http://www.newtheory.org ISSN: 2149-1402

New Theéory

Received: 04.01.2015 Year: 2015, Number: 3 , Pages: 98-107
Accepted: 06.04.2015 Original Article™

RELATIONS ON FP-SOFT SETS APPLIED TO
DECISION MAKING PROBLEMS

Irfan Deli®" <irfandeli@kilis.edu.tr>
Naim Cagman? <naim.cagman@gop.edu.tr>

! Muallim Rafat Faculty of Education, Kilis 7 Aralk University, 79000 Kilis, Turkey
2 Department of Mathematics, Gaziosmanpasa University, 60250 Tokat, Turkey

Abstract — In this work, we first define relations on the fuzzy parametrized soft sets and study their
properties. We also give a decision making method based on these relations. In approximate reasoning,
relations on the fuzzy parametrized soft sets have shown to be of a primordial importance. Finally,
the method is successfully applied to a problems that contain uncertainties.
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1 Introduction

In 1999, the concept of soft sets was introduced by Molodtsov [25] to deal with problems that contain
uncertainties. After Molodtsov, the operations of soft sets are given in [4, 23, 28] and studied their
properties. Since then, based on these operations, soft set theory has developed in many directions
and applied to wide variety of fields. For instance; on the theory of soft sets [2, 4, 5, 9, 20, 23, 24, 28],
on the soft decision making [16, 17, 18, 21, 22, 27], on the fuzzy soft sets [7, 10, 11] and soft rough sets
[16] are some of the selected works. Some authors have also studied the algebraic properties of soft
sets, such as [1, 3, 6, 19, 26, 29, 30].

The fuzzy parametrized soft sets (FP-soft sets), firstly studied by Cagman et al. [8], is a fuzzy
parameterized soft sets. Then, FP-soft sets theory and its applications studied in detail, for example
[12, 13, 14]. In this paper, after given most of the fundamental definitions of the operations of fuzzy
sets, soft sets and FP-soft sets in next section, we define relations on FP-soft sets and we also give
their properties in Section 3. In Section 4, we define symmetric, transitive and reflexive relations on
the FP-soft sets. In Section 5, we construct a decision making method based on the FP-soft sets. We
also give an application which shows that this methods successfully works. In the final section, some
concluding comments are presented.

** Edited by Oktay Muhtaroglu (Area Editor) and Umut Orhan (Associate Editor-in-Chief).
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2 Preliminary

In this section, we give the basic definitions and results of soft set theory [25] and fuzzy set theory [31]
that are useful for subsequent discussions.

Definition 2.1. [31] Let U be the universe. A fuzzy set X over U is a set defined by a membership
function ux representing a mapping

/lxlU—> [0,1].

The value px(x) for the fuzzy set X is called the membership value or the grade of membership of
x € U. The membership value represents the degree of x belonging to the fuzzy set X. Then a fuzzy
set X on U can be represented as follows,

X ={(px(x)/z) 2 € U, px(x) € [0,1]}.
Note that the set of all fuzzy sets on U will be denoted by F'(U).

Definition 2.2. [15] t-norms are associative, monotonic and commutative two valued functions t that
map from [0,1] x [0,1] into [0,1]. These properties are formulated with the following conditions:

1. ¢(0,0) =0 and t(ux, (x),1) = t(1, ux, (z)) = px, (x), x € E

2. If px, (J)) < /’LX3( ) and sz(l‘) < /’LX4('T); then
t(px, (), px, (7)) < Hpxs), px, (7))
)=

)
3. t(px, (), px, (2) = t(px, (2), px, (2))
4 (lu’Xl (w)ﬂtOJ‘Xz (LL'), KX (Z’))) = t(t(/j“Xl (x)7MX2)(x)7MX3 ({,13))

Definition 2.3. [15] t-conorms or s-norm are associative, monotonic and commutative two placed
functions s which map from [0,1] x [0, 1] into [0,1]. These properties are formulated with the following
conditions:

1. s(1,1) =1 and s(ux, (2),0) = s(0, ux, (z)) = px,(x),x € E

2. Zf:qu (‘T) < ILLXS( ) and ,LLXz( ) < px (l’), then
(N’Xl €z 7/‘LX2( ) < s(/u‘Xs( ) Bx, X ))

(z) ) (z
3. (/’LXI(‘T>7/’I’X2( )) - S(H’Xz( ) ( ))
4. s(px, (), s(px, (1), px, () = s(s(px, (2), px, ) (@), px, (7))

t-norm and t-conorm are related in a sense of lojical duality. Typical dual pairs of non parametrized
t-norm and t-conorm are complied below:

1. Drastic product:

tw (px, (), px, (7)) = { gjm{uxl(x)vum(x)}, Zzzfr{gge(m)u&(x)} -1

2. Drastic sum:

sulo, (@) ) = { el (bt (s () =0

3. Bounded product:
t1(px, (), px,(x)) = maz{0, px, (x) + px, (x) — 1}

4. Bounded sum:
Sl(l'l’Xl (LL'), 125 ¢ (LU)) = min{L:u’Xl (:17) + X, (.”L')}
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5. Einstein product:

_ fix, (2)-pix, ()
2- [MXl (aj) + HX, (.’13) — HXx, (.’L‘)./JX2 (l‘)]

t1.5(.UJX1 (‘T)7 2 (‘T))

6. Einstein sum:

s1.5(1x, (2), bx, (7)) = f:i( L(i)&ff;(g)

7. Algebraic product:
2 (:uxl (SL’), KX, (iL’)) = KX, (x)'MX2 (SL’)
8. Algebraic sum:
s2(px, (%), px, (1) = px, (@) + px, (@) — px, (@) pix, (@)

9. Hamacher product:

o HXy (x)/U‘X2(x)
a0 0 () = LT o (0) — o, @, ()

10. Hamacher sum:
_ |2:¢1 (SL’) + px, (:L’) — 2'/1’X1 (x)'MXQ (x)
1 — px, (2).px, (2)

32.5(,UX1 (1')7 KX, (1'))

11. Minumum:
t3(:uX1 (l‘), 120, ¢) (1‘)) = min{:qu (.13), KX, (J?)}
12. Maximum:
s3(px, (z), px, (v)) = maz{px, (x), px, ()}
Definition 2.4. [25]. Let U be an initial universe set and let E be a set of parameters. Then, a pair
(F,E) is called a soft set over U if and only if F is a mapping or E into the set of aft subsets of the
set U.

In other words, the soft set is a parametrized family of subsets of the set U. Every set F(e), € € E,
from this family may be considered as the set of e-elements of the soft set (F,E), or as the set of
e-approzimate elements of the soft set.

It is worth noting that the sets F(e) may be arbitrary. Some of them may be empty, some may
have nonempty intersection.

In this definition, E is a set of parameters that are describe the elements of the universe U. To apply
the soft set in decision making subset A, B,C, ... of the parameters set E are needed. Therefore,
Cagman and Enginoglu [4] modified the definition of soft set as follows.

Definition 2.5. [4] Let U be a universe, E be a set of parameters that are describe the elements of
U, and A C E. Then, a soft set Fy over U is a set defined by a set valued function fa representing a
mapping

fa:E— P(U) such that fa(z) =0 ifx € E— A (1)
where fa is called approximate function of the soft set Fa. In other words, the soft set is a parametrized
family of subsets of the set U, and therefore it can be written a set of ordered pairs

Fa={(z, falz)) 2 € E, fa(z) =0 ifv € E— A}

The subscript A in the f4 indicates that f4 is the approximate function of Fs. The value fa(x)
is a set called x-element of the soft set for every x € E.

Definition 2.6. [8] Let Fx be a soft set over U with its approximate function fx and X be a fuzzy
set over E with its membership function ux. Then, a FP—soft sets U'x, is a fuzzy parameterized soft
set over U, is defined by the set of ordered pairs

Ix ={(px(2)/z, fx(2)) : x € E}

where fx : E — P(U) such that fx(x) =0 if ux(x) =0 is called approzimate function and px : E —
[0,1] is called membership function of FP—soft set T'x. The value pux(x) is the degree of importance
of the parameter x and depends on the decision-maker’s requirements.

Note that the sets of all F'P—soft sets over U will be denoted by FPS(U).



Journal of New Theory 3 (2015) 98-107 101

3 Relations on the FP-Soft Sets

In this section, after given the cartesian products of two FP-soft sets, we define a relations on FP-soft
sets and study their desired properties.

Definition 3.1. LetT'x,I'y € FPS(U). Then, a cartesian product of T'x and Ty, denoted by T x XTIy,
18 defined as

PxXTy = { (xpy (29)/(,9), fxny (@.9) : (2,9) € ExE) }
where
Fxny(@,y) = fx (@) N fr(y)
and
txpy (@,y) = min{px (x), py (y)}
Here pypy (2, y) is a t-norm.

Example 3.2. LEtU = {ulaUQau37u47u57u63u7?u83u97u10au117u12au13)u147u15}7 E= {'leanx33$47x57x67$7ax8}7
and X ={0.5/21,0.7/22,0.3/x3,0.9/24,0.6/x5} and Y = {0.9/x3,0.1/26,0.7/27,0.3/x8} be two fuzzy
subsets of E. Suppose that

1—‘X' - {(05/$1, {u17 u3z, Ug, Ug, U7, Ug, U11, U12, U13, U15}), (07/IE2, {’U,g, U7, ug, U4,

u15})) (03/x3a {U17U2,U4, Us, Ug, U9, U0, u127u13})7 (09/3:47 {UQ, Uyg, U6, U8,

w12, u13}), (0.6/xs, {us, ua, us, ur, ug, w13, U15})
I'y = {(0-9/137{U17U5,U6,U9,U10,U13})7(0~1/I6,{U3,U57U77U87U9,U117U15}),
(0.7/27, {uz, us, ug, u10, w11, u14}), (0.3/ 8, {uz, us, us, u10, U2, U14})}

Then, the cartesian product of I'x and I'y is obtained as follows

PxxTy = {(05/(%1,353), {u1,ue,u13}), (0.1/(x1, ), {us, ur, ug, w11, u1s}),

(0.5/(x1,27), {u11}), (0.3/ (w1, ws), {us, w12}), (0.7/ (22, 23), 0),
(01/(12, ZCG), {Ug, Uur, Us}), (07(1‘2, 17), {U14}), (03/(132, Ig),
{us, u14}), (0.3/ (w3, 3), {u1, us, ug, ug, ur0, u13}), (0.1/(xs, e),
{us,ug}), (0.3/(x3, x7), {us, us, ug, ui0}), (0.3/(x3, zs),

{’U,Q7 Us, U10, Ulg}), (0.9/(3’34, .Tg), {u6}), (0.1/(.’1?4, 3?6), @)7
(07/(1‘4, .237), {UQ, UG}), (0.3/(334, Jfg), {UQ, us, U12}),

(06/(565, $3), {Ue, Ug, U13})7 (01/(1‘5, 136), {U3, U7, ug9, U1, ’LL15}),

(06/(1‘5, $7), {UQ}), (03/(1‘5, 338), @)}

Definition 3.3. Let I'x,I'y € FPS(U). Then, an FP-soft relation from I'x to 'y, denoted by Rp,
is an FP-soft subset of T x XI'y. Any FP-soft subset of I'x xI'y is called a FP-relation on T'x.

Note that if & = (ux(z), fx(x)) € 'x and 6 = (uy (y), fr(y)) € 'y, then

aRFﬂ < (N’XQY(x’y)/(x’y)vthY(may)) € Rp

Example 3.4. Let us consider the Example 3.2. Then, we define an FP-soft relation Rg, from Ty to
I'x, as follows
aRpf & pxpy (@i, 2;)/(zi,z;)) 2 0.3 (1<4,j <3)
Then
R = {(03/(o1,2), (11, v, 1000)). 05/ (o127, ), 03/ 1,2, .

’U,lg}), (07(562, .%'7), {’U,14}), (03/(%2, x8)7 {ug, ’11,14})7 (03/($37 1];‘3), {ul,
Us, Ug, U9, U10, ’ulg}), (0.3/(1‘3, 3?7), {UQ, Us, U9, ulo}), (0.3/(333, .’Eg), {’LLQ,
Us, U10, U,lg}), (09/(1‘4, $3), {u6}), (07/(374, 33‘7), {UQ, ’U,6}), (03/($4, 1‘8),

{UQ, us, ulg}), (0.6/(1‘5, 3’53), {ue, Ug, ulg}), (0.6/(1’5, .’177), {UQ})}
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Definition 3.5. LetI'x,I'y € FPS(U) and Rr be an FP-soft relation from T'x to T'y. Then domain
and range of Rp respectively is defined as

D(Rr) = {a€F4s:aRpf}
R(RF) = {ﬁ € Fp: OZRFﬁ}.

Example 3.6. Let us consider the Example 3.4.

D(Rp) = {(0-5/$1,{u1,u3,u4,Us,umu&U11,U12,U13,u15}),(0-7/$2,{U3,U7,
ug, Ui, U5 }), (0.3/xs, {u1, ua, us, us, ug, ug, U10, w12, u13}), (0.9/24,

{ua, ua, ug, us, ui2, uis}), (0.6 /x5, {us, us, ug, uz, ug, urs, Uis})

R(Rp) = {(0-9/1’3,{U1,U57U6,U9,U107U13}),(0-7/$77{U2,U5,

Ug, W10, U1, U14}), (0.3/28, {us, us, us, 19, u12, U14})}

Definition 3.7. Let Rg be an FP-soft relation from T'x to T'y. Then R;l 1s from Ty to T'x is defined
as
aR;lﬂ = BRra

Example 3.8. Let us consider the Ezample 3.4. Then, Rp~' is from T'y to I'x is obtained by

RFil = {(0.5/($3,$1), {ul,uﬁ, ’U,lg})7 ((0.5/(39771’1)7 {un}), (0.3/(1’8,171), {us,

ulg}), (0.7(377, 1‘2), {U14}), (0.3/(1‘8, 33‘2), {’U,g7 U14}), (0.3/(1‘3, .233), {ul,
Us, Ug, U9, U10, ulg}), (03/(1’7, 583), {UQ, Uus, ug, Ulo}), (03/(1‘8, Q?g), {UQ,
us, 10, u12}), (0.9/ (23, 24), {us}), (0.7/(x7, 24), {u2, u6}), (0.3/(ws, v4),

{UQ, us, ’ulg})7 (06/(933, 1‘5), {’U,ﬁ, Ug, ulg}), (06/(1‘7, I5), {’LLQ})}

Proposition 3.9. Let Rp, and Rp, be two FP-soft relations. Then
1. (R~ = Rp,
2. Rp, C Rp, = Ry C Rp)
Proof:
L a(Rp)™'8=pBRp'a =aRpf
2. aRp 3 C aRpB = BRy o C BRE o= R C Ry

Definition 3.10. If Rp, is a fuzzy parametrized soft relation from I'x to I'y and Rp, is a fuzzy

parametrized soft relation from I'y to I'z, then a composition of two FP-soft relations Rr, and Rp, is
defined by

Q(RFl © RFQ)FY = (aRFlﬂ) A (ﬁRFzV)
Proposition 3.11. Let Rp, and Ry, be two FP-soft relation from T'x to I'y. Then, (Rp, o Rp,)™1 =
Rylo Ry

Proof:
a(RFl ORFQ)_l)V =

(RF1 © RF2)a
FYRFHB) A (6RF205)
BRE,a) A (YR, B)
aRp, ) A (BR77)
(Rp, o Ry )y

=2

P

Q

Therefore we obtain
(Re o R,)~' = Ry} o R/
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Definition 3.12. An FP-soft relation Rp on I'x is said to be an FP-soft symmetric relation if
aRp = BRp o, Vo,3 € I'y.

Definition 3.13. An FP-soft relation Rr on U'x is said to be an FP-soft transitive relation if Rp o
Rr C Rp, that is, aRp( and BRpy = aRpvy,Va,(,v € T'x.

Definition 3.14. An FP-soft relation Rp on'x is said to be an FP-soft reflexive relation if aRpa, Vo €
Ix.

Definition 3.15. An FP-soft relation Rp on I'x is said to be an FP-soft equivalence relation if it is
symmetric, transitive and reflexive.

Example 3.16. Let U = {uq,ug, us, ug, us, ug, ur, us t, £ = {1, 22, 3,24, T5,
xe, 7,28} and X = {0.5/x1,0.7/22,0.3/x3} be a fuzzy subsets over E. Suppose that

I'x = {(0-5/551a{UI,US;U47U6aU7aU8})7<0-7/$2a{u3au77u8})a

(0.3/x3, {u1,U2, U4,U57U67U9})}

Then, a cartesian product on I'x is obtained as follows

FX;EFX = {(0.5/(56171‘1)7{Ul,U3,U4,u67U7,U8}),

(0.5/($1, 1‘2), {U3, ur, u8})7 (0.3/(l‘1, 1‘3)7 {ula Ug, u6})7
(05/(1‘2, 1‘1), {U3, uy, US}), (07/(562, 1‘2), {U3, Uy, US}),

(0.3/(I3,JJ1), {ul,u4,u6}), (0.3/($3,$3), {ul,ug,u4,u5,u6, UQ})}

Then, we get a fuzzy parametrized soft relation Rp on Fx as follows
aRpf & pxpy (@i, 25)/(zi, ;) 2 0.3 (1<4,j <3)
Then
(0.5/(w1,x1), {u1, u3, us, ue, ur,us}), (0.5/(x1, 22), {us, uz, us}),

(0.3/(z1, 3), {u1, us,ug}), (0.5/(x2,x1), {us, ur,us}),
(0.7/(w2, z2), {us, ur, us}), (0.3/(x3, 21), {u1, us, ue}),
(0.

3/(w3,w3), {u1, u2, ug, us, ug, ug })
Rp on 'y is an FP-soft equivalence relation because it is symmetric, transitive and reflezive.
Proposition 3.17. If Rp is symmetric if and only if R;l is So.

Proof: If Ry is symmetric, then aR;lﬁ = BRra :O[RpﬁzﬁR;lel. So, R}l is symmetric.
Conversely, if R}l is symmetric, then aRpfS = a(R}l)_lﬁ = B(R;l)a = a(R}l)B = BRra So,
Rp is symmetric.

Proposition 3.18. Ry is symmetric if and only if Rz_71 =Rp

Proof: If Ry is symmetric, then aR;lﬁ = fRrpa = aRpf(. So, R}l = Rp.
Conversely, if R}l =Rp, then aRp( = aR}lﬁ = BRpa. So, Rg is symmetric.

Proposition 3.19. If Rp, and Ry, are symmetric relations on I'x, then Rp, o Rp, is symmetric on
I'x if and only if Rp, o Rp,=Rp, o Rp,

Proof: If Rp, and Rp, are symmetric, then it implies R;ll = Rp, and R;,Ql = Rp,. We have
(Rp, o Rp,) ! = R;zl o R;ll. then Rp, o Rp, is symmetric. It implies Rp, o R, = (Rp, o Rp,)™ ! =
Ry, o Rp/=Rp, o Rp,.

Conversely, (Rp, o Rp,)™! = R;j o R;ll = Rp,oRp, = Rp, o Rp,. So, Rp, o R, is symmetric.
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Corollary 3.20. If Rp is symmetric, then R is symmetric for all positive integer n, where

% =RpoRpo..oRp

n times

Proposition 3.21. If Rp is transitive, then R;l is also transitive.

Proof:
OzR;lﬁ = fRra D f(Rp o Rp)a
= (BRpY) A (VRra)
= (YRra) A (BRFY)
= (aRz'y) A (YRE'B)
= a(Ry' o Rp')p

So, Rp' o Rp' € Ri'. The proof is completed.
Proposition 3.22. If Rg is transitive then Rg o Rp is so.

Proof:
a(RpoRp)B = (aRpvy)A(v-Rpp)
= a(Rp o Rp)y Ay(Rro Rp)p
= a(RF o RF o RF o RF)B

So, a«(Rpo Rpo Rpo Rp)B C a(Rp o Rp)B. The proof is completed.
Proposition 3.23. If Rp is reflexive then R}l s so.

Proof: aR;lﬁ = fRra C aRpa = aR;la and ﬂR;la = aRpf C aRpa = aR;loz. The proof
is completed.

Proposition 3.24. If Rp is symmetric and transitive, then Rp is reflexive.
Proof: Proof can be made easily by using Definition 4.1, Definition 4.2 and Definition 4.3.

Definition 3.25. Let I'x € FPS(U), Rp be an FP-soft equivalence relation on I'x and a € Rp.
Then, an equivalence class of o, denoted by [a]ry, is defined as

[Q]RF = {ﬁ : OARF/B}.

Example 3.26. Let us consider the Exzample 3.16. Then an equivalence class of
(1, {u1, us, ug, ug, uz, ug}) will be as follows.

[(0.5/21, {u1, us, ug, ue, uz, us})|rp = {(0'5/x17{u17u37u4au63u77u8})7

(0.7/.132, {’LL3, Ur, US}), (03/.133,

{U17u27u4au57 Ue, Ug})

4 Decision Making Method

In this section, we construct a soft fuzzification operator and a decision making method on FP-soft
relations.

Definition 4.1. LetT'x € FPS(U) and Rr be a FP-soft relation on T'x. Then fuzzification operator,
denoted by sg,., is defined by

spp : Rr = F(U), spp(X xX,U)={pg,(w)/u:ueU}
where

e () = WTACENE

and where o )
1, U E JRp Tiy Tj
u) = :
xw) { 0. wg frp(ziz,)
Note that | X x X| is the cardinality of X x X.
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Now; we can construct a decision making method on FP-soft relation by the following algorithm;

construct a feasible fuzzy subset X over F,
. construct a FP-soft set I'x over U,

1.
2
3. construct a FP-soft relation R over I'y according to the requests,
4. calculate the fuzzification operator sg, over Rp,

5

. select the objects, from sg,., which have the largest membership value.

Example 4.2. A customer, Mr. X, comes to the auto gallery agent to buy a car which is over middle
class. Assume that an auto gallery agent has a set of different types of car U = {uy,ug, us, uq, us, ug, 7, us },
which may be characterized by a set of parameters E = {x1,x9,x3,x4}. Fori=1,2,3,4 the parameters

x; stand for “safety”, “cheap”, “modern” and “large”, respectively. If Mr. X has to consider own set of
parameters, then we select a car on the basis of the set of customer parameters by using the algorithm

as follows.

1. Mr X constructs a fuzzy sets X over E,
X = {05/1’1, 0.7/172, 03/353}
2. Mr X constructs a FP-soft set I'x over U,

I'y = {(0.5/371, {ul,’u,g,u47u6,u77 US})a (0-7/3327 {Ug, Uur, uS})’ (0.3/.1?3,
{u1, ug, ug, us, ue, ug }

3. the fuzzy parametrized soft relation Rp over I'x is calculated according to the Mr X’s requests
(The car must be a over middle class, it means the membership degrees are over 0.5),

Rp = {(0-5/(11@1)7{U1,U3,U4,UG,U7,U8})7(0-5/(901@2),{“3#77

ug}), (0.5/(z2, x1), {us, ur, us}), (0.7/ (w2, v2), {U3,u7aus})}
4. the soft fuzzification operator sr, over Rp is calculated as follows

SRp = {(0.055/U1, 0.0/’&2, 0.244/U3, 0.055/11,47 0.0/U5, 0.055/u6, 0.244/’(1,7,

0.244/u8}}

5. now, select the optimum alternative objects us, uy and ug which have the biggest membership
degree 0.244 among the others.

5 Conclusion

We first gave most of the fundamental definitions of the operations of fuzzy sets, soft sets and FP-soft
sets are presented. We then defined relations on FP-soft sets and studied some of their properties.
We also defined symmetric, transitive and reflexive relations on the FP-soft sets. Finally, we construct
a decision making method and gave an application which shows that this method successfully works.
We have used a t-norm, which is minimum operator, the above relation. However, application areas
the relations can be expanded using the above other norms in the future.
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