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Abstract — In this article, some open-like fuzzy soft sets such as fuzzy soft semi-open set, fuzzy soft pre-
open set, fuzzy soft a-open set and corresponding variants of fuzzy soft continuous functions are
introduced and discussed. Some other variants of fuzzy soft sets such as fuzzy soft semi-preclosed set,
fuzzy soft t-set, fuzzy soft a*-set, fuzzy soft regular open set, fuzzy soft B-set, fuzzy soft C-set and fuzzy
soft D(a)-set are defined and some properties of these sets are studied and investigated. Some continuous-
like functions are introduced and we obtained some decomposition of fuzzy soft continuity.
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1 Introduction

The notion of continuity is always considered as an important concept in topological
study and investigations. It is seen from existing literatures that several weak forms of
continuity were introduced both for general and fuzzy topology to investigate and find
deep properties of continuity. Each of the weak forms of continuity is strictly weaker
than continuity. Theoretically, for each weak form of continuity, there is another weak
form of continuity such that both of them imply continuity. This gives rise to different
decompositions of continuous function. A classical example towards decomposition of
continuity is the paper of N. Levine [8]. Inception of concept of soft set of Molodtsov
[10] opened different directions for subsequent rapid developments, encompassing
various basic concepts and results of topology for their generalizations to soft settings.
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In 2011, Shabir and Naz [14] initiated the study of soft topological spaces. In 2001, Maji
et al. [9], introduced the concept of fuzzy soft set. Analytical part of fuzzy soft set theory
practically began with the work of B. Tanay et al.[15]. Recently, some researchers have
worked to find some decompositions of continuity in soft topological spaces. In this
paper, we proposed to define some open-like fuzzy soft sets and investigate for some
decompositions of fuzzy soft continuity.

In section 2, some open-like fuzzy soft sets such as fuzzy soft semi-open set, fuzzy soft
pre-open set, fuzzy soft a-open set and corresponding variants of fuzzy soft continuous
functions are introduced and discussed.

In section 3, we defined fuzzy soft semi-preclosed set, fuzzy soft t-set, fuzzy soft a*-set,
fuzzy soft regular open set, fuzzy soft B-set, fuzzy soft C-set and fuzzy soft D(a)-set. We
studied these sets and investigate some properties of these sets.

In section 4, we defined some continuous-like functions and we obtained some
decompositions of fuzzy soft continuity.

2 Preliminaries

Definition 2.1. [10] Let A CE. A pair (F, A) is called a soft set over U if and only if F
is a mapping given by F : A — P(U) such that F(e) = ¢ ifeZAand F(e) # ¢ if
ec A, where ¢ stands for the empty set, U is an initial universe set, E is the set of
parameters and P(U) is the set of all subsets of U. Here F is called approximate function
of the soft set (F, A) and the value F(e) is a set called e—element of the soft set. In other
words, the soft set is a parameterized family of subsets of the set U.

Definition 2.2. [9] Let U be an initial universe set, let E be a set of parameters, let A
CE. A pair (F, A) is called a fuzzy soft set over U if and only if F is a mapping given
by F: A —> 1Y suchthat F(e) =0y if e A and F(e) # Oy if e€ A, where Oy(u) = 0
for all ue U. Here F is called approximate function of the fuzzy soft set (F, A) and the
value F(e) is a fuzzy set called e—element of the fuzzy soft set (F, A). Thus a fuzzy soft
set (F, A) over U can be represented by the set of ordered pairs (F, A) = { (e, F(e)) :
ecA, F(e) € IV }. In other words, the fuzzy soft set is a parameterized family of fuzzy
subsets of the set U.

Definition 2.3. [3,4] A fuzzy soft set (F, A) over U is called a null fuzzy soft set,
denoted by ¢, if F(e) =0y forall e ACE.

Remark 2.4. According to the definition of fuzzy soft set, i.e., F(e) # 0y if e€ ACE,
Ou does not belong to the co-domain of F. Therefore, the concept of null fuzzy soft set
can be defined as follows.

Definition 2.5. A fuzzy soft set (F, A) over U is called a null fuzzy soft set or an empty
fuzzy soft set, whenever A= ¢.

Definition 2.6. A fuzzy soft set (F, A) over U is said to be an A—universal fuzzy soft set
if F(e)=1y ife€A where 1y(u) =1 forallueU.



Journal of New Theory 4 (2015) 39-52 41

An A-universal fuzzy soft set is denoted by 1, .

Definition 2.7. [13] A fuzzy soft set (F, A) over U is said to be an absolute fuzzy soft
set or auniversal fuzzy softset if A=E and F(e) =1y forallecE.

An absolute fuzzy soft set is denoted by 1_.

Definition 2.8. [9] A fuzzy soft set (F, A) is said to be a fuzzy soft subset of a fuzzy
soft set (G, B) over a common universe U if ACB and F(e) < G(e) forallecA.

We redefine fuzzy soft subset as follows.
Definition 2.9. A fuzzy soft set (F, A) is said to be a fuzzy soft subset of a fuzzy soft
set (G, B) over a common universe U if either F(e) = 0y for allee A or ACB and
F(e) < G(e) forall e A.

If a fuzzy soft set (F, A) is a fuzzy soft subset of a fuzzy soft set (G, B) we write
(F,ACS(G, B).

(F, A) is said to be a fuzzy soft superset of a fuzzy soft set (G, B) if (G, B) is a fuzzy
soft subset of (F, A) and we write (F, A) D (G, B).

Definition 2.10. [13] Two fuzzy soft sets (F, A) and (G, B) over a common universe are
said to be equal, denoted by (F, A) = (G, B), if (F,A) € (G, B) and (G, B) C (F, A).
That is, if F(e) < G(e) and G(e) < F(e) forall ecE.

Definition 2.11. [1,13] The intersection of two fuzzy soft sets (F, A) and (G, B) over a
common universe U is the fuzzy soft set (H, C) where C = AMB and H(e) =
F(e) AG(e) for all e € C and we write (H, C) = (F, A)(\(G, B).

In particular, if AMB=¢ or F(e) AG(e) =0y for every e AMB, then H(e) =0u.
Definition 2.12. [9] The union of two fuzzy soft sets (F, A) and (G, B) over a common
universe U is the fuzzy soft set (H, C) where C=AUB and foralleeC, H(e) = F(e)
if eeA-B,H(e)=G(e) if eeB-A, H(e)=F(e)VvG(e)if ee AMB. In this case
we write (H, C) = (F, A)U(G, B).

Definition 2.13. [9] The complement of a fuzzy soft set (F, A), denoted by (F, A)S, is
defined as (F, A)° = (F¢, —A), where F¢: —A — 1Y is a mapping given by F(e) =
(F(—e))° forall ee —A.

Alternatively, the complement of a fuzzy soft set can be defined as follows.

Definition 2.14. [15] The fuzzy soft complement of a fuzzy soft set (F, A), denoted by
(F, A, is defined as (F, A)° = (F%, A), where F°(e) = 1 — F(e) for every e A. Clearly,
((F, A)°)°=(F, A)and (1,)°=10, and (5,)°= 1.

Proposition 2.15. Let (F, A) be a fuzzy soft set over (U, E). Then
1. (F,AU(F, A) = (F, A), (F, AN(F, A) = (F, A)
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2. (F,AUG, =(F A), (F,ANG =05,
3. F,AUL=1,(FANTL=(FA
4. (F,AUF A°=1, (F,ANF A" =g,
Proposition 2.16. Let (F, A), (G B), (H, C) be fuzzy soft sets over (U, E). Then
1. (F, A)U(G B) = (G, B)U(F, A), (F, A) (G, B) = (G, B) N (F, A)
2. ((F,AU(G, B)® = (G, B)*N(F, A, ((F, AN (G, B))® = (G, B)°U (F, A)°
3. ((F, AU, B))E)(H, C) = (F, A)T(G, B)UH, C), (F, AN (G, BN
(H,C)= (F, A) N((G,B)N(H, C))

4. (F, AU((G, BYN(H, C)) = ((F, AU(G B)NI((F, AUH, C)), (F, AN
(G, B)) W (H, C)) =((F, A) N(G, B))V((F, Ay (H, C))

3 Fuzzy Soft Pre-open Set, Fuzzy soft a-open Set, Fuzzy Soft semi-open
Set

In this section, we defined fuzzy soft pre-open set, fuzzy soft a-open set and we
mentioned fuzzy soft semi-open set [5]. Then we defined the corresponding weaker
forms of fuzzy soft continuous functions, namely, fuzzy soft pre-continuous, fuzzy soft
a-continuous and fuzzy soft semi-continuous functions.

Let us recall the following definitions, propositions and theorems.

Definition 3.1. [13,15] A fuzzy soft topology 7 on (U, E) is a family of fuzzy soft sets
over (U, E), satisfying the following properties:

1. 6E, IE ET
2. If (F, A), (G, B) € 7 then (F,AYN(G,B) € 7.

3.0f(F, A €7, Vo €A then U (F, Ay €7.

aeclA

Definition 3.2. [13,15] If 7 is a fuzzy soft topology on (U, E), the triple (U, E, 7) is
said to be a fuzzy soft topological space. Each member of 7is called a fuzzy soft open
setin (U, E, 7). The family of all Fuzzy soft open sets is denoted by FSOS(U, E).

Definition 3.3. [12] Let (U, E, 7) be a fuzzy soft topological space. A fuzzy soft set is
called fuzzy soft closed if its complement is a member of 7.

Proposition 3.4. [12] Let (U, E, 7) be a fuzzy soft topological space and let 7' be the
collection of all fuzzy soft closed sets. Then

1 g,.1.€7

2. If(F, A), (GB) € 7' then (F,A)U(G,B) € 7’.
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3. If(F,A) €7, va €A then M (F,A)y €T

ael
Definition 3.5.[12,15] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) be a
fuzzy soft set over (U, E). Then the fuzzy soft closure of (F, A), denoted by (F, A), is
defined as the intersection of all fuzzy soft closed sets which contain (F, A). That is,
(F,A) = F\{(G, B) : (G, B) is fuzzy soft closed and (F, A)C (G, B)}. Clearly, (F,A)
is the smallest fuzzy soft closed set over (U, E) which contain (F, A). It is also clear that
(F, A) is fuzzy soft closed and (F, A)C (F, A).

Theorem 3.6.[6] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) and (G, B)
are fuzzy soft sets over (U, E). Then

1 0c = 0cv 7, = L

2. (FAC (F.A).

w

. (F, A) is fuzzy soft closed if and only if (F, A) = (F,A).

5. (F, AYC (G, B) implies (F, A) C (G, B).

6. (FACGB) = (F.A)UG,B).

7. FE.AAGE) < (F,A)N(G,B)

Definition 3.7. [12,15] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) be a
fuzzy soft set over (U, E). Then the fuzzy soft interior of (F, A), denoted by (F, A)°, is
defined as the union of all fuzzy soft open sets contained in (F, A). That is, (F, A)° =

Q{ (G, B) : (G, B) is fuzzy soft open and (G, B)é (F, A) }. Clearly, (F, A)°is the
largest fuzzy soft open set over (U, E) contained in (F, A). It is also clear that (F, A)°® is
fuzzy soft open and (F, A)°C (F, A).

Theorem 3.8. [6] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) and (G, B)
are fuzzy soft sets over (U, E). Then

1 (0)=0.and (L)’ = 7.

2. (F, A°C (F, A).

3. ((F, A)°)°=(F, A°.

4. (F, A) is a fuzzy soft open set if and only if (F, A)°= (F, A).
5. (F, A)C (G, B) implies (F, A)° < (G, B)°.

6. (F, A°M(G, B)° = ((F, AN (G, B))".

7. (F, A°U(G, B)° C((F, A)U(G, B))".
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We now define some open-like fuzzy soft sets.

Let us denote a family of fuzzy soft sets over (U, E) by FSS(U, E).
Definition 3.9. [5] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) €
FSS(U, E). Then (F, A) is said to be fuzzy soft semi-open if (F, A) é (F,A°- The
family of all fuzzy soft semi-open sets is denoted by FSSOS(U, E).
Example 3.10. Let U={p,q,r}, E={e1, es €3 e}. A={e1} C E, B={e;} C E.
Let us consider the following fuzzy soft sets over (U, E).
(F, A) = {F(e1) = { p/0.2, /0.7, r/0.6}, F(e;) = { p/0, g/0, r/0}, F(es) = { p/0, g/0, r/0},
F(es) = { p/0, g/0, r/0}}
(G, B) = {G(e1) ={ p/0, q/0, r/0}, G(ez) = { p/0.1, g/0.3, r/0.2}, G(es) = { p/0, /0, r/0},

G(es) ={ p/0, 9/0, r/0}}
Let us consider the fuzzy soft topology 7= {0, 1., (G, B)} over (U, E). Then (F, A) is

fuzzy soft semi-open set.
Definition 3.11. Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) € FSS(U,
E). Then (F, A) is said to be

1. Fuzzy soft pre-open if (F, A) é (F, A’

2. Fuzzy soft a-openif (F, A) é ((F, A)°)°-
The family of all Fuzzy soft pre-open (Fuzzy soft a-open) is denoted by FSPOS(U, E)
(FSaOS(U, E)).
Remark 3.12 ¢_ and 1_ are always fuzzy soft pre-open.

Remark 3.13 g_ and 1_ are always fuzzy soft a-open.

Remark 3.14 Every fuzzy soft open set is a fuzzy soft pre-open set but not conversely.

Example 3.15 Let U={p, q,r}, E={e1, es e3 e}. A={e;} C E, B={e3s} C E.
Let us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e1) ={ p/0.1, 9/0.7, r/0.9}, F(e2) = { p/0, q/0, r/0}, F(es) = { p/0, a/0, r/0},
F(es) = { p/0, 4/0, r/0}}

(G, B) = {G(e1) ={ p/0, 0/0, r/0}, G(e2) = { p/0, a/0, r/0}, G(es) = { p/0.4, /0.2, r/0.7},

G(esq) = { p/0, 0/0, r/0}}
Let us consider the fuzzy soft topology 7= {0, 1., (G, B)} over (U, E). Then (F, A) is

fuzzy soft pre-open set but (F, A) is not a fuzzy soft open.

Remark 3.16 Every fuzzy soft open set is a fuzzy soft a-open set but not conversely.
Example 3.17 Let U={p,q,r}, E={e1, e e3}. A={e;} C E, B={es} C E. Let
us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(er) = { p/0, g/0, r/0}, F(e;) = { p/0.7, /0.6, r/0.5}, F(e3) = { p/0, g/0, r/0}}
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(G, B) = {G(e1) = { p/0, g/0, r/0}, G(e2) = { p/0, g/0, r/0}, G(e3) = { p/0.1, ¢/0.3, r/0.2}}

Let us consider the fuzzy soft topology 7 ={0_, 1., (G, B)} over (U, E). Then (F, A) is
fuzzy soft a-open set but not a fuzzy soft open set.

Theorem 3.18. Let (U, E,7) be a fuzzy soft topological space. Let (F, A) and (G, B)
are fuzzy soft sets over (U, E). If either (F, A) is a fuzzy soft semi-open set or (G, B) isa

fuzzy soft semi-open set ((F, A) A (G, B))° = ((F, A))° A ((G, B))°

Definition 3.19. [7] Let FSS(U, E;) and FSS(V, E») be the families of all fuzzy soft sets
over (U, E;) and (V, E;) respectively. Let u: U —V andp: E; — E; be two
functions. Then fy, is called a fuzzy soft mapping from FSS(U, E;) to FSS(V, Ej),
denoted by fp, : FSS(U, E1) —> FSS(V, E») and defined as follows:

(1) Let (F, A) be a fuzzy soft set in FSS(U, E;). Then the image of (F, A) under the
fuzzy soft mapping fy,, is the fuzzy soft set over (V, Ey) defined by fou((F, A)),
where

wE A0 = M (Y Fe)w it ui) # g and

pr(e) A # .
= Ov otherwise.
(2) Let (G, B) be afuzzy soft set in FSS(V, E;). Then the pre-image (inverse image) of
(G, B) under the fuzzy soft mapping fy, is the fuzzy soft set over (U, E;) defined by
f Lu((G, B)), where
(G, B))(e)(¥) = G(p(en)(u(x)) for p(es) € B
= Ou otherwise.

Definition 3.20. If p and u are injective in definition 3.19, then the fuzzy soft mapping
fou 1S said to be injective. If p and u are surjective then the fuzzy soft mapping f, is said
to be surjective. If p and u are constant then f,, is called constant.

Definition 3.21. [2] Let (U, E; 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces.
A fuzzy soft mapping fou : (U, E1, 7,) —>(V, Ez, 7,) is called fuzzy soft continuous if
f (G, B)) € 7, forall (G, B)e r,.
Definition 3.22. Let (U, E;, 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces. A
fuzzy soft mapping fou : (U, E1, 7,) —>(V, Ez, 7,) is called
1. fuzzy soft pre-continuous if f *,,((G, B)) € FSPOS(U, E;) for all (G, B) €
FSOS(V, Ey),

2. fuzzy soft o-continuous if f (G, B)) € FSaOS(U, E;) for all (G, B) €
FSOS(V, Ey),

3. fuzzy soft semi-continuous if f'lpu((G, B)) € FSSOS(U, E,) for all (G, B) €
FSOS(V, Ey).
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Remark 3.23. A fuzzy soft continuous mapping is fuzzy soft pre-continuous but not
conversely.

Example 3.24. Let U={p,q,r}, E={e1, ey, e3,e.}. A={e1} C E, B={es} C E.
Let us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e2) = { p/0.1, /0.7, r/0.9}, F(ez) = { p/0, 9/0, r/0}, F(es) = { p/0, /0, r/0},
F(es) ={p/0, 9/0, r/0}}

(G, B) = {G(e1) = { p/0, 9/0, r/0}, G(e;) = { p/0, 9/0, r/0}, G(es) = { p/0.4, /0.2, r/0.7},
G(es) = { p/0, /0, r/0}}

Let us consider the fuzzy soft topology 7,={0., 1., (G, B)},and 7,={0., 1., (F, A)}
over (U, E). We define the fuzzy soft mapping fo : (U, E, 7;) — (U, E, 7,) where
u:U —> U and p:E —E beamapping defined as u(p) =p, u(@) =g, u(r)=r and
P(e1) = €1, P(e2) = €2, P(es) = s, p(es) = es. Now, fu((F, A) = (F,A) & (U, E, 7,)
but (F, A) is fuzzy soft pre-open set. Thus fp : (U, E, 7;) —> (U, E, 7,) is fuzzy soft
pre-continuous; but not fuzzy soft continuous.

Remark 3.25. A fuzzy soft continuous mapping is fuzzy soft a-continuous but not
conversely.

Example 3.26. Let U ={p, q, r}, E={e1, e, e3}. A={e;} C E, B={es} C E. Let
us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e1) ={ p/0, /0, r/0}, F(ez) = { p/0.7, /0.6, r/0.5}, F(e3) = { p/0, /0, r/0}}
(G, B) ={G(e1) ={ p/0, g/0, r/0}, G(ez) = { p/0, /0, r/0}, G(e3) = { p/0.1, /0.3, r/0.2}}

Let us consider the fuzzy soft topology 7,={0., 1., (G, B)}, and z,= {0, 1., (F, A)}
over (U, E). We define the fuzzy soft mapping f,:(U,E,;)—>(U, E,z,)
where u:u—->u and p:E—>E be a mapping defined as
u(p)=p,u(@)=q,u(r)=r, ple,)=e, p(e;)=e,, ple;)=e;
Now, f'(F,A)=(F,A)&(U,E,z) but (F, A) is fuzzy soft a-open set.

-

Thus f,,:(U,E,7)
continuous.

(U,E,z,) is fuzzy soft o-continuous; but not fuzzy soft

4 Fuzzy Soft B-Set, Fuzzy Soft C-Set, Fuzzy Soft D(a)-Set

In this section, we defined fuzzy soft semi-preclosed set, fuzzy soft t-set, fuzzy soft a*-
set, fuzzy soft regular open set, fuzzy soft B-set, fuzzy soft C-set and fuzzy soft D(a)-set.
We studied these sets and investigate some properties of these sets.

Definition 4.1. Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) € FSS(U, E).
Then (F, A) is said to be
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1. fuzzy soft semi-preclosed set if ((F, A)°)° é (F, A),

2. fuzzysoftt-setif (F,A)’= (F, A)°

3. fuzzy soft a*-setif ((F, A)°)°=(F, A)°,

4. fuzzy soft regular open [11] if (F, A) = (F,A)°
Example 4.2. o_ and 1_ are always fuzzy soft semi pre-closed set, fuzzy soft t-set, fuzzy
soft a*-set, fuzzy soft regular open set.
Remark 4.3. It is clear from definition that in a fuzzy soft topological space (U, E, 7),
every fuzzy soft regular open set is fuzzy soft open set, but the converse is not true,
which follows from the following example.
Example 4.4. Let U = {a, b, c}, E={e1, ey €3 e}. A={ e, e} C E, B={ey ey
es} C E. Let us consider the following fuzzy soft sets over (U, E).
(F, A) = {F(e1) = { &/0.5, b/0.2, c/0}, F(e;) = { @/0.7, b/0.6, ¢/0.3}, F(e3) = { a/0, b/0,
c/0}, F(eq) ={ &/0, b/0, c/0}}
(G, B) = {G(e1) = { &/0.5, b/0.3, c/0}, G(ey) = { a/0.7, b/0.8, r/0.5}, G(es) = { a/0.4,
b/0.9, ¢/0.8}, G(es) = { &/0, b/0, c/0}}
Let us consider the fuzzy soft topology 7,={0., 1., (F, A), (G, B)}, over (U, E).

Now,

(F, A)° = (F, A) = { F°(e,) = { /0.5, b/0.8, c/1}, F(e,) = { @/0.3, b/0.4, c/0.7}, F<(e3)
={a/1, b1, c/1}, FS(es) = {a/1, b1, c/1}}

and

(G, B)® = (G, B) ={G"(ey) ={ /0.5, b/0.7, c/1}, G%(e,) = { a/0.3, b/0.2, c/0.5}, G (e3) =
{ a/0.6, b/0.1, c/0.2}, G®(es) = { @/, b/1, c/1}}

and clearly, (F, A and (G,B)° are fuzzy soft closed sets.

Then the fuzzy soft closure of (F, A), is the intersection of all fuzzy soft closed sets
containing (F, A). Thatis (F, A)=1

The fuzzy soft interior of(ﬁ), is the union of all fuzzy soft open sets contained
in(F, A).

Thatis (F, A)°=(1.)° = 1

Hence, (F, A) is open but not a fuzzy soft regular open set.

Remark 4.5. A fuzzy soft t-set and fuzzy soft a*-set may not be fuzzy soft regular open
set, which follows from the following example.

Example 4.6. Let U ={a,b}, E={e,,e,},

Let us consider the following fuzzy soft sets over (U, E).

(F,E)={F(e,)={a/0.1,b/0.1}, F(e,)=1{a/0.1,b/0.2}}
(G,E)={G(e,)={a/0.2,b/0.2},G(e,)=1{a’/0.1,b/0.2}}
(H,E)={H(e,)=1{a/0.2,b/0.7},H(e,)=1{a/0.2,b/0.7}}
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(1,E)={I(e,)=1{a/0.9,b/0.9}, 1(e,)={a/0.7,b/0.7}}
(J,E)={3(e))={a/0.9,b/1}, I(e,)=1{a/0.7,b/0.9}}

Let us consider the fuzzy soft topology r:{OE,lE,(F,E),(G,E),(H,E),(I,E),(J,E)}
over (U E)

Now, (E,F) ={F°(e,)={a’/0.9,b/0.9}, F°(e,)=1{a/0.9,b/0.8}}

G, ) { GS(e,)= {a/08 b/0.8},G%(e,)=1{a’/0.9,b/0.8)}

(H,E) ={H(e,)={a’0.8,b/0.3}, H (¢,)={a/0.8,b/0.3}}

(1LEF ={1%@e,)={a’/0.1b/0.1},1°(e,)={a/0.3,b/0.3}}

(J,EF ={3%(e,)={a’0.1,b/0},3(e,)=1{a/0.3,b/0.1}}

Clearly, (F,E)*,(G,E)*,(H,E)*,(I1,E)" and (J,E)° are fuzzy soft closed sets.
Obviously, (F,E),(G,E),(H,E),(I,E) are fuzzy soft a*-sets and also fuzzy soft regular

open sets.
Let us consider the fuzzy soft set (K, E) over (U, E) defined as

(K,E)={K(e,)={a/0.4,b/0.5},K(e,)={a’/0.3,b/0.4}}. Then (K,E) is a fuzzy soft t-
set and also fuzzy soft a*-set but not a fuzzy soft regular open set.

Definition 4.7. Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) € FSS(U, E).
Then (F, A) is said to be

1. fuzzy soft B-set if (F, A) = (G, B)ﬁ (H, C), where (G,B) € 7 and (H, C)is a
fuzzy soft t-set,

2. fuzzy soft C-set if (F, A) = (G, B)ﬁ(H, C), where (G, B) € 7 and (H, C) is a
fuzzy soft a*-set,

3. fuzzy soft D(a)-set if (F, A)°=(F, A)M ((F, A°)°-
Remark 4.8. o_ and 1_ are always fuzzy soft B-set, fuzzy soft C-set, fuzzy soft D(a)-
set.

Theorem 4.9. Let (U, E, 7) be a fuzzy soft topological space. Then the following
statements are equivalent:

1. (F, A)is fuzzy soft o*-set.

2. (F, A) is fuzzy soft semi-preclosed set.

3. (F, A) is fuzzy soft regular open set.
Proof: Straight forward.

Theorem 4.10. Let (U, E, 7) be a fuzzy soft topological space. Then we have the
following results:

1. A fuzzy soft semi-open set (F, A) is fuzzy soft t-set if and only if (F, A) is fuzzy
soft o*-set.
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2. A fuzzy soft a-open set (F, A) is fuzzy soft a*-set if and only if (F, A) is fuzzy
soft regular open set.

Proof: (1) Let (F, A) be fuzzy soft semi-open and fuzzy soft t-set. Since (F, A) is a fuzzy
soft semi-open set, (F,A°= (F,A). Then (F, A)° = (F,A)°= ((F, A)°)°- Hence
(F, A) is fuzzy soft o*-set.

Conversely, let (F, A) be fuzzy soft semi-open and fuzzy soft a*-set. Since (F, A) is a
fuzzy soft semi-open set, (F 6 A)° = (F—A) Then (F,A)’°= ((F,A)°)° = (F, A)°.
Hence (F, A) is fuzzy soft t-set.

(2) Let (F, A) be fuzzy soft a-open and fuzzy soft a*-set. Then by theorem 3.1, (F, A) is
fuzzy soft semi-preclosed. Since (F, A) is fuzzy soft a-open, we have ((F A)°)°=

(F, A) and so (F,A)° = (F,A)°) = (F, A). Hence (F, A) is fuzzy soft regular open
set.
Conversely, proof is obvious.

Theorem 4.11. Let (U, E, 7) be a fuzzy soft topological space. If (F, A) is fuzzy soft
t-set, then (F, A) is fuzzy soft a*-set.

Proof: (1) Let (F, A) is fuzzy soft t-set. Then (F, A)° = (F, A)°- We have (F A)°)°=
(F,A)° = (F, A)°. Hence is (F, A) is fuzzy soft o*-set.
Theorem 4.12. Let (U, E, 7) be a fuzzy soft topological space. Then

(1) Every fuzzy soft o*-set is fuzzy soft C-set.

(2) Every fuzzy soft open set is fuzzy soft C-set.

Proof: The proof of (1) and (2) are obvious since 1_ is both fuzzy soft open and fuzzy
soft a*-set.

Theorem 4.13. Every fuzzy soft t-set in a fuzzy soft topological space (U, E, 7) is fuzzy
soft B-set.

Proof: Let a fuzzy soft set (F, A) in a fuzzy soft topological space (U, E, 7) be fuzzy
soft t-set Let (G, B) = 1. € 7. Then (F, A) = (G, B)F\(F, A) and hence (F, A) is fuzzy
soft B-set.

Theorem 4.14. Every fuzzy soft t-set in a fuzzy soft topological space (U, E, 7) is fuzzy
soft C-set.

Proof: Let a fuzzy soft set (F, A) in a fuzzy soft topological space (U, E, 7) be fuzzy
soft t-set. Then by theorem 3.5, (F, A) is fuzzy soft B-set. As (F, A) is fuzzy soft B-set,
(F, A) = (G, B)F\(H, C), where (G, B) € 7 and (H, C) is a fuzzy soft t-set. Then (H,
C)’=(H,C)° > ((H,C)P°)° > (H, C)°. Hence (H, C)° = ((H,C)°)°- Therefore,
(F, A) is fuzzy soft C-set.

Remark 4.15. Converse of the theorem 3.6 is not always true.
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Example 4.16. Let U={p,q,r}, E={e1, e e3,e4}. A={e1} C E, B={es} C E
and C = { e4}C E. Let us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e1) = { p/0.3, /0.4, r/0.4}, F(e;) = { p/0, g/0, r/0}, F(e3) = { p/0, g/0, r/0},
F(es) = { p/0, g/0, r/0}}
(G, B) = {G(e1) ={ p/0, g/0, r/0}, G(e;) = { p/0, g/0, r/0}, G(es) = { p/0.4, /0.5, r/0.5},
G(eq) ={ p/0, /0, r/0}}
(H, C) = {H(e1) ={ p/0, g/0, r/0}, H(ez) = { p/0, g/0, r/0}, H(es) = { p/0, g/0, r/0}, H(es)
={p/0.7, g/0.6, r/0.6}}
Let us consider the fuzzy soft topology 7= {0., 1., (F, A), (G, B)} over (U, E). Then

(H, C) is fuzzy soft C-set but not fuzzy soft t-set.

Theorem 4.17. Let (U, E, 7) be a fuzzy soft topological space. Then (F, A) is fuzzy
soft open set if and only if it is both fuzzy soft a-open and fuzzy soft C-set.

Proof: If (F, A) is fuzzy soft open set then clearly (F, A) is fuzzy soft a-open as well as
fuzzy soft C-set.

Conversely, let (F, A) be both fuzzy soft a-open and fuzzy soft C-set. Since (F, A) is
fuzzy soft C-set, there exist (G, B) € 7 and a fuzzy soft a*-set (H, C) such that (F,

A) = (G, B)N (H, C). Since (F, A) is fuzzy soft a-open, we get (F, A) C ((F, A)°)°

= (@ BYA(H.C)) = (G.BY N(H.Cy) = (GBS ¢ O
Therefore, (F, A) = (G, B)F\ (H, C) é(G, B)ﬁ [(ﬁ)o F\(H, )] = (G, B))F\ H,
C)° C(F, A). Consequently, (F, A) = (G, B)F\ (H, C)°. Hence (F, A) is fuzzy soft open
set.

Theorem 4.18. Let (U, E, 7) be a fuzzy soft topological space. Then (F, A) is fuzzy
soft open set if and only if it is both fuzzy soft pre-open and fuzzy soft B-set.

Proof: If (F, A) is fuzzy soft open set then clearly (F, A) is fuzzy soft pre-open as well
as fuzzy soft B-set.

Conversely, let (F, A) be both fuzzy soft pre-open and fuzzy soft B-set. Since (F, A) is
fuzzy soft B-set, there exist (G, B) € 7 and a fuzzy soft t-set (H, C) such that (F, A) =

(G, B)F\ (H, C). Since (F, A) is fuzzy soft pre-open, we get (F, A)é (F, A)°=

(G, B)A(H,C))°~ (G,B)° A (H,C)°= (G,B)° é (H, C)°. Therefore,
(F, A) = (G, B)N (H, C) C(G, B)N [(G,B)° (H, O] = (G, B)N (H, C)° C
(F, A). Asa consequence, (F,A) €.

Theorem 4.19. Let (U, E, 7) be a fuzzy soft topological space. Then (F, A) is fuzzy
soft open set if and only if it is both fuzzy soft a-open and fuzzy soft D(a)-set.

Proof: If (F, A) is fuzzy soft open set then clearly (F, A) is fuzzy soft a-open as well as
fuzzy soft D(w)-set. Conversely, let (F, A) be both fuzzy soft a-open and fuzzy soft

D(a)-set. Since (F, A) is fuzzy soft D(a)-set, (F, A)° = (F, A)N ((F, A)°)°- Since (F,
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A) is fuzzy soft a-open, we have (F, A) C ((F, A)°)°- Then (F, ANE A = (F A
C ((F, A7) N(F, A). Hence (F, A) C (F, A)’. As a consequence, (F, A)€ 7.

5 Decomposition of Fuzzy Soft Continuity

In this section, we obtained some decomposition of fuzzy soft continuity.

Definition 5.1. Let (U, Eq, 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces. A
fuzzy soft mapping fou : (U, E1, 7,) —>(V, Ez, 7,) is called

1. fuzzy soft C-continuous if f'lpu((G, B)) is fuzzy soft C-set for all (G, B) € 7,,
2. fuzzy soft B-continuous if f'lpu((G, B)) is fuzzy soft B-set for all (G, B) € 7,,
3. fuzzy soft D(a)-continuous if f 'lpu((G, B)) is fuzzy soft D(a)-set for all (G, B)
€7,.
Theorem 5.2. Let (U, Eq, 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces. A

fuzzy soft mapping fpu : (U, Es, 7,) —>(V, Ez, 7,) is fuzzy soft continuous function if
and only if it is both fuzzy soft a-continuous and fuzzy soft C-continuous.

Proof: The proof follows from theorem 4.17.
Theorem 5.3. Let (U, E;, 7;) and (V, E;, 7,) be two fuzzy soft topological spaces. A

fuzzy soft mapping fou : (U, E1, 7;) = (V, Bz, 7,) is fuzzy soft continuous function if
and only if it is both fuzzy soft pre-continuous and fuzzy soft B-continuous.

Proof: The proof follows from theorem 4.18.
Theorem 5.4. Let (U, E;, 7;) and (V, E;, 7,) be two fuzzy soft topological spaces. A

fuzzy soft mapping fu @ (U, E1, 7;) —>(V, Ea, 7,) is fuzzy soft continuous function if
and only if it is both fuzzy soft a-continuous and fuzzy soft D(a)-continuous.

Proof: The proof follows from theorem 4.19.
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