Lindelöf r-(τi, τj)-FSI-Lindelöf

Example 3.4. Let X = N, where N is the set of natural numbers. Define fuzzy set λn ∈ IX as follows:

λn = χ{n},where χ{n} is the characteristic function of {n}, n ∈ N.

Define smooth topologies τ1 : IX −→ I and τ2 : IX −→ I as follows:

τ1(λ) = τ2(λ) =





1 if λ = 0̄, 1̄,
1
2 if λ = λn, n ∈ N,
3
4 otherwise.

Define smooth ideal I : IX −→ I as follows:

I(λ) =





1 if λ = 0̄,

0 if λ = 1̄,
3
4 otherwise.

Then clearly (X, τ1, τ2, I) is a smooth ideal bts. Note that X is not a 1
2 -(τ1, τ2)-FS-compact since

there exists a family

{λn ∈ IX | λn = χ{n} is
1
2
-(τ1, τ2)-fso set, n ∈ N} with

∨

n∈N
λn = 1̄

such that there in no finite set J0 ⊂ N with
∨

n∈J0

λn = 1̄.

But X is a 1
2 -(τ1, τ2)-FSI-compact, since for any finite set J0 ⊂ N, I(1̄− ∨

n∈J0

λn) = 3
4 ≥ 1

2 .
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The following example shows that the finite spaces need not to be a r-(τi, τj)-FS-compact.

Example 3.5. Let X = {a, b, c} and λ1, λ2, λ3 and λ4 be fuzzy sets of X defined as

λ1 = as ∨ b0.5 ∨ cs, λ2 = a0.3 ∨ bs ∨ cs, s ∈ [0.9, 1),

λ3 = ak ∨ b0.5 ∨ ck, λ4 = a0.3 ∨ bk ∨ ck, k ∈ (0, 0.1].

Define smooth topologies τ1 : IX −→ I and τ2 : IX −→ I by

τ1(λ) =





1 if λ = 0̄, 1̄,
1
3 if λ = λ1,
1
3 if λ = λ2,
1
3 if λ = λ1 ∧ λ2,
1
3 if λ = λ1 ∨ λ2,

0 otherwise,

and τ2(λ) =





1 if λ = 0̄, 1̄,
1
2 if λ = λ3,
1
2 if λ = λ4,
1
2 if λ = λ3 ∧ λ4,
1
2 if λ = λ3 ∨ λ4,

0 otherwise.

Then clearly (X, τ1, τ2) is a smooth bts. Note that X is finite set but it is not a 1
3 -(τ1, τ2)-FS-compact

since there exists a family

{as ∨ bs ∨ cs ∈ IX | as ∨ bs ∨ cs is
1
3
-(τ1, τ2)-fso sets, s ∈ [0.9, 1)} with

∨

s∈[0.9,1)

as ∨ bs ∨ cs = 1̄.

But there is no finite subset J0 ⊂ [0.9, 1) such that
∨

s∈J0

as ∨ bs ∨ cs = 1̄.

The following example corresponds to the concept of the ideal of finite (resp. countable) subsets
of X in the ordinary sense.

Example 3.6. Define If , Ic : IX −→ I be two smooth ideals on X as follows:

If (µ) =

{
1 if supp (µ) = finite subset of X,

0 otherwise;

and

Ic(µ) =

{
1 if supp (µ) = countable subset of X,

0 otherwise.

That is mean:

(1) If is a smooth ideal on X such that for every r ∈ I0, (If )r = {µ ∈ IX | If (µ) ≥ r and supp(µ)
is a finite subset of X} is a fuzzy ideal in Sarkar’s sense.

(2) Ic is a smooth ideal on X such that for every r ∈ I0, (Ic)r = {µ ∈ IX | Ic(µ) ≥ r and supp(µ)
is a countable subset of X} is a fuzzy ideal in Sarkar’s sense.

Theorem 3.7. A smooth ideal bts (X, τ1, τ2, If ) is an r-(τi, τj)-FSIf -compact iff (X, τ1, τ2) is an
r-(τi, τj)-FS-compact.

Proof. Let (X, τ1, τ2, If ) be an r-(τi, τj)-FSIf -compact and let {µα ∈ IX | µα is r-(τi, τj)-fso set,
α ∈ J} be any family such that

∨
α∈J

µα = 1̄. Suppose that for any finite set J0 ⊂ J we have
∨

α∈J0

µα 6= 1̄.

This implies 1̄ − ∨
α∈J0

µα 6= 0̄. Therefore, If (1̄ − ∨
α∈J0

µα) 6= 1. Thus, from definition of If , we have

If (1̄− ∨
α∈J0

µα) = 0 meaning that for any finite set J0 ⊂ J , If (1̄− ∨
α∈J0

µα) < r which contradicts the

hypothesis. Hence, (X, τ1, τ2) is an r-(τi, τj)-FS-compact.

Conversely, let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be any family such that
∨

α∈J

µα = 1̄.

According to r-(τi, τj)-FS-compactness of X, there exists a finite set J0 ⊂ J such that
∨

α∈J0

µα = 1̄.

Since 1̄− ∨
α∈J0

µα = 0̄ and supp(0̄) = ∅, there is a finite subset of X. Then, If (1̄− ∨
α∈J0

µα) ≥ r. Hence,

(X, τ1, τ2, If ) is an r-(τi, τj)-FSIf -compact.
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Theorem 3.8. A smooth ideal bts (X, τ1, τ2, Ic) is an r-(τi, τj)-FSIc-compact iff (X, τ1, τ2) is an
r-(τi, τj)-FS-Lindelöf.

Proof. Let (X, τ1, τ2, Ic) be an r-(τi, τj)-FSIc-compact and let {µα ∈ IX | µα is r-(τi, τj)-fso set,
α ∈ J} be any family such that

∨
α∈J

µα = 1̄. By r-(τi, τj)-FSIc-compactness of X, there exists a finite

set J0 ⊂ J such that Ic(1̄−
∨

α∈J0

µα) ≥ r, meaning that 1̄− ∨
α∈J0

µα has a countable support. Therefore,

there exists a countable set Jc ⊂ J , such that 1̄ − ∨
α∈J0

µα ≤
∨

α∈Jc

µα. Thus, 1̄ =
∨

α∈J0

µα ∨
∨

α∈Jc

µα =
∨

α∈J0∪Jc

µα. Since J0 ∪ Jc is countable subset of J , then (X, τ1, τ2) is an r-(τi, τj)-FS-Lindelöf.

Conversely, Theorem 3.7 is a similar proof.

Corollary 3.9. If (X, τ1, τ2, Ic) is an r-(τi, τj)-FSIc-compact, then (X, τ1, τ2, Ic) is an r-(τi, τj)-FSIc-
Lindelöf.

Corollary 3.10. If (X, τ1, τ2, Ic) is an r-(τi, τj)-FSIc-compact, then (X, τ1, τ2) is an r-τi-F -Lindelöf.

Theorem 3.11. Let (X, τ1, τ2, I) be a smooth ideal bts. If λ1, λ2 ∈ IX are r-(τi, τj)-FSI-compact
fuzzy subsets, then λ1 ∨ λ2 is an r-(τi, τj)-FSI-compact.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be a family such that λ1 ∨ λ2 ≤
∨

α∈J

µα. Then,

λ1 ≤
∨

α∈J

µα and λ2 ≤
∨

α∈J

µα. Since λ1 and λ2 are r-(τi, τj)-FSI-compact, there exists a finite set

J1 ⊂ J and J2 ⊂ J such that I(λ1 ∧ (1̄ − ∨
α∈J1

µα)) ≥ r and I(λ2 ∧ (1̄ − ∨
α∈J2

µα)) ≥ r. Therefore

I(λ1 ∨ λ2 ∧ (1̄− ∨
α∈J1∪J2

µα)) ≥ r. Thus, λ1 ∨ λ2 is an r-(τi, τj)-FSI-compact.

Theorem 3.12. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. If for each family {µα ∈ IX | µα is
r-(τi, τj)-fsc set, α ∈ J} with I(

∧
α∈J

µα) ≥ r there exists a finite set J0 ⊂ J such that I(
∧

α∈J0

µα) ≥ r,

then X is an r-(τi, τj)-FSI-compact.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} with
∨

α∈J

µα = 1̄ implies that I(
∧

α∈J

1̄ − µα) ≥ r.

The hypothesis suggests that there exists a finite set J0 ⊂ J such that I(
∧

α∈J0

1̄ − µα) ≥ r. Thus,

I(1̄− ∨
α∈J0

µα) ≥ r. Hence, X is an r-(τi, τj)-FSI-compact.

Theorem 3.13. Let (X, τ1, τ2, I) be an r-(τi, τj)-FSI-compact and r ∈ I0. If J is a smooth ideal on
X such that I ≤ J , then X is an r-(τi, τj)-FSJ -compact.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} with
∨

α∈J

µα = 1̄. Since X is an r-(τi, τj)-

FSI-compact, there exists a finite set J0 ⊂ J such that I(1̄ − ∨
α∈J0

µα) ≥ r. Since I ≤ J , then

J (1̄− ∨
α∈J0

µα) ≥ r. Thus, X is an r-(τi, τj)-FSJ -compact.

Theorem 3.14. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then the following statements
are equivalent:

(1) (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact.

(2) For any collection {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J} with
∧

α∈J

µα = 0̄, there exists a

finite set J0 ⊂ J with I(
∧

α∈J0

µα) ≥ r.
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Proof. (1) =⇒ (2) Let {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J} with
∧

α∈J

µα = 0̄. This implies,
∨

α∈J

(1̄ − µα) = 1̄. Since {1̄ − µα, α ∈ J} is a family of r-(τi, τj)-fso sets and by r-(τi, τj)-FSI-

compactness of X, there exists a finite set J0 ⊂ J such that I(1̄ − ∨
α∈J0

(1̄ − µα)) ≥ r implies that

I(
∧

α∈J0

µα) ≥ r.

(2) =⇒ (1) Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be a family with
∨

α∈J

µα = 1̄. Then,
∧

α∈J

(1̄− µα) = 0̄. By (2), there exists a finite set J0 ⊂ J such that I(
∧

α∈J0

(1̄− µα)) ≥ r. This implies

that I(1̄− ∨
α∈J0

µα) ≥ r. Therefore, (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact.

Definition 3.15. [24] A family {µα ∈ IX | α ∈ J} has the finite intersection property (I-FIP ) iff
I(

∧
α∈J0

µα) ≥ r for any no finite subfamily J0 ⊂ J .

Theorem 3.16. A smooth ideal bts (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact iff every collection
{µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J} having the I-FIP has a non-empty intersection.

Proof. Suppose X is an r-(τi, τj)-FSI-compact and let {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J}
having the I-FIP . Suppose

∧
α∈J

µα = 0̄. Then
∨

α∈J

(1̄ − µα) = 1̄. Since 1̄ − µα is an r-(τi, τj)-fso

set for each α ∈ J . By r-(τi, τj)-FSI-compactness of X, there exists a finite set J0 ⊂ J such that
I(1̄− ∨

α∈J0

(1̄− µα)) ≥ r, implies that I(
∧

α∈J0

µα) ≥ r which is a contradiction. Hence,
∧

α∈J

µα 6= 0̄.

Conversely, let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be a family with
∨

α∈J

µα = 1̄. Suppose

for every finite set J0 ⊂ J we have I(1̄− ∨
α∈J0

µα) < r. That is mean I(
∧

α∈J0

(1̄− µα)) ≥ r for every no

finite J0 ⊂ J , from hypothesis of I-FIP we have,
∧

α∈J

(1̄− µα) 6= 0̄. This yields
∨

α∈J

µα 6= 1̄ which is a

contradiction. Hence, (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact.

Definition 3.17. Let (X, τ1, τ2) be a smooth bts and r ∈ I0. A fuzzy set λ of X is called:

(1) an r-(τi, τj)-fuzzy regular(semi)open (r-(τi, τj)-fro (resp. r-(τi, τj)-frso )) if λ = Iτi(Cτj (λ, r), r)
(resp. λ = SIij(Cτj (λ, r), r)).

(2) an r-(τi, τj)-fuzzy regular(semi)closed (r(i,j)-frc (resp. r-(τi, τj)-frsc )) if λ = Cτi (Iτj (λ, r), r)
(resp. λ = SCij(Iτj (λ, r), r)).

Theorem 3.18. If (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact, then for every family {µα ∈ IX | µα

is r-(τj , τi)-frc set, α ∈ J} such that
∨

α∈J

µα = 1̄, there exists a finite set J0 ⊂ J such that I(1̄ −
∨

α∈J0

µα) ≥ r.

Proof. The proof derives from the fact that every r-(τj , τi)-frc set is an r-(τi, τj)-fso set.

Theorem 3.19. If (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact, then for every family {µα ∈ IX | µα is
r-(τi, τj)-frso set, α ∈ J} such that

∨
α∈J

µα = 1̄, there exists a finite set J0 ⊂ J such that I(1̄ −
∨

α∈J0

µα) ≥ r.

Proof. Let {µα ∈ IX | µα is an r-(τi, τj)-frso set, α ∈ J} such that
∨

α∈J

µα = 1̄. Then, from Definition

3.17(1), we have
∨

α∈J

SIij (Cτj (µα, r), r) = 1̄. As {SIij(Cτj (µα, r), r) ∈ IX , α ∈ J} is a family of

r-(τi, τj)-fso sets, and by r-(τi, τj)-FSI-compactness of X there exists a finite set J0 ⊂ J , such that
I(1̄− ∨

α∈J0

SIij(Cτj (µα, r), r)) ≥ r, then this I(1̄− ∨
α∈J0

µα) ≥ r.
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Theorem 3.20. If (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact, then for every family {µα ∈ IX | µα

is r-(τi, τj)-fpo set, α ∈ J} such that
∨

α∈J

µα = 1̄, there exists a finite set J0 ⊂ J such that I(1̄ −
∨

α∈J0

Cτj
(µα, r)) ≥ r.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fpo set, α ∈ J} be any family such that
∨

α∈J

µα = 1̄. Since µα ≤
Cτj (µα, r) ≤ Cτj (Iτi(Cτj (µα, r), r), r), then 1̄ =

∨
α∈J

Cτj (µα, r) such that {Cτj (µα, r) ∈ IX , α ∈ J} is a

family of r-(τi, τj)-fso set of X. By r-(τi, τj)-FSI-compactness of X, there exists a finite J0 ⊂ J such
that I(1̄− ∨

α∈J0

Cτj
(µα, r)) ≥ r.

Corollary 3.21. If (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact, then for every family {µα ∈ IX | µα

is r-(τi, τj)-fpc set, α ∈ J} such that
∧

α∈J

µα = 0̄, there exists a finite set J0 ⊂ J such that

I(
∧

α∈J0

Iτj
((µα, r)) ≥ r.

4 FPSC(I)-compact and FPI-S-closed Spaces

In this section we introduce the notions of FPSC-compact, FPSC(I)-compact, FP -S-closed and
FPI-S-closed in a smooth bts (X, τ1, τ2) and study some of their basic properties. We give the
relations between them. Furthermore, we show that FPSC(I)-compactness is not a generalization of
FPSC-compactness.

Definition 4.1. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then, X is called:

(1) An r-(τi, τj)-FSC-compact, if for every r-(τi, τj)-fsc set ρ of X and every family {µα ∈ IX

| µα is r-(τi, τj)-fso set, α ∈ J} with ρ ≤ ∨
α∈J

µα, there exists a finite set J0 ⊂ J such that

ρ ≤ ∨
α∈J0

SCij(µα, r).

(2) An r-(τi, τj)-FSC(I)-compact, if for every r-(τi, τj)-fsc set ρ of X and every family {µα ∈
IX | µα is r-(τi, τj)-fso set, α ∈ J} with ρ ≤ ∨

α∈J

µα, there exists a finite set J0 ⊂ J such that

I(ρ ∧ [1̄− ∨
α∈J0

SCij(µα, r)]) ≥ r.

(3) An r-(τi, τj)-FS-closed, if for every family {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} such that∨
α∈J

µα = 1̄, there exists a finite set J0 ⊂ J such that
∨

α∈J0

SCij(µα, r) = 1̄.

(4) An r-(τi, τj)-FI-S-closed, if for every family {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} such
that

∨
α∈J

µα = 1̄, there exists a finite set J0 ⊂ J such that I(1̄− ∨
α∈J0

SCij(µα, r)) ≥ r.

Definition 4.2. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then X is called:

(1) FPSC-compact (resp. FPSC(I)-compact), if X is an r-(τi, τj)-FSC-compact (resp. r-(τi, τj)-
FSC(I)-compact) for each r ∈ I0.

(2) FP -S-closed (resp. FPI-S-closed), if X is an r-(τi, τj)-FS-closed (resp. r-(τi, τj)-FI-S-closed)
for each r ∈ I0.

From Definition 4.1 we have the following remark.

Remark 4.3. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then the following statements are
true:

(1) If X is an r-(τi, τj)-FSC(I)-compact, then X is an r-τi-FC(I)-compact.

(2) If X is an r-(τi, τj)-FI-S-closed, then X is an r-τi-FIQHC.

(3) If X is an r-(τi, τj)-FS-closed, then X is an r-(τi, τj)-FI-S-closed.
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(4) If X is an r-(τi, τj)-FSC-compact (resp. r-(τi, τj)-FSC(I)-compact), then X is an r-(τi, τj)-
FS-closed (resp. r-(τi, τj)-FI-S-closed).

(5) If I = I0, then r-(τi, τj)-FS-closed and r-(τi, τj)-FI-S-closed are equivalent.

It follows from the Definition 4.1, Remark 4.3 and the fact that every r-τi-closed fuzzy set in X is
an r-(τi, τj)-fsc set that.

r-(τi, τj)-FSC-compact r-(τi, τj)-FSC(I)-compact =⇒ r-τi-FC(I)-compact

⇓ ⇓ ⇓
r-(τi, τj)-FS-closed =⇒ r-(τi, τj)-FI-S-closed =⇒ r-τi-FIQHC

Remark 4.4. The notion of r-(τi, τj)-FSC(I)-compactness of X is not a generalization of r-(τi, τj)-
FSC-compactness. We show this in the next example.

Example 4.5. Let X = {a, b, c}. Define fuzzy sets λ1, λ2 and λ3 ∈ IX as follows:

λ1 = a0.5 ∨ b0.1 ∨ c0.5, λ2 = a0.5 ∨ b0.9 ∨ c0.5, λ3 = a0.6 ∨ b0.2.

Define smooth topologies τ1 : IX −→ I and τ2 : IX −→ I as follows:

τ1(λ) =





1 if λ = 0̄, 1̄,
1
2 if λ = λ1, λ2,

0 otherwise;
and τ2(λ) =





1 if λ = 0̄, 1̄,
1
2 if λ = λ1, λ2, λ3,
3
4 if λ = λ1 ∨ λ3, λ1 ∧ λ3,
3
4 if λ = λ2 ∨ λ3, λ2 ∧ λ3,

0 otherwise.

Define smooth ideal I : IX −→ I by

I(λ) =





1 if λ = 0̄,

0 if λ = 1̄,
1
4 otherwise.

Then (X, τ1, τ2, I) is a smooth ideal bts. For r = 1
2 , {0̄, 1̄, λ1, λ2} is the family of all 1

2 -(τ1, τ2)-fso sets
in X, and for any 1

2 -(τ1, τ2)-fsc set in X it easy to verify that (X, τ1, τ2) is a 1
2 -(τ1, τ2)-FSC-compact

space. But (X, τ1, τ2, I) is not a 1
2 -(τ1, τ2)-FSC(I)-compact space, as ρ = a0.5 ∨ b0.1 ∨ c0.5 is a 1

2 -
(τ1, τ2)-fsc set in X. However, for any J is 1

2 -(τ1, τ2)-fso set which cover ρ and for any finite subset J0

of J we have,

I(ρ ∧ [1̄−
∨

α∈J0

SC12(λα,
1
2
)]) = I(ρ) =

1
4

<
1
2
.

Theorem 4.6. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then the following statements are
equivalent:

(1) (X, τ1, τ2, I) is an r-(τi, τj)-FSC(I)-compact.

(2) For any collection {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J} and every r-(τi, τj)-fsc set ρ in X
with ρ q̄

∧
α∈J

µα, there exists a finite set J0 ⊂ J such that I(ρ ∧ ∧
α∈J0

SIij(µα, r)) ≥ r.

(3) ρ q
∧

α∈J

µα holds for every collection {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J} and every

r-(τi, τj)-fsc set ρ in X with {ρ ∧ SIij(µα, r), α ∈ J} has the I-FIP .
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Proof. (1) =⇒ (2) Let ρ be an r-(τi, τj)-fsc set in X and {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J} be
any family with ρ q̄

∧
α∈J

µα. Then ρ ≤ ∨
α∈J

1̄−µα. For each α ∈ J , 1̄−µα is an r-(τi, τj)-fso set. Since X is

an r-(τi, τj)-FSC(I)-compact, there exists a finite set J0 ⊂ J such that I(ρ∧[1̄− ∨
α∈J0

SCij(1̄−µα, r)]) ≥
r. Since

ρ ∧ [1̄−
∨

α∈J0

SCij(1̄− µα, r)] = ρ ∧
∧

α∈J0

SIij(µα, r). Thus, I(ρ ∧
∧

α∈J0

SIij(µα, r)) ≥ r.

(2) =⇒ (3) This is trivial.
(3) =⇒ (1) Let ρ be an r-(τi, τj)-fsc set in X and {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} where

ρ ≤ ∨
α∈J

µα. Suppose there is no finite subfamily J0 ⊂ J , then I(ρ ∧ [1̄− ∨
α∈J0

SCij(µα, r)]) ≥ r. Since

ρ ∧ [1̄−
∨

α∈J0

SCij(µα, r)] = ρ ∧
∧

α∈J0

(1̄− SCij(µα, r)) =
∧

α∈J0

{ρ ∧ SIij(1̄− µα, r)}

the family {ρ ∧ SIij(1̄ − µα, r), α ∈ J} has I-FIP . By (3), ρ q
∧

α∈J

(1̄ − µα) implies that
∨

α∈J

µα ≤ ρ.

This is a contradiction.

Theorem 4.7. If (X, τ1, τ2, If ) is an r-(τi, τj)-FSIf -compact, then (X, τ1, τ2) is an r-(τi, τj)-FS-
closed.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be any family such that
∨

α∈J

µα = 1̄. Since X is

an r-(τi, τj)-FSIf -compact, there exists a finite set J0 ⊂ J such that If (1̄− ∨
α∈J0

µα) ≥ r. This means

1̄− ∨
α∈J0

µα has a finite support, implying there exists a finite set Jk ⊂ J such that 1̄− ∨
α∈J0

µα ≤
∨

α∈Jk

µα.

Therefore, 1̄ =
∨

α∈J0∪Jk

µα. Since for any α ∈ J , µα ≤ SCij(µα, r). Then, 1̄ =
∨

α∈J0∪Jk

SCij(µα, r).

Hence, X is an r-(τi, τj)-FS-closed.

Definition 4.8. A smooth topological space (X, τ) is called an r-FQHC if for every family {µα ∈
IX | τ(µα) ≥ r, α ∈ J} with

∨
α∈J

µα = 1̄, there exists a finite set J0 ⊂ J such that
∨

α∈J0

Cτ (µα, r) = 1̄.

Theorem 4.9. If (X, τ1, τ2, If ) is an r-(τi, τj)-FSIf -compact, then (X, τ1, τ2) is an r-τi-FQHC.

Proof. The proof is similar to the proof of Theorem 4.7.

Theorem 4.10. Let (X, τ1, τ2, I) be a smooth ideal bts and r ∈ I0. Then the following statements
are equivalent:

(1) (X, τ1, τ2, I) is an r-(τi, τj)-FI-S-closed.

(2) For any collection {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J0} with
∧

α∈J

µα = 0̄, there exists a

finite set J0 ⊂ J such that I(
∧

α∈J0

SIij(µα, r)) ≥ r.

(3)
∧

α∈J

µα 6= 0̄, holds for any collection {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J0} such that

{SIij(µα, r), α ∈ J} has I-FIP .

Proof. (1) ⇐⇒ (2) Similar to the proof of Theorem 3.14.
(1) =⇒ (3) Let {µα ∈ IX | µα is r-(τi, τj)-fsc set, α ∈ J0} be any family such that {SIij(µα, r), α ∈

J} has the I-FIP . If
∧

α∈J

µα = 0̄, then
∨

α∈J

1̄− µα = 1̄. Since (X, τ1, τ2, I) is an r-(τi, τj)-FI-S-closed,

there exists a finite set J0 ⊂ J such that

I(1̄−
∨

α∈J0

SCij(1̄− µα, r)) ≥ r.
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Since
1̄−

∨

α∈J0

SCij(1̄− µα, r) =
∧

α∈J0

SIij(µα, r). Then, I(
∧

α∈J0

SIij(µα, r)) ≥ r.

This is a contradiction.
(3) =⇒ (1) Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J0} be any family such that

∨
α∈J

µα = 1̄.

Suppose there is no finite set J0 ⊂ J satisfying I(1̄− ∨
α∈J0

SCij(µα, r)) ≥ r. Since 1̄− ∨
α∈J0

SCij(µα, r) =
∧

α∈J0

SIij(1̄−µα, r), then the family {SIij(1̄−µα, r), α ∈ J} has I-FIP . By (3), we have
∧

α∈J

1̄−µα 6= 0̄.

Then
∨

α∈J

µα 6= 1̄. This is a contradiction.

Definition 4.11. A smooth bts (X, τ1, τ2) is called an r-(τi, τj)-fuzzy semiregular space iff for each
r-(τi, τj)-fso set λ in X and r ∈ I0, λ =

∨{ν ∈ IX | ν is r-(τi, τj)-fso set, SCij(ν, r) = λ}.

Theorem 4.12. If (X, τ1, τ2, I) is an r-(τi, τj)-FI-S-closed and r-(τi, τj)-fuzzy semiregular space, then
(X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be any family with
∨

α∈J

µα = 1̄. By r-(τi, τj)-fuzzy

semiregular of X, for each α ∈ J , µα =
∨

αk∈Kα

{λαk
| λαk

is r-(τi, τj)-fso, SCij(λαk
, r) = µα}. Hence,

∨
α∈J

µα =
∨

α∈J

(
∨

αk∈Kα

λαk
) = 1̄. Since X is an r-(τi, τj)-FI-S-closed, there exist finite sets J0 ⊂ J and

KJ0 ⊂ Kα, such that

I(1̄−
∨

α∈J0

(
∨

αk∈KJ0

SCij(λαk
, r))) ≥ r for each α ∈ J0.

Since, ∨

αk∈KJ0

SCij(λαk
, r) ≤ µα.

This implies that,
∨

α∈J0

(
∨

αk∈KJ0

SCij(λαk
, r)) ≤

∨

α∈J0

µα which also implies 1̄−
∨

α∈J0

µα ≤ 1̄−
∨

α∈J0

(
∨

αk∈KJ0

SCij(λαk
, r)).

Therefore,
I(1̄−

∨

α∈J0

µα) ≥ I(1̄−
∨

α∈J0

(
∨

αk∈KJ0

SCij(λαk
, r))).

Thus, (X, τ1, τ2, I) is an r-(τi, τj)-FSI-compact.

5 FPS-compactness Modulo a Smooth Ideal and

Mappings

In this section we show the types of FPS-compactness via a smooth ideal that is introduced in
Section 3 and 4 which are preserved under some types of mappings. Throughout this section let
(X, τ1, τ2, I) and (Y, τ∗1 , τ∗2 ,J ) be two smooth ideal bts’s.

Theorem 5.1. Let f : (X, τ1, τ2, I) −→ (Y, τ∗1 , τ∗2 ,J ) be a surjective, FP -irresolute mapping. If
(X, τ1, τ2, I) is FPSI-compact and I(ρ) ≤ J (f(ρ)) for each ρ ∈ IX , then (Y, τ∗1 , τ∗2 ,J ) is FPSJ -
compact.
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Proof. Let {µα ∈ IY | µα is r-(τ∗i , τ∗j )-fso set, α ∈ J} be any family such that
∨

α∈J

µα = 1̄. Then
∨

α∈J

f−1(µα) = 1̄. Since f is FP -irresolute, then for each α ∈ J , f−1(µα) is an r-(τi, τj)-fso set.

By FPSI-compactness of X, there exists a finite set J0 ⊂ J with I(1̄ − ∨
α∈J0

f−1(µα)) ≥ r. Since

I(ρ) ≤ J (f(ρ)), then for each α ∈ J0 we have J (f(1̄ − ∨
α∈J0

f−1(µα))) ≥ r. From the surjective of

f , we have f(1̄ − ∨
α∈J0

f−1(µα)) = 1̄ − ∨
α∈J0

µα. Thus J (1̄ − ∨
α∈J0

µα) ≥ r. Hence, (Y, τ∗1 , τ∗2 ,J ) is an

FPSJ -compact.

Theorem 5.2. Let f : (X, τ1, τ2, I) −→ (Y, τ∗1 , τ∗2 ,J ) be a surjective, FP -irresolute mapping. If
(X, τ1, τ2, I) is FPSC(I)-compact and I(ρ) ≤ J (f(ρ)) for each ρ ∈ IX , then (Y, τ∗1 , τ∗2 ,J ) is
FPSC(J )-compact.

Proof. Let ρ be an r-(τ∗i , τ∗j )-fsc set in Y , and let {µα ∈ IY | µα is r-(τ∗i , τ∗j )-fso set, α ∈ J} with
ρ ≤ ∨

α∈J

µα. Then, f−1(ρ) ≤ ∨
α∈J

f−1(µα). Since f is FP -irresolute, for each α ∈ J , f−1(µα) is an

r-(τi, τj)-fso set of X and f−1(ρ) is an r-(τi, τj)-fso set in X. By FPSC(I)-compactness in X, there
exists a finite set J0 ⊂ J , such that I(f−1(ρ)∧[1̄− ∨

α∈J0

SCij(f−1(µα), r)]) ≥ r. Since f is FP -irresolute

mapping, then from Theorem 2.8(3), we have SCij(f−1(λ), r) ≤ f−1(SCij(λ, r)) for every λ ∈ IY .
Hence

f−1(ρ) ∧ [1̄−
∨

α∈J0

SCij(f−1(µα), r)] ≥ f−1(ρ) ∧ [1̄−
∨

α∈J0

f−1(SCij(µα, r))].

Thus, I(f−1(ρ) ∧ [1̄ − ∨
α∈J0

f−1(SCij(µα, r))]) ≥ r. Since I(ρ) ≤ J (f(ρ)). Then, for each α ∈ J0,

J (f(f−1(ρ) ∧ [1̄− ∨
α∈J0

f−1(SCij(µα, r))])) ≥ r. From the surjective of f ,

f(f−1(ρ)∧ [1̄−
∨

α∈J0

f−1(SCij(µα, r))]) = f(f−1(ρ∧(1̄−
∨

α∈J0

SCij(µα, r)))) = ρ∧(1̄−
∨

α∈J0

SCij(µα, r)).

Thus, J (ρ ∧ (1̄− ∨
α∈J0

SCij(µα, r))) ≥ r. Hence Y is an FPSC(J )-compact.

Theorem 5.3. Let f : (X, τ1, τ2, I) −→ (Y, τ∗1 , τ∗2 ,J ) be a surjective, FP -irresolute mapping. If
(X, τ1, τ2, I) is FPI-S-closed and I(ρ) ≤ J (f(ρ)) for each ρ ∈ IX , then (Y, τ∗1 , τ∗2 ,J ) is FPJ -S-
closed.

Proof. Similar to proof of Theorem 5.2.

In order to complete our study of the properties of FPS-compactness via a smooth ideal under
mappings, we need now to introduce the notion of FP -weakly semi-continuous mapping.

Definition 5.4. Let f : (X, τ1, τ2) −→ (Y, τ∗1 , τ∗2 ) be a mapping. Then f is called a FP -weakly
semi-continuous iff f−1(µ) ≤ SIij(f−1(SCij(µ, r)), r), µ ∈ IY .

Theorem 5.5. Let f : (X, τ1, τ2, I) −→ (Y, τ∗1 , τ∗2 ,J ) be a surjective, FP -weakly semi-continuous
mapping. If (X, τ1, τ2, I) is FPSI-compact and I(ρ) ≤ J (f(ρ)) for each ρ ∈ IX , then (Y, τ∗1 , τ∗2 ,J )
is FPJ -S-closed.

Proof. Let {µα ∈ IY | µα is r-(τ∗i , τ∗j )-fso set, α ∈ J} be any family such that
∨

α∈J

µα = 1̄. Then
∨

α∈J

f−1(µα) = 1̄. Since f is a FP -weakly semi-continuous, then for each α ∈ J , f−1(µα) ≤ SIij(f−1

(SCij(µα, r)), r). Hence,
∨

α∈J

SIij(f−1(SCij(µα, r)), r) = 1̄. Since {SIij(f−1(SCij(µα, r)), r) ∈ IX , α ∈
J} is a family of r-(τi, τj)-fso sets and by FPSI-compactness of X, there exists a finite set J0 ⊂ J such
that I(1̄− ∨

α∈J0

SIij(f−1(SCij(µα, r)), r)) ≥ r. Since I(ρ) ≤ J (f(ρ)), J(f(1̄− ∨
α∈J0

SIij(f−1(SCij(µα, r))

, r))) ≥ r for each α ∈ J0. From the surjective of f ,

f(1̄−
∨

α∈J0

SIij(f−1(SCij(µα, r)), r)) ≥ f(1̄−
∨

α∈J0

f−1(SCij(µα, r))) = 1̄−
∨

α∈J0

SCij(µα, r).
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Thus, J (1̄− ∨
α∈J0

SCij(µα, r)) ≥ r. Hence, Y is FPJ -S-closed.

Theorem 5.6. The image of FPSI-compact set under surjective, FP -weakly semi-continuous map-
ping such that I(ρ) ≤ J (f(ρ)) for each ρ ∈ IX , is FPJ -S-closed.

Proof. Similar to proof of Theorem 5.5.

The following theorem shows that the image of a smooth ideal is a smooth ideal.

Theorem 5.7. Let f : (X, τ) −→ (Y, δ) be a mapping from a smooth topological space (X, τ) into a
smooth topological space (Y, δ). If I is a smooth ideal on X, then f(I) is a smooth ideal on Y defined
as follows:

f(I)(µ) =

{∨
f(λ)=µ I(λ) if f−1(µ) 6= 0̄

0 if f−1(µ) = 0̄

Proof. Direct.

Lemma 5.8. Let f : (X, τ) −→ (Y, δ) be a mapping from a smooth topological space (X, τ) into a
smooth topological space (Y, δ) and I be a smooth ideal on X. If I(ν) ≥ r, then f(I)(f(ν)) ≥ r,
ν ∈ IX .

Proof. Obvious.

Theorem 5.9. Let f : (X, τ1, τ2, I) −→ (Y, τ∗1 , τ∗2 , f(I)) be a surjective, FP -irresolute mapping. If
(X, τ1, τ2, I) is FPSI-compact, then (Y, τ∗1 , τ∗2 , f(I)) is FPSf(I)-compact.

Proof. Let {µα ∈ IY | µα is r-(τ∗i , τ∗j )-fso set, α ∈ J} be any family such that
∨

α∈J

µα = 1̄. Since f is

FP -irresolute, then {f−1(µα) ∈ IX | f−1(µα) is r-(τi, τj)-fso set, α ∈ J} with
∨

α∈J

f−1(µα) = 1̄. By

hypothesis, there exists a finite set J0 ⊂ J , such that I(1̄− ∨
α∈J0

f−1(µα)) ≥ r. By Lemma 5.8 we have,

f(I)(f(1̄ − ∨
α∈J0

f−1(µα))) ≥ r. From the surjective of f , f(1̄ − ∨
α∈J0

f−1(µα)) = 1̄ − ∨
α∈J0

µα. Then,

f(I)(1̄− ∨
α∈J0

µα) ≥ r. Hence, (Y, τ∗1 , τ∗2 , f(I)) is an FPSf(I)-compact.

The following theorem shows that the inverse image of a smooth ideal is a smooth ideal.

Theorem 5.10. Let f : (X, τ) −→ (Y, δ) be a mapping from a smooth topological space (X, τ) into
a smooth topological space (Y, δ). If J is a smooth ideal on Y , then f−1(J ) is a smooth ideal on X
defined as follows:

f−1(J )(λ) =

{
0 if λ = 1̄
J (f(λ)) for all λ ∈ IX

Proof. Direct.

Lemma 5.11. Let f : (X, τ) −→ (Y, δ) be a surjective mapping from a smooth topological space
(X, τ) into a smooth topological space (Y, δ) and let J be a smooth ideal on Y . If J (ν) ≥ r, then
f−1(J )(f−1(ν)) ≥ r.

Proof. Obvious.

Theorem 5.12. Let f : (X, τ1, τ2) −→ (Y, τ∗1 , τ∗2 ,J ) be a bijective, FP -irresolute open mapping. If
(Y, τ∗1 , τ∗2 ,J ) is FPSJ -compact, then (X, τ1, τ2, f

−1(J )) is FPSf−1(J )-compact.

Proof. Let {µα ∈ IX | µα is r-(τi, τj)-fso set, α ∈ J} be any family with
∨

α∈J

µα = 1̄. From the

surjective and FP -irresolute open of f we have
∨

α∈J

f(µα) = 1̄, such that for each α ∈ J , f(µα) is

an r-(τ∗i , τ∗j )-fso set in Y . By FPSJ -compactness of Y , there exists the finite set J0 ⊂ J such that
J (1̄− ∨

α∈J0

f(µα)) ≥ r. From Lemma 5.11, f−1(J )(f−1(1̄− ∨
α∈J0

f(µα))) ≥ r. Since f is an injective,

we have:

f−1(J )(f−1(1̄−
∨

α∈J0

f(µα))) = J (f(f−1(1̄−
∨

α∈J0

f(µα)))) = J (1̄−
∨

α∈J0

f(µα)) = J (f(1̄−
∨

α∈J0

µα)).

Then f−1(J )(1̄− ∨
α∈J0

µα)) ≥ r. Hence, (X, τ1, τ2, f
−1(J )) is FPSf−1(J )-compact.
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