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Abstract — Let f: I — R, where I C R is an interval, be a mapping differentiable in the interior
I° of I, and let a,b € I° with a < b. If | f' (z)] < M for all = € [a,b], then the following inequality

holds: \ ( b)2
1 1 r— 42
’f(l“) - m/a f(t)dt -+ (] (1)

for all z € [a,b] . This inequality is well known in the literature as the Ostrowski inequality. In

<M (b—a)

this paper, we established new Ostrowski type inequalities for (o, m) —convex functions via fuzzy

Riemann integrals.

Keywords — (a, m)—convex function, Ostrowski inequality, Fuzzy Riemann integral.

1 Introduction

In 1938, A. M. Ostrowski (see [1]) proved the following inequality, estimating the
absolute value of deviation of a differentiable function by its integral mean as:

LN
( b aP )(b )

where f : I C R — R be a diferentiable mapping on (a,b) whose derivative
f":(a,b) — R is bounded on (a,b) that is ||f'||, = sup |f/| < co.

te(a,b)

/f Yy — f (2)] <
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Since that time when Ostrowski proved this inequality, many mathematicians
have been working on it and have been applying it in numerical analysis and proba-
bility, etc. For some applications of Ostrowski’s inequality see [2]-[5] and for recent
results and generalizations concerning Ostrowski’s inequality see [2]-]9].

Let I be an interval in R. Then f : I — R is said to be convex if for all =,y € I
and «a € [0, 1]
flax+ (1 —a)y) <af(x)+(1-a)f(y)

(see [10], Pagel). Geometrically, this means that if A, B, and C' are three distinct
points on the graph of with B between A and C', then B is on or below chord AB.
In [11] , Mihesan defined (o, m) -convexity as in the following:
The function f : [0,0] — R, b > 0, is said to be (a, m) —convex, where (a,m) €
[0,1] 2, if one has

flz+m (1 —t)y) <tf(x) +m(1—-t%) f(y)

for all z,y € [0,b] and ¢ € [0, 1].
Since fuzziness is a natural reality different than randomness and determinism,
Anastassiou extends Ostrowski type inequalities into the fuzzy setting in 2003 [12].
The concepts of fuzzy Riemann integrals were introduced by Wu [13]. Fuzzy
Riemann integral is a closed interval whose end points are the classical Riemann
integrals.

2 Notations and Preliminaries

In this section we point out some basic definitions and notations which would help
us in this work, we begin with:

Definition 2.1. [13] If v : R — [0, 1] satisfies the following properties, then u is
called fuzzy number.

i. u is normal (i.e, there exists an zy € R such that u(zg) = 1)

ii. wis a convex fuzzy set, ie., u(zA+(1—\)y) > min {u(z), u(y)}, for any z,y € R,
A € [0,1]. (u is called a convex fuzzy subset.)

9. u is upper semi continuous on R, i.e, Vzy € R and Ve > 0, 3 neighborhood
Vi(xo) : u(z) < u(zg) + €, Yo € V(o).

. The set [u]’ = {z € R : u(x) > 0} is compact where A denotes the closure of A.

Denote the set of all fuzzy numbers with Rr. For o € (0,1] and u € Ry, [u]* =
{z € R : u(z) > a}. Then, from (1) — (4) it follows that the a—level set [u]® is a

closed interval for all o € [0,1]. Moreover, [u]® = [u'®, ugf‘)] for all o € [0, 1], where

u <o and u' W € R, ie, v and u(* are the endpoints of [u]°.
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Definition 2.2. [14] Let u,v € Ry and k € R. Then, the addition and scalar
multiplication are defined by the equations, respectively.

i fu®v]® = [u]* + [v]*
i, [k ®ul® = k[u)®

for all @ € [0, 1] where [u]®+[v]* means the usual addition of two intervals (as subsets
of R) and k[u]* means the usual product between a scalar and a subset of R.

Proposition 2.3. [15, 16] Let u,v € Rz and k € R. Then, the following properties
are valid.

. 1Ou=mu
. uPbv=vPhu
w. kOu=u®k

iv. [u]* C [u]** whenever 0 < ap < oy <1
o0
v. For any «,, converging increasingly to « € (0, 1] ﬂ

Definition 2.4. [14] Let D : Ry x Rz — R, U {0} be a function defined by the
equation

D(u,v) := sup max{]u(_a) — o), Jul® — vf)]}
a€l0,1]

for all u,v € Rg. Then, D is a metric on Rg.
Now, using the results of [13, 16], for all u,v,v,w,e € Rr and k € R we have that
i. (Rx, D) is a complete metric space

D(u® w,v®w) = D(u,v)

(
iii. Dk ©u, k©v) = |kld(u,v)
w. D(u@v,w®e)=D(u,w)+ D(v,e)
v. D(u@®v,0) < D(u,0)+ D(v,0)
vi. D(u®v,w) < D(u,w) + D(v,0)
where 0 € Ry is defined 0(x) = 0 for all 2 € R.

Definition 2.5. [14] Let z,y € Rx. If there exists a z € Rz such that x = y @ z,
then we call z the H-difference of x and y, denoted by z =z & y.
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Definition 2.6. [14] Let T := [z, x¢ + ] C R, with 5 > 0. A function f: T — Rr
is H-differentiable at x € T if there exists a f'(z) € Rz such that the limits (with
respect to the metric D)

i {@ RS @O fe—h)
h—0% h h—0+ h

exist and are equal to f’(z). We call f’ the derivative or H-derivative of f at z. If
f is H-differentiable at any = € T, we call { differentiable or H-differentiable and it
has H-derivative over T' the function f’.

We use a particular case of the Fuzzy Henstock integral (§(z) = 2) introduced in
[14], Definition 2.1. That is,

Definition 2.7. [18] Let f : [a,b] — Rz. We say that f is Fuzzy-Riemann integrable
to I € Ry if for any € > 0, there exists 6 > 0 such that for any division P = {[u,v]; £}
of [a,b] with the norms A(P) < §, we have

D (Z(v —u) ® f(€, 1)) <e

P

*

where Z denotes the fuzzy summation. We choose to write

[ = (FR) / f(x)da

We also call an f as above (F'R)-integrable.

For some recent results connected with Fuzzy-Riemann integrals, see ([17]).
The main purpose of the this paper is to establish fuzzy Ostrowski type inequalties
for fuzzy Riemann integral and (o, m)-convex functions.

3 Main Results

In order to establish our main results we need the following lemma.

Lemma 3.1. Let f : I C R — Rz be differentiable mapping on I° where ma, mb € I
with ma < mb. If f' € Cpma,mb] N Ly [ma, mb|, then we have the equality for
differentiable function as follow:

ﬁ@(FR) W:b (:c)dx@%@(FR)/OIth’(mjtm(l—t)a)dt
— m@f(x)@W@(FR)/Othf’(ta:+m(1—t)b)dt

for x € (ma, mb) .
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Proof. By integration by parts and using properties of a-cut of fuzzy numbers, we

have following identities

{“"’ff‘” o(rR) [ o b+ m(1 - t)b)dt] @)

_ % [ (/01 £ (tr +m(1 — t)b)dt>; : (/01 tf (tr +m(1 — tﬂ))dt)]

- [(fm—x_lmb REORCE=rT R, (“)d“)]

= ”;b__ - {f ()& mbl— 2 O FR mi,f <“>d“r
and
{% & (FR) /01 L6 f (e +m(l — t)a)dt} ) (3)

_ % { (/01 tf (tz +m(1 — t)a)dt>; : (/01 tf'(tz +m(1 — t)CL)dt)]
_ z—ma [(f(x) . ' f(U)du);, (f(x) S ) f(u)d“) 1

b—a ma—2x /. ma—2x /. N

Tr —ma

_ [f(as) &

©® (FR) ’ f(u)du]a

ma

b—a
By adding (2) and (3) we have

[M ® (FR) /01 to f(tr +m(l — t)b)dt] )

«

+ [W ® (FR) /01 to f'(te +m(1 — t)b)dt}

= [m © f(z)® ﬁ ® (FR) f(U)dU} a

which the proof is completed. O
Theorem 3.2. Let f : I C R — Rz be differentiable mapping on [ such that
f" € Cr[ma, mb] N Lr [ma, mb], where ma, mb € I with ma < mb. If D (f'(z),0) is
(ar, m) —convex on [ma, mb] for (o, m) € [0,1] x [0,1] and D (f'(z),0) < M, then
the following inequality holds:

D(m@f(:c) ! @(FR)/mbf(:c)dx>

)
b—a ma

< am + 2 ((x—ma)2+(mb—x)2>
- 2(a+2) b—a

for each x € [ma, mb .



Journal of New Theory 6 (2015) 54-65

Proof. From Lemma 3.1

D(m@f(x),bia@(FR)/n:bf(x)dx)

(mb — z)? !

- D(m@f(:v)@ T— @(FR)/Ot@f’(t:c+m(1—t)b)dt,

1

b—a

(mb — x)*

@(FR)/m [(@)dee

@(FR)/thf'(tx+m(1—t)b)dt)

(z —ma)?

1 mb
_ D(m@(FR)/ma f (@) de @

—

@(FR)/ltG)f'(tx+m(1—t)a)dt,

1
b—a

@(FR)/thf’(tm+m(1—t)b)dt)

(mb — z)?
b—a

@(FR)/mf(x)dx@

—a

_ D ((:cb—ma)2 ® (FR) /Oltf’(ta:+m(1 —t)a)dt,

(mbb__;)2 © (FR) / g (tz +m (1 — 1)b) dt)

IN

D <(xb—ma)2 ® (FR) /01 tf' (tx +m (1 —1t)a) dt,5>

—a

—a

+D <<mbb_‘”)2 ® (FR) /Oltf’(t:erm(l —t)b)dt,a)

— (xb__nla) D((FR)/O tf’(tx+m(1—t)a)dt,5)
(mb — x)°
b—a
(xb__w;a) /OltD(f’(tx+m(1—t)a),6)dt
(mb — x)°
b—a

D ((FR) /Oltf’ (b +m (1— 1) b)dt,6>

IN

/ltD (f (tw+m(1—1t)b),0)dt

29
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Since D (f'(x),0) is (a,m) —convex and D (f’ (z),0) < M, then we have

D(f (tz+m(1—t)a),0) < taD(f'(g;)ﬁ)+m(1—ta)D(f'(a),6)
< M +m (1 1) (5)
D(f (tz+m(1—1)b),0) < taD<f’(a:),6)+m(1—ta)D(f’(b),f))

< M4+ m(1—1t%)] (6)

By using (5)and (6) in (4), we get

D<m®f(x),ﬁ®(FR)/mbf(x)dx>

ma

am + 2 <($—ma)2+(mb—x)2>

- 2(a+2) b—a
U

Theorem 3.3. Let f : I C R — Rz be differentiable mapping on I such that
[ € Cg[ma,mb] N Ly [ma, mb], where ma, mb € I with ma < mb. If [D (f' (z),0)]*
is (a,m) —convex on [ma, mb] for (o,m) € [0,1] x [0,1], p,q > 1,% +% = 1 and

D ( f(x), 6) < M, then the following inequality holds:

mb

D(m@f(x),ﬁ@(FR) . f(x)da:)

(ﬁ)l/pM(lojf?) ((x—ma)zjimb—xf)

for each x € [ma, mb].

Proof. From Lemma 3.1 and Holder’s inequality, we have

mb

D(m@f@),ﬁ@(m)/

ma

f(2) da:)

_ D<m@f<x>@%@(FR)/ltf'<m+m(1—t)b)dt,
1 mb (mb — z)?
m@(FR) (x)dx@ﬁ

ma

@(FR)/ltf’(tx—l—m(l—t)b)dt>

mb

_ D(ﬁ@(m) [ f@are T

M@(FR)/ltf'(tx—i—m(l—t)a)dt,
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(mb — z)?

b—a

@(FR)/mbf(x)da:@ @(FR)/Oltf’(term(l—t)b)dt)

b—a

- D ((Jcb—ma)2 ® (FR) /Oltf’ (tx +m (1 —1t)a)dt,

(mbb__;”)Q ® (FR) /1 tf (t +m (1 — 1)) dt)

~

< D<($;n2a>2@(FR)/Dltf’(tx+m(1—t)a)dt,O)

+D <(mb_m)2 @(FR)/ltf’(tx+m(1—t)b)dt,5>

b—a
= (xb__”la) D((FR)/O tf’(tx+m(1—t)a)dt,5)
+(mbb__;)2D ((FR) /Oltf’ (tx +m (1 —t)b)dt, 5)
< (x__maa)Q/1tD(f’(ta:+m(1—t)a),())dt
+(mbb__;)2 /OltD (f (tz +m (1 —1t)b),0) dt

IA

(wb__wf)z (/Oltpdt)l/p (/01 (D (f (tz +m (1 —1t)a) ,6)}th)1/q
+(mbb__;)2 (/01 tpdt) " (/01 [D (f (tz+m (1 —1t)b) ,6)}th) "

Since [D (f (z) ,6)]q is (o, m) —convex and D (f’(z),0) < M, then we have

[D(f’(tx—l—m(l—t)a),f))}q < taD(f'(rv),@)q+m(1—to‘)D(f'(a),())q
< M4+ m (1 —t%)) (7)

[D(f' (tz+m(1—1)b),0)]" < t“D(f'(x),0)"+m(1—¢*)D(f (b),0)"
< MO (1 - 1) ©
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By using (5)and (6) in (4), we get

D(m@f(:v),ﬁ@(FR)/mbf(x)dm)

ma

/a
($—ma)2( 1 )1/10( /1 )1
< M1 t* + 1—t%)]dt
< (g (-
/a
(mb—w)Q( 1 >1/p< /1 )1
+ M1 t“+m (1 —1t%)|dt
b—a p+1 0 [ m( )
_ 1\ /14 am\"* (x —ma)® + (mb — x)°
B p+1 a1 b—a
Theorem 3.4. Let f : I C R — Rp be differentiable mapping on I such that
[ € Cr [ma, mb]NLy [ma, mb], where ma, mb € I with ma < mb.If [D (f' (z) ,O)TI is

(ar,m) —convex on [ma, mb] for (e, m) € [0,1] x (0,1], ¢ € [1,00) and D (f' (2),0) <
M, then the following inequality holds:

]

D<m®f(x),ﬁ®(FR)/mbf(x)dac)

1/q . 2 . 2
< M 2+am (x —ma)” + (mb — x)
- a+2 2(b—a)

Proof. From Lemma 3.1 and using the well-known power-mean inequality, we get

mb

D(m@f@),ﬁ@(m)/

f(z) da:)
(mb — )
b—a
mb (mb — x)2

L@(FR) (r)dr &

b—a ma b—a

_ D(m@f(x)@ @(FR)/1tf’(tx+m(1—t)b)dt,

@(FR)/ltf’(tx—l—m(l—t)b)dt)

_ D(bl o R [ f () dr e Em)

—a ma b—a

1 mb
@(FR)/0 tf’(tm+m(1—t)a)dt,b1 @(FR)/ f(x)dz

—a ma
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IN

IN

(mb — x)°
b—a

® @(FR)/ltf’(tx—f—m(l—t)b)dt)

— D ((xb—m@)2 @(FR)/Oltf'(tm—i—m(l—t)a)dt,

—a

(mb — z)*
b—a

@(FR)/ltf’(tx—i—m(l—t)b)dt)

~

< D <(x_ma)2 @(FR)/ltf’(tm+m(1—t)a)dt,O)

b—a

4D <<mbb_x)2 ® (FR) /Oltf'(t:p—l—m(l —t)b)dt,a)

—a

(z — ma)®

- D((FR)/Oltf’(tx+m(1—t)a)dt,a)

b—a
b )2
L (mb—2)

—Qa

D ((FR) /Oltf’ (tr +m(1—1) b)dt,5>

(z —ma)?

/1tD(f’(tx+m(1—t)a),6)dt

(mb — z)?

/OltD (f (tz+m (1 —1t)b),0)dt
<x;_ﬂza)2 (/Oltdt)l_l/q (/Olt D (f'(tx+m(1—t)a),())}th)l/q
+<mbb__j)2 (/01 tdt)l_l/q (/Olt [D(f (tz+m(1—1t) b),())]%t)l/q

(D (f'(z) ,6)]q is (a,m) —convex and D (f'(z),0) < M, so we know

/Olt [D (f' (tz +m (1 —1t)a),0)]" dt
< /0t[to‘(D(f’(x),f)))q+m(1—t"‘)(D(f’(a),f)))q]dt

M4 am
< o5 )
o+ 2

2
/115 [D(f (tz+m(1—1t)b),0)]"dt
< /0t[ta(D(f’(x),()))qum(l—ta)(D(f’(b),f)))q]dt

M1 (1 am)
o+ 2

IN

2

63
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Therefore, we know

D (m@f(x),ﬁ@(FR)/W:bf(x)daD
v (2+am)1/q (z — ma)® + (mb — z)*

<
- a+2 2(b—a)
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