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1 Introduction and Preliminaries

The concept of ideals in topological spaces is treated in the classic text by Kuratowski [13] and
Vaidyanathaswamy [23]. The notion of Z-open sets in topological spaces was introduced by Jankovic
and Hamlett [11]. Dontchev et al. [3] introduced and studied the notion of Z,-closed sets. An ideal Z on
a topological space (X, 7) is a non-empty collection of subsets of X satisfying the following properties:

1. A €Z and B C A imply B € 7 (heredity);
2. A€Zand B €7 imply A U B € 7 (finite additivity).

A topological space (X, 7) with an ideal Z on X is called an ideal topological space and is denoted
by (X, 7, Z). For a subset A C X, A*(Z) ={zx € X : UNA ¢ T for every U € 7(x)}, is called the
local function [13] of A with respect to Z and 7. We simply write A* in case there is no chance for
confusion. A Kuratowski closure operator cl*(.) for a topology 7*(Z) called the *-topology finer than
7 is defined by cl*(A) = A U A* [23]. Let (X, 7) denote a topological space on which no separation
axioms are assumed unless explicity stated. In a topological space (X, 7), the closure and the interior
of any subset A of X will be denoted by cl(A) and int(A), respectively. A subset A of a topological
space (X, 7) is said to be semi-open [15] if A C cl(int(A)). A subset A of a topological space (X, 7)
is said to be g-closed [14] (resp. w-closed [21]) if cl(A) C U whenever A C U and U is open (resp.
semi-open) in X. The complement of g-closed (resp. w-closed) set is said to be g-open (resp. w-open).
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A subset A of a topological space (X, 7) is said to be *g-closed [9] (resp. g*-closed [24]) if cl(A) C U
whenever A C U and U is w-open (resp. g-open) in X. The complement of *g-closed (resp. g*-closed)
set is said to be *g-open (resp. g*-open). The intersection of all *g-closed sets of X containing a subset
A of X is denoted by *gcl(A). Notice that the intersection of two *g-open sets is again a *g-open. A
subset A of an ideal topological space (X, 7, 7) is called *-closed [11] (resp. #-perfect [6]) if A* C A
(resp. A = A*).
Definition 1.1. A subset A of a topological space (X, 7) is called

1. locally closed set [4] (briefly LC-set) if A = UN V, where U is open and V is closed.

2. *g-LC*-set [16] if A = UN V, where U is *g-open and V is closed.

3. t-set [22] if int(cl(A)) = int(A).

4. *ge-set [16] if A = C'N D, where Cis *g-open and D is a t-set.
Definition 1.2. A subset A of an ideal topological space (X, 7, T) is called
t-I-set [5] if int(cl*(A)) = int(A).
2. o*-I-set [5] if int(cl* (int(A))) = int(A).
3. I-LC set [2] if A = CN D, where C € 7 and D is *-perfect.
4. weakly-Z-LC set [12] if A = CN D, where C € 7 and D is *-closed.
5. Cr-set [5] if A = C N D, where C € 7 and D is an o*-I-set.
6. G-I-LC*-set [8] if A = CnN D, where C is g-open and D is *-closed.

~

Notice that the intersection of two t-I-sets is again a t-Z-set.

Definition 1.3. [8] A subset A of an ideal topological space (X, T, I) is said to be I;-closed if A* C
U whenever A C U and U is g-open in X.

Definition 1.4. [7] A function f: (X, 7, Z) — (Y, o) is said to be *-continuous if f~1(V) is *-closed
in (X, 7, Z) for every closed set A in (Y, o).

Definition 1.5. A function f : (X, 7) — (Y, o) is said to be *g-LC*-continuous [16] (resp. g¢*-
continuous [24], *gi-continuous [16]) if f1(A) is *g-LC*-set (resp. g*-closed, *g;-set) in (X, T) for
every closed set A of (Y, o).

Definition 1.6. A function f : (X, 7, ) — (Y, o) is said to be I;-continuous [8] (resp. G-Z-LC*-
continuous [8], weakly-I-LC continuous [7]) if {1 (V) is T;-closed (resp. G-I-LC*-set, weakly-I-LC
set) in (X, T, ) for every closed set Vin (Y, o).

For a subset A of an ideal topological space (X, 7, Z), if A is *-closed, then by [17] A is weakly-Z-LC.
Also by Definition 1.3 it follows that if A is *-closed, then A is Ij-closed.

Lemma 1.7. [11] Let (X, T, T) be an ideal topological space and A, B subsets of X. Then the following
properties hold:

1. If A C Bthen A* C B%

2. A* = cl(A*) C cl(A);

3. (A%)* C A%

4. (AU B)*=A*U B*
Proposition 1.8. [5] Let (X, 7, Z) be an ideal topological space and A a subset of X. Then the
following hold:

1. If A is a t-I-set, then A is an a*-I-set.

2. If A is an a*I-set, then A is a Cr-set.
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Remark 1.9. [1] The following hold in an ideal topological space (X, 7, T).

x-perfect — x-closed — t-I-set — a*-T-set
Remark 1.10. [19] The following hold in a topological space (X, T).

closed —  w-closed

l !

*g-closed —  g-closed

Notice that w-closed sets and *g-closed sets are independent of each other.

2 *g-I-LC*-sets

Definition 2.1. A subset A of an ideal topological space (X, T, I) is said to be an *¢g-Z-LC*-set if A
= CN D, where C is *g-open and D is *x-closed.

Proposition 2.2. Let (X, 7, Z) be an ideal topological space and A C X. Then the following hold:
1. If A is *g-open, then A is an *g-Z-LC*-set;
2. If A is x-closed, then A is an *g¢-I-LC*-set;
3. If A is weakly-Z-LC set, then A is an *g-Z-LC*-set;
4. If A is an *g-Z-LC*-set, then A is an G-Z-LC*-set.
The converses of Proposition 2.2 need not be true as seen from the following Examples.

Example 2.3. Let X = {a, b, ¢}, 7 ={0, X, {c}} and Z = {0, {a}}. Then *¢-Z-LC*-sets are P(X)
and *g-open sets are O, X, {a}, {b}, {c}, {a, ¢}, {b, ¢}. It is clear that {a, b} is *¢-Z-LC*-set but it
is not *g-open.

Example 2.4. In Example 2.3, *¢g-I-LC*-sets are P(X) and *-closed sets are 0, X, {a}, {a, b}. It is
clear that {a, c} is *¢-I-LC*-set but it is not x-closed.

Example 2.5. In Ezample 2.8, *¢-I-LC*-sets are P(X) and weakly-Z-LC sets are 0, X, {a}, {c}, {a,
b}. It is clear that {b, c} is *¢-I-LC*-set but it is not weakly-I-LC' set.

Example 2.6. Let X = {a, b, ¢}, 7 = {0, X, {a}, {b, ¢}} andZ = {0, {c}}. Then G-I-LC*-sets are
P(X) and *¢-Z-LC*-sets are 0, X, {a}, {c}, {a, ¢}, {b, c}. It is clear that {a, b} is G-IT-LC*-set but
it 1s not *¢-T-LC*-set.

Theorem 2.7. Let (X, 7, T) be an ideal topological space and A be an *g-Z-LC*-subset of X. Then
the following hold:

1. If B is a *-closed set, then A N B is an *g-Z-LC*-set;

2. If B is an *g-open set, then A N B is an *g-IZ-LC*-set;

3. If B is an *g-Z-LC*-set, then A N B is an *¢-Z-LC*-set.
Proof. (1) Let B be *-closed and A is *g-Z-LC*-set, then AN B = (CND)NB=Cn (DN B), where
D N B is *-closed. Hence A N B is an *g-Z-LC*-set.

(2) Let B be *g-open and A is *g-Z-LC*-set, then AN B = (C N D) NB=(CnNB)ND, where
C N B is *g-open. Hence A N B is an *g-Z-LC*-set.

(3) Let A and B be *g-Z-LC*-sets, then ANB=(CND)N(UNV)=(CnNnU)n (DnNV), where
C N Uis *g-open and D NV is x-closed. Hence A N B is an *g-Z-LC*-set.

Remark 2.8. The union of any two *¢-Z-LC*-sets need not be an *g-Z-LC*-set.

Example 2.9. Let X = {a, b, ¢}, 7 =10, X, {a, b}} and T = {0, {a}}. Then *¢-I-LC*-sets are |,
X, {a}, {b}, {c}, {a, b}, {a, c}. It is clear that A = {b} and B = {c} are *¢-I-LC*-sets, but their
union AUB = {b, ¢} is not *¢-I-LC*-set.
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Definition 2.10. [20] A subset A of an ideal topological space (X, T, I) is said to be T} -closed if A*
C U whenever A C U and U is *g-open in X. The complement of I} -closed set is called I} -open.

Theorem 2.11. [20] If (X, 7, ) is any ideal topological space and A C X, then the following are
equivalent.

1. A s I7,-closed,

2. cl*(A) C U whenever A C U and U is *g-open in X,
3. For all z € cl*(A), *gcl({z})NA # 0,

4. cl*(A) — A contains no nonempty *g-closed set,

5

. A* — A contains no nonempty *g-closed set.

Proposition 2.12. Let (X, 7, Z) be an ideal topological space and A be a subset of X. If A is T -closed,
then A is I} -closed.

The converse of Proposition 2.12 need not be true as seen from the following Fxample.

Example 2.13. In Ezample 2.6, T} -closed sets are P(X) and L;-closed sets are 0, X, {a}, {c}, {a,
c}, {b, c}. It is clear that {a, b} is I} -closed set but it is not Z;-closed.

Definition 2.14. A subset A of an ideal topological space (X, T, ) is said to be an T-*g;-set if A =
C' N D, where C is *g-open and D is a t-Z-set.

Proposition 2.15. Let (X, 7, Z) be an ideal topological space and A be a subset of X. If A is an
*g-Z-LC*-set, then A is an IT-*g;-set.

The converse of Proposition 2.15 need not be true as seen from the following Fxample.

Example 2.16. Let X ={a, b, ¢, d}, 7 = {0, X, {a}, {a, b, ¢}} and T = {0, {a}}. Then T-*g;-sets
are 0, X, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d}, {a, b, ¢}, {b, ¢, d} and
*g-I-LC*-sets are O, X, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b, ¢}, {a, b, ¢}, {b, ¢, d}. It is
clear that {c, d} is T-*g;-set but it is not *¢-T-LC*-set.

Proposition 2.17. Let (X, 7, Z) be an ideal topological space and A be a subset of X. If A is an
Z-*g¢-set, then A is a Cr-set.

The converse of Proposition 2.17 need not be true as seen from the following FExample.

Example 2.18. Let X = {a, b, ¢, d}, 7 = {0, X, {d}, {aq, ¢}, {q, ¢, d}} and T = {0, {a}, {d}, {a,
d}}. Then Cz-sets are P(X) and T-*gi-sets are 0, X, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b,
d}, {c, d}, {a, b, ¢}, {a, b, d}, {a, ¢, d}. It is clear that {b, ¢, d} is Cr-set but it is not T-*g,-set.

Remark 2.19. From the above discussion, we have the following implications:

G-Z-LC*-set
T

x-closed — *¢-T-LC*-set — T-*g;-set — Cr-set

1
I-LC-set — weakly-I-LC set

Theorem 2.20. Let (X, 7, Z) be an ideal topological space and A be an T-*g;-subset of X. Then the
following hold:

1. If B is a t-Z-set, then A N B is an I-*g;-set;
2. If B is an *g-open set, then A N B is an T-*g;-set;
3. If B is an IT-*g;-set, then A N B is an T-*g;-set.

Remark 2.21. The union of any two I-*gs-sets need not be an I-*g;-set.
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Example 2.22. Let X = {a, b, ¢}, 7 = {0, X, {c}, {b, ¢}} and T = {0, {a}}. Then Z-*g;-sets are (),
X, {a}, {b}, {c}, {a, b}, {b, ¢}. It is clear that A = {a} and B = {c} are T-*g;-sets but their union
AUB = {a, c} is not T-*g;-set.
Theorem 2.23. The following are equivalent for a subset A of an ideal topological space (X, T, I):
1. A is x-closed;
2. Ais a weakly-Z-LC set and an I;-closed set [10];
3. A s an *g-I-LC"-set and an I -closed set;
4. Ais an *g-I-LC*-set and an I} -closed set;
5. Ais an I-"gi-set and an I} -closed set.
(1) = (2): This is obvious.

3): Follows from Proposition 2.2.

4): Follows from Proposition 2.12.
5)
1

g-open and D is a t-Z-set. Now A C C and A is Z} -closed implies A* C C. Also A C D and D is
a t-Z-set implies int(D) = int(cl*(D)) = int(D U D*) D int(D) U int(D*). This shows that int(D*) C
int(D). Thus D* C D and hence A* C D. Therefore A* C C N D =A. Hence A is x-closed.

Remark 2.24. 1. The notions of weakly-I-LC sets and I;-closed sets are independent [10].

2. The notions of *g-I-LC*-sets and I;-closed sets are independent.

3. The notions of *g-Z-LC*-sets and I} -closed sets are independent.

4. The notions of I-*gi-sets and L7 -clo sed sets are independent.

Example 2.25. In Ezample 2.22, we have weakly-Z-LC sets are 0, X, {a}, {b}, {c}, {a, b}, {b, ¢}
and T;-closed sets are 0, X, {a}, {a, b}, {a, c}. It is clear that {b, c} is weakly-T-LC set but it is not
I,-closed and {a, c} is I;-closed set but it is not weakly-Z-LC set.

Example 2.26. In Ezample 2.22, we have *¢-Z-LC*-sets are 0, X, {a}, {b}, {c}, {a, b}, {b, ¢} and
T;-closed sets are (), X, {a}, {a, b}, {a, c}. Itis clear that {b, c} is *g-I-LC*-set but it is not I;-closed
and {a, c} is I;-closed set but it is not *g-I-LC*-set.

Example 2.27. In Ezample 2.22, we have *¢-I-LC*-sets are O, X, {a}, {b}, {c}, {a, b}, {b, ¢}
and T}, -closed sets are 0, X, {a}, {a, b}, {a, c}. It is clear that {b, c} is *g-T-LC*-set but it is not
T;,-closed and {a, c} is I} -closed set but it is not *g-Z-LC*-set.

Example 2.28. In Ezample 2.22, we have T-*g;-sets are O, X, {a}, {b}, {c}, {a, b}, {b, c} and
T;,-closed sets are 0, X, {a}, {a, b}, {a, c}. It is clear that {b, c} is T-*g;-set but it is not I} -closed
and {a, c} is I -closed set but it is not T-"g;-set.

3 Decompositions of x-continuity

Definition 3.1. A function f : (X, 7, ) — (Y, o) is said to be I} -continuous (resp. *g-I-LC*-
continuous, I-*g;-continuous) if f~1(V) is I;,-closed (resp. *g-I-LC*-set, T-*g;-set) in (X, T, I) for
every closed set Vin (Y, o).
Remark 3.2. 1. Every x-continuous function is weakly T-LC continuous [10].

2. Bvery weakly T-LC continuous function is * g-Z-LC*-continuous.

3. Bvery x-continuous function is Iy -continuous [10].

4. Ewery I;-continuous function is I} -continuous.
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Example 3.3. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}, {b, c}}, 0 ={0, Y, {a}, {a, b}} and T = {0,
{a}}. Then weakly-Z-LC sets are O, X, {a}, {b}, {c}, {a, b}, {b, ¢} and *-closed sets are 0, X, {a},
{a, b}. Let f: (X, 7, T) — (Y, o) be an identity function. It is clear that f~*({b, c}) = {b, ¢} is not
x-closed set. Hence f is weakly ZT-LC continuous but not *-continuous function.

Example 3.4. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}}, 0 ={0, Y, {a}, {a, b}} and T = {0, {a}}.
Then weakly-Z-LC sets are O, X, {a}, {c}, {a, b} and *¢-Z-LC*-sets are P(X). Let f : (X, 7, 7) —
(Y, o) be an identity function. It is clear that f~*({b, c}) = {b, ¢} is not weakly-I-LC set. Hence f is
*g-Z-LC* continuous but not weakly T-LC' continuous function.

Example 3.5. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}, {b, ¢}}, 0 ={0, Y, {b}} and T = {0, {a}}.
Then *-closed sets are O, X, {a}, {a, b} and I;-closed sets are 0, X, {a}, {a, b}, {a, c}. Let f: (X,
7,ZI)— (Y, a) be an identity function. It is clear that f~'({a, c}) = {a, c} is not x-closed set. Hence
[ is I -continuous but not x-continuous function.

Example 3.6. Let X = Y ={a, b, ¢}, 7 = {0, X, {a}, {b, ¢}}, o ={0, Y, {c}, {b, ¢}} and T =
{0, {c}}. Then I;,-closed sets are P(X) and I;-closed sets are O, X, {a}, {c}, {a, c}, {b, c}. Let f:
(X, 7,Z)— (Y, c) be an identity function. It is clear that f~*({a, b}) = {

Hence f is I} -continuous but not Z;-continuous function.

Definition 3.7. [20] A subset A of a topological space (X, T) is said to be *g*-closed if cl(A) C U
whenever A C U and U is *g-open in X.

Definition 3.8. A function f: (X, 7) — (Y, o) is said to be *g*-continuous if f~*(A) is *g*-closed
set in (X, T) for every closed set A of (Y, o).

Remark 3.9. 1. Every g*-continuous function is *g*-continuous.

a, b} is not I;-closed set.

2. FEvery *g-LC*-continuous function is * g,-continuous.

Example 3.10. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}, {a, b}} and o = {0, Y, {a, c}}. Then
*g*-closed sets are P(X) and g*-closed sets are O, X, {c}, {a, b}. Let f: (X, 7) — (Y, o) be an
identity function. It is clear that f~1({b}) = {b} is not g*-closed set. Hence f is *g*-continuous but
not g*-continuous function.

Example 3.11. Let X = Y ={a, b, ¢, d}, 7 = {0, X, {b}, {b, ¢, d}} and o = {0, Y, {b}, {b, d}}.
Then *g;-sets are 0, X, {a}, {b}, {c}, {d}, {a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d}, {a, ¢, d}, {b, ¢, d}
and *g-LC*-sets are 0, X, {a}, {b}, {c}, {d}, {b, ¢}, {b, d}, {c, d}, {a, ¢, d}, {b, ¢, d}. Let f: (X,
7) — (Y, o) be an identity function. It is clear that f~*({a, c¢}) = {a, ¢} is not *g-LC*-set. Hence f
is *gg-continuous but not * g-LC*-continuous function.

Proposition 3.12. Let f : (X, 7, I) — (Y, o) be I} -continuous and g : (Y, o) — (Z, n) be
continuous. Then g o f: (X, 7,T) — (Z, n) is I},-continuous.

Theorem 3.13. For a function f: (X, 7, Z) — (Y, 0 ), the following are equivalent:
1. fis *-continuous;
2. fis weakly I-LC continuous and Iy -continuous [10];
3. fis *g-Z-LC*-continuous and I -continuous;
4. f1s *g-Z-LC*-continuous and I3 -continuous;
5. [fis I-*gi-continuous and I3 -continuous.
Proof. Immediately follows from Theorem 2.23.

Corollary 3.14. Let (X, 7, Z) be an ideal topological space and I = {¢}, for a function f: (X, 7,T)
— (Y, o), the following are equivalent:

1. fis continuous;
. fis LC-continuous and g*-continuous [10];
. fis *g-LC*-continuous and g*-continuous;

. fis *g-LC*-continuous and * g*-continuous;

v N Lo

. fis *g¢-continuous and * g*-continuous.
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4 On Z; -normal Spaces

Definition 4.1. An ideal topological space (X, 7, I) is said to be I:,-normal, if for any two disjoint
closed sets F and G in (X, T, Z) there exist disjoint Z;,-open sets U and V such that F C U and G C
V.

Theorem 4.2. For an ideal topological space (X, T, I), the following are equivalent:
1. (X, 7,1I)is I;,-normal.

2. For each closed set F' and for each open set V containing F, there exists an L7 -open set U such
that FC UC cl*(U)C V.

Proof. (1) = (2): Let F be a closed subset of X and D be an open set such that F C D. Then F and
X — D are disjoint closed sets in X. Therefore, by hypothesis there exist disjoint Z7 -open sets U and
V such that F C Uand X — D C V. Hence F C U C X — V C D. Now with D being open it is also
*g-open and since X — V is I} -closed, we have FF C U C cI*(U) C cI*( X — V) C D.

(2) = (1): Let F and G be two disjoint closed subsets of X. Then by hypothesis, there exists an
Z;,-open set U such that F C U C cI*(U) C X — G. If we take W = X — cI*(U), then U and W are
the required disjoint Z7 -open sets containing F and G respectively. Hence (X, 7,7)1is 7;,-normal.

Theorem 4.3. Let (X, 7, Z) be I:,-normal. Then the following statements are true.

1. If F 1s closed and A is an * g-closed set such that A N F = ¢, then there exist disjoint I} -open
sets U and V such that A C U and F C V.

2. If A is closed and B is an *g-open set containing A, then there exists I} -open set U such that
AC int*(U)C UC B.

3. If A is *g-closed and B is an open set containing A, then there exists I} -open set U such that
ACUC(U) CB.

Proof. (1) Since ANF =¢, A CX —F, where X — F is open and hence w-open. Hence by hypothesis,
cl(A) € X — F. Since cl(A) N F = ¢ and X is T} -normal, there exist disjoint Z} -open sets U and V
such that cl(A) C U and F C V. The proofs of (2) and (3) are similar.

Definition 4.4. A function f: (X, 7,7) — (Y, 0, J) is said to be I} -irresolute if (V) is I;,-open
in (X, 7, ) for every J. -open set Vin (Y, o, J).

Theorem 4.5. If f: (X, 7,T) — (Y, 0, J) is an I} -irresolute closed injection and Y is an J;-
normal space, then X is I} -normal.

Proof. Let F and G be disjoint closed sets of X. Since f is a closed injection, f(F) and f(G) are disjoint
closed sets of Y. Now from the 7. -normality of Y, there exist disjoint J; -open sets U and V such
that f(F) C U and f(G) C V. Also since, f is Z; -irresolute, f~'(U) and f‘g(V) are disjoint Z} -open
sets containing F and G respectively. Hence by Definition 4.1, it follows that X is Z} -normal.

5 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are preserved under
continuous deformations including stretching and bending, but not tearing. By the middle of the 20th
century, topology had become a major branch of Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of qualitative prop-
erties of certain objects that are invariant under a certain kind of transformation especially those
properties that are invariant under a certain kind of equivalence and it is the study of those prop-
erties of geometric configurations which remain invariant when these configurations are subjected to
one-to-one bicontinuous transformations or homeomorphisms. Topology operates with more general
concepts than analysis. Differential properties of a given transformation are nonessential for topology
but bicontinuity is essential. As a consequence, topology is often suitable for the solution of problems
to which analysis cannot give the answer.
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Though the concept of topology has been identified as a difficult territory in Mathematics, we

have taken it up as a challenge and cherishingly worked out this research study. Ideal Topology is
a generalization of topology in classical mathematics, but it also has its own unique characteristics.
It can also further up the understanding of basic structure of classical mathematics and offers new
methods and results in obtaining significant results of classical mathematics. Moreover it also has
applications in some important fields of Science and Technology.

We introduce the notions of *g-Z-LC*-sets, Z} -closed sets and Z-*g;-sets. Also we define the

notions of *g-Z-LC*-continuous maps, I} -continuous maps, Z-*g;-continuous maps and obtain de-
compositions of #-continuity.
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