
http://www.newtheory.org ISSN: 2149-1402

Received : 14.04.2015 Year : 2016, Number : 10, Pages: 1-11
Published : 04.01.2016 Original Article*

(λ, µ)-FUZZY IDEALS OF ORDERED Γ-SEMIRINGS

Debabrata Mandal <dmandaljumath@gmail.com>

Department of Mathematics, Raja Peary Mohan College, Uttarpara, Hooghly-712258, India
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1 Introduction

Uncertainties, which could be caused by information incompleteness, data random-
ness limitations of measuring instruments, etc., are pervasive in many complicated
problems in biology, engineering, economics, environment, medical science and so-
cial science. We cannot successfully use the classical methods for these problems.
To solve this, the concept of fuzzy sets was introduced by Zadeh [12] in 1965 where
each element have a degree of membership and has been extensively applied to many
scientific fields.

Semirings [3] which provide a common generalization of rings and distributive
lattices arise naturally in such diverse areas of mathematics as combinatorics, func-
tional analysis, graph theory, automata theory, mathematical modelling and parallel
computation systems etc.(for example, see [3], [4]). Semirings have also been proved
to be an important algebraic tool in theoretical computer science, see for instance [4],
for some detail and example. Many of the semirings have an order structure in ad-
dition to their algebraic structure and indeed the most interesting results concering
them make use of the interplay between these two structures.

Ideals of semirings play an important role in the structure theory of ordered semi-
rings and useful for many purposes. In this paper, like ordered semigroup [2, 5, 6, 8],
it is an attempt to study how similar is the theory in terms of fuzzy for the case of or-
dered Γ-semiring [10], a generalization of ordered semirings [9] , since nowadays fuzzy
research concerns standardization, axiomatization, extensions to lattice-valued fuzzy
sets, critical comparison of the different so-called soft computing models that have
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been launched during the past three decennia for the representation and processing
of incomplete information [7].

Here we first introduce (λ, µ)-fuzzy ideals of ordered Γ-semirings. After that we
define intersection, cartesian product and composition of (λ, µ)-fuzzy ideals and use
these to study regular (resp. intra-regular) ordered Γ-semirings.

2 Preliminaries

We recall the following definitions for subsequent use.

Definition 2.1. Let S and Γ be two additive commutative semigroups with zero.
Then S is called a Γ-semiring if there exists a mapping S × Γ× S → S ( (a,α,b) 7→
aαb) satisfying the following conditions:

(i) (a + b)αc = aαc + bαc

(ii) aα(b + c) = aαb + aαc

(iii) a(α + β)b = aαb + aβb

(iv) aα(bβc) = (aαb)βc

(v) 0Sαa = 0S = aα0S

(vi) a0Γb = 0S = b0Γa

where a, b, c ∈ S, α, β ∈ Γ, 0S is the zero element of S and 0Γ is the zero element of
Γ.

For simplification we write 0 instead of 0S and 0Γ.

Definition 2.2. A left ideal I of Γ-semiring S is a nonempty subset of S satisfying
the following conditions:

(i) If a, b ∈ I then a + b ∈ I

(ii) If a ∈ I, s ∈ S and γ ∈ Γ then sγa ∈ I

(iii) I 6= S.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty
subset which is both a left ideal and a right ideal of S.

Definition 2.3. An ordered semiring is a Γ-semiring S equipped with a partial order
≤ such that the operation is monotonic and constant 0 is the least element of S.

Definition 2.4. Let R, S be two Γ-semirings and a, b ∈ R, γ ∈ Γ. A function
f : R → S is said to be a homomorphism if

(i) f(a + b) = f(a) + f(b)

(ii) f(aγb) = f(a)γf(b)

(iii) f(0R) = 0S where 0R and 0S are the zeroes of R and S respectively.

Now we recall the definition and example of ordered ideal from [1]
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Definition 2.5. A left (resp. right ) ideal I of S is called a left (resp. right ) ordered
ideal, if for any a ∈ S, b ∈ I, a ≤ b implies a ∈ I (i.e. (I]⊆ I). I is called an ordered
ideal of S if it is both a left and a right ordered ideal of S.

Example 2.6. Let S = ([0, 1],∨, ·, 0) where [0,1] is the unit interval a∨b = max{a, b}
and a · b = (a + b− 1) ∨ 0 for a, b ∈ [0, 1]. Then it is easy to verify that S equipped
with the usual ordering ≤ is an ordered semiring and I = [0, 1

2
] is an ordered ideal

of S.

Definition 2.7. [12] Let S be a non-empty set. A mapping f : S → [0, 1] is called
a fuzzy subset of S.

Definition 2.8. The union and intersection of two fuzzy subsets f and σ of a set S,
denoted by f ∪ σ and f ∩ σ respectively, are defined by

(f ∪ σ)(x) = f(x) ∨ σ(x) for all x ∈ S

(f ∩ σ)(x) = f(x) ∧ σ(x) for all x ∈ S.

3 (λ, µ)-fuzzy ideals with some operations

Throughout this paper unless otherwise mentioned S denote the ordered Γ-semiring
with identity 1, χS denote its characteristic function and we will always assume that
0 ≤ λ < µ ≤ 1.

Definition 3.1. Let f and g be two fuzzy subsets of an ordered Γ-semiring S. We
define two compositions of f and g as follows:

f ◦1 g(x) = ∨{∧
x+y1αz1≤y2βz2

{f(y1), f(y2), g(z1), g(z2)}}
= 0, if x cannot be expressed as x + y1αz1 ≤ y2βz2

where x, y1, y2, z1, z2 ∈ S and α, β ∈ Γ

and
fo2g(x) = ∨[∧

i
{∧{f(ai), f(ci), g(bi),

x+

n∑
i=1

aiαibi ≤
n∑

i=1

ciβidi

g(di)}}]

= 0, if x cannot be expressed as above
where x, z, ai, bi, ci, di ∈ S and αi, βi ∈ Γ.

Definition 3.2. Let f be a non-empty fuzzy subset of an ordered Γ-semiring S (i.e.
f(x) 6= 0 for some x ∈ S). Then f is called a (λ, µ)-fuzzy left ideal [resp. (λ, µ)-fuzzy
right ideal] of S if

(i) f(x + y) ∨ λ ≥ f(x) ∧ f(y) ∧ µ

(ii) f(xγy) ∨ λ ≥ f(y) ∧ µ [resp. f(xγy) ∨ λ ≥ f(x) ∧ µ] and

(iii) x ≤ y implies f(x) ∨ λ ≥ f(y) ∧ µ.
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for all x, y ∈ S and γ ∈ Γ.
A (λ, µ)-fuzzy ideal of an ordered Γ-semiring S is a non-empty (λ, µ)-fuzzy subset of
S which is a (λ, µ)-fuzzy left ideal as well as a (λ, µ)-fuzzy right ideal of S.
Note that for (λ, µ)-fuzzy k-ideal the following additional relation must be holds:
For x, a, b ∈ S with x + a ≤ b ⇒ f(x) ∨ λ ≥ f(a) ∧ f(b) ∧ µ.

Example 3.3. Let S = Γ = {0, a, b} with the ordered relation 0 ≺ b ≺ a. Define
operations on S by following:

⊕ 0 a b
0 0 a b
a a a b
b b b b

and

¯ 0 a b
0 0 0 0
a 0 a a
b 0 b b

Then (S,⊕,¯) forms an ordered semiring.
We now define a fuzzy subset µ of S by µ(0) = 1, µ(b) = 0.2, and µ(a) = 0.1, then
µ will be a (0.5, 0.8)-fuzzy right ideal of S.

Theorem 3.4. Let S be an ordered Γ-semiring and f be a (λ, µ)-fuzzy right (resp.
left) ideal of S. Then Ia = {b ∈ S|f(b)∨ λ ≥ f(a)∧ µ} is a right (resp. left) ideal of
S for every a ∈ S.

Proof. Let f be a (λ, µ)-fuzzy right ideal of S and a ∈ S. Then Ia 6= φ because a ∈ Ia

for every a ∈ S. Let b, c ∈ Ia, γ ∈ Γ and x ∈ S. Since b, c ∈ Ia, f(b) ∨ λ ≥ f(a) ∧ µ
and f(c) ∨ λ ≥ f(a) ∧ µ. Now

f(b + c) ∨ λ ≥ f(b) ∧ f(c) ∧ µ [∵ f is a (λ, µ)-fuzzy right ideal]
≥ f(a) ∧ µ.

which implies b + c ∈ Ia.
Also f(bγx) ∨ λ ≥ f(b) ∧ µ ≥ f(a) ∧ µ i.e. bγx ∈ Ia.
Let b ∈ Ia and S � x ≤ b. Then f(x) ∨ λ ≥ f(b) ∧ µ ≥ f(a) ∧ µ ⇒ x ∈ Ia.
Thus Ia is a right ideal of S.
Similarly we can prove the result for left ideal also.

Proposition 3.5. Intersection of a non-empty collection of (λ, µ)-fuzzy right (resp.
left) ideals is also a (λ, µ)-fuzzy right (resp. left) ideal of S.

Proof. Let {fi : i ∈ I} be a non-empty family of (λ, µ)-fuzzy right ideals of S and
x, y ∈ S, γ ∈ Γ.
Then

( ∩
i∈I

fi)(x + y) ∨ λ = ∧
i∈I
{fi(x + y) ∨ λ} ≥ ∧

i∈I
{fi(x) ∧ fi(y) ∧ µ}

= ∧{ ∧
i∈I

fi(x), ∧
i∈I

fi(y)} ∧ µ = ( ∩
i∈I

fi)(x) ∧ ( ∩
i∈I

fi)(y) ∧ µ.

Again

( ∩
i∈I

fi)(xγy) ∨ λ = ∧
i∈I
{fi(xγy) ∨ λ} ≥ ∧

i∈I
fi(x) ∧ µ = ( ∩

i∈I
fi)(x) ∧ µ.

Suppose x ≤ y. Then fi(x)∨λ ≥ fi(y)∧µ for all i ∈ I which implies ( ∩
i∈I

fi)(x)∨λ ≥
( ∩
i∈I

fi)(y) ∧ µ. Hence ∩
i∈I

fi is a (λ, µ)-fuzzy right ideal of S.

Similarly we can prove the result for (λ, µ)-fuzzy left ideal also.
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Proposition 3.6. Let f : R → S be a morphism of ordered Γ-semirings i.e. Γ-
semiring homomorphism satisfying additional condition a ≤ b ⇒ f(a) ≤ f(b). Then
if φ is a (λ, µ)-fuzzy left ideal of S, then f−1(φ) [11] is also a (λ, µ)-fuzzy left ideal
of R.

Proof. Let f : R → S be a morphism of ordered semirings.
Let φ be a (λ, µ)-fuzzy left ideal of S.
Now f−1(φ)(0R) ∨ λ = φ(0S) ∨ λ ≥ φ(x

′
) 6= 0 for some x

′ ∈ S.
Therefore f−1(φ) is non-empty.
Now, for any r, s ∈ R and γ ∈ Γ

f−1(φ)(r + s) ∨ λ = φ(f(r + s)) ∨ λ = φ(f(r) + f(s)) ∨ λ
≥ φ(f(r)) ∧ φ(f(s)) ∧ µ = (f−1(φ))(r) ∧ (f−1(φ))(s) ∧ µ.

Again
(f−1(φ))(rγs) ∨ λ = φ(f(rγs)) ∨ λ = φ(f(r)γf(s)) ∨ λ

≥ φ(f(s)) ∧ µ = (f−1(φ))(s) ∧ µ.

Also if r ≤ s, f(r) ≤ f(s). Then

(f−1(φ))(r) ∨ λ = φ(f(r)) ∨ λ ≥ φ(f(s)) ∧ µ = (f−1(φ))(s) ∧ µ.

Thus f−1(φ) is a (λ, µ)-fuzzy left ideal of R.

Definition 3.7. Let f and g be fuzzy subsets of X. The cartesian product of f and
g is defined by (f × g)(x, y) = f(x) ∧ g(y) for all x, y ∈ X.

Theorem 3.8. Let f and g be (λ, µ)-fuzzy left ideals of an ordered Γ-semiring S.
Then f × g is a (λ, µ)-fuzzy left ideal of S × S.

Proof. Let (x1, x2), (y1, y2) ∈ S × S and γ ∈ Γ. Then

(f × g)((x1, x2) + (y1, y2)) ∨ λ = (f × g)(x1 + y1, x2 + y2) ∨ λ
= (f(x1 + y1) ∧ g(x2 + y2)) ∨ λ
= (f(x1 + y1) ∨ λ) ∧ (g(x2 + y2) ∨ λ)
≥ (f(x1) ∧ f(y1) ∧ µ) ∧ (g(x2) ∧ g(y2) ∧ µ)
= (f × g)(x1, x2) ∧ (f × g)(y1, y2) ∧ µ

and

(f × g)((x1, x2)γ(y1, y2)) ∨ λ = (f × g)(x1γy1, x2γy2) ∨ λ
= (f(x1γy1) ∧ g(x2γy2)) ∨ λ
= (f(x1γy1) ∨ λ) ∧ (g(x2γy2) ∨ λ)
≥ f(y1) ∧ g(y2) ∧ µ = (f × g)(y1, y2) ∧ µ.

Also if (x1, x2) ≤ (y1, y2), then

(f × g)(x1, x2) ∨ λ = (f(x1) ∧ g(x2)) ∨ λ = (f(x1) ∨ λ) ∧ (g(x2) ∨ λ)
≥ (f(y1) ∧ µ) ∧ (g(y2) ∧ µ) = f(y1) ∧ g(y2) ∧ µ
= (f × g)(y1, y2) ∧ µ.

Therefore f × g is a (λ, µ)-fuzzy left ideal of S × S.
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Theorem 3.9. Let f be a (λ, µ)-fuzzy subset in an ordered Γ-semiring S. Then f
is a (λ, µ)-fuzzy left ideal of S if and only if f ×f is a (λ, µ)-fuzzy left ideal of S×S.

Proof. Assume that f is a (λ, µ)-fuzzy left ideal of S. Then by Theorem 3.8, f × f
is a (λ, µ)-fuzzy left ideal of S × S.
Conversely, suppose that f×f is a (λ, µ)-fuzzy left ideal of S×S. Let x1, x2, y1, y2 ∈ S
and γ ∈ Γ. Then

(f(x1 + y1) ∧ f(x2 + y2)) ∨ λ = (f × f)(x1 + y1, x2 + y2) ∨ λ
= (f × f)((x1, x2) + (y1, y2)) ∨ λ
≥ (f × f)(x1, x2) ∧ (f × f)(y1, y2) ∧ µ
= (f(x1) ∧ f(x2) ∧ µ) ∧ (f(y1) ∧ f(y2) ∧ µ).

Now, putting x1 = x, x2 = 0, y1 = y and y2 = 0, in this inequality and noting that
f(0) ≥ f(x) for all x ∈ S, we obtain f(x + y) ∨ λ ≥ f(x) ∧ f(y) ∧ µ.
Next, we have

(f(x1γy1) ∧ f(x2γy2)) ∨ λ = (f × f)(x1γy1, x2γy2) ∨ λ
= (f × f)((x1, x2)γ(y1, y2)) ∨ λ
≥ (f × f)(y1, y2) ∧ µ
= f(y1) ∧ f(y2) ∧ µ.

Taking x1 = x, y1 = y and y2 = 0, we obtain f(xγy) ∨ λ ≥ f(y) ∧ µ.
Also if (x1, x2) ≤ (y1, y2), then (f(x1)∧ f(x2))∨ λ ≥ f(y1)∧ f(y2)∧µ. Now, putting
x1 = x, x2 = 0, y1 = y and y2 = 0, in this inequality we have f(x) ∨ λ ≥ f(y) ∧ µ.
Hence f is a (λ, µ)-fuzzy left ideal of S.

Theorem 3.10. If f1, f2 be any two (λ, µ)-fuzzy k-ideals of an ordered semiring S
then f1o2f2 is a (λ, µ)-fuzzy ideal of S.

Proof. Let f1, f2 be any two (λ, µ)-fuzzy k-ideals of an ordered semiring S and
x, y ∈ S and γ ∈ Γ. Then

(f1o2f2)(x + y) ∨ λ
= ∨{∧{f1(ai), f2(bi),

x+y+
P

aiαibi≤
P

ciβidi

f1(ci), f2(di)}} ∨ λ

≥ ∨{∧{f1(x1i), f1(x3i), f1(y1i), f1(y3i),
x+y+

P
x1iα1ix2i+

P
y1iα2iy2i≤

P
x3iβ1ix4i+

P
y3iβ2iy4i

f2(x2i), f2(x4i), f2(y2i), f2(y4i)}} ∨ λ

≥ ∧{ ∨{∧{f1(x1i), f1(x3i),
x+
P

x1iα1ix2i≤
P

x3iβ1ix4i

f2(x2i), f2(x4i)}}, ∨{∧{f1(y1i), f1(y3i),
y+
P

y1iα2iy2i≤
P

y3iβ2iy4i

f2(y2i), f2(y4i)}}} ∧ µ

= (f1o2f2)(x) ∧ (f1o2f2)(y) ∧ µ.

Now assuming f1, f2 are as (λ, µ)-fuzzy right ideals we have

(f1o2f2)(xγy) ∨ λ = ∨{∧{f1(ai), f2(bi),
xγy+

P
aiγibi≤

P
ciδidi

f1(ci), f2(di)}} ∨ λ

≥ ∨{∧{f1(x1i), f1(x3i),
xγy+

P
x1iαix2iγy≤Px3iβix4iγy

f2(x2iγy), f2(x4iγy)}} ∨ λ

≥ ∨{∧{f1(x1i), f1(x3i),
x+
P

x1iαix2i≤
P

x3iβix4i

f2(x2i), f2(x4i)}} ∧ µ

= (f1o2f2)(x) ∧ µ.

Similarly, assuming f1, f2 are as (λ, µ)-fuzzy left k-ideals we can show that (f1o2f2)(xγy) ≥
(f1o2f2)(y).
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Now suppose x ≤ y. Then f1(x) ∨ λ ≥ f1(y) ∧ µ and f2(x) ∨ λ ≥ f2(y) ∧ µ.

(f1o2f2)(x) ∨ λ = ∨{∧{f1(x1i), f1(x3i),
x+
P

x1iαix2i≤
P

x3iβix4i

f2(x2i), f2(x4i)}} ∨ λ

≥ ∨{∧{f1(y1i), f1(y3i), f2(y2i), f2(y4i)
x+
P

y1iγ1iy2i≤y+
P

y1iγ2iy2i≤
P

y3iγ3iy4i

}} ∧ µ

= ∨{∧{f1(y1i), f1(y3i),
y+
P

y1iγ1iy2i≤
P

y3iγ3iy4i

f2(y2i), f2(y4i)}} ∧ µ

= (f1o2f2)(y) ∧ µ.

Hence f1o2f2 is a (λ, µ)-fuzzy ideal of S.

4 (λ, µ)-fuzzy ideals of regular ordered Γ-semiring

Definition 4.1. A fuzzy subset f of an ordered semiring S is called (λ, µ)-fuzzy
bi-ideal if for all x, y ∈ S and α, β ∈ Γ we have

(i) f(x + y) ∨ λ ≥ f(x) ∧ f(y) ∧ µ

(ii) f(xαy) ∨ λ ≥ f(x) ∧ f(y) ∧ µ

(iii) f(xαyβz) ∨ λ ≥ f(x) ∧ f(z) ∧ µ

(iv) x ≤ y ⇒ f(x) ∨ λ ≥ f(y) ∧ µ.

Definition 4.2. A (λ, µ)-fuzzy subset f of an ordered Γ-semiring S is called (λ, µ)-
fuzzy quasi-ideal if for all x, y ∈ S we have

(i) f(x + y) ∨ λ ≥ f(x) ∧ f(y) ∧ µ

(ii) ((fo2χS) ∩ (χSo2f))(x) ∧ µ ≤ f(x) ∨ λ

(iii) x ≤ y ⇒ f(x) ∨ λ ≥ f(y) ∧ µ.

Proposition 4.3. Intersection of a non-empty collection of (λ, µ)-fuzzy bi-ideals of
S is also a (λ, µ)-fuzzy bi-ideal of S.

Proof. The proof follows by routine verifications.

Proposition 4.4. Let {fi : i ∈ I} be a family of bi-ideals of S such that fi ⊆ fj or
fj ⊆ fi for i, j ∈ I. Then ∪

i∈I
fi is a (λ, µ)-fuzzy bi-ideal of S.

Proof. Straightforward.

Lemma 4.5. In an ordered Γ-semiring every (λ, µ)-fuzzy quasi ideals are (λ, µ)-fuzzy
bi-ideals.

Proof. Let f be a (λ, µ)-fuzzy quasi ideal of S. It is sufficient to prove that f(xαyβz)∨
λ ≥ f(x)∧ f(z)∧ µ for all x, y, z ∈ S and α, β ∈ Γ. Since f is a (λ, µ)-fuzzy quasi
ideal of S, we have

f(xαyβz) ∨ λ ≥ ((fo2χS) ∩ (χSo2µ))(xαyβz) ∧ µ
= {(fo2χS)(xαyβz) ∧ (χSo2f)(xαyβz)} ∧ µ
= ∧{ ∨(f(ai) ∧ f(ci))

xαyβz+

n∑
i=1

aiγibi ≤
n∑

i=1

ciδidi

, ∨(f(bi) ∧ f(di))

xαyβz+

n∑
i=1

aiγibi ≤
n∑

i=1

ciδidi

} ∧ µ

≥ f(0) ∧ f(x) ∧ f(0) ∧ f(z)) ∧ µ(since xαyβz + 0γ0 + 0 = xαyβz + 0)
= f(x) ∧ f(z) ∧ µ.
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Similarly, we can show that f(xαy) ∨ λ ≥ f(x) ∧ f(y) ∧ µ for all x, y ∈ S and
α ∈ Γ.

Definition 4.6. An ordered Γ-semiring S is said to be k-regular if for each x ∈ S,
there exist a, b ∈ S and α, β, γ, δ ∈ Γ such that x + xαaβx ≤ xγbδx.

Definition 4.7. An ordered Γ-semiring S is said to be k-intra-regular if for each
x ∈ S, there exist z, ai, a

′
i, bi, b

′
i ∈ S, α1i, α2i, α3i, β1i, β2i, β3i ∈ Γ, i ∈ N, the set of

natural numbers, such that x +
n∑

i=1

aiα1ixα2ixα3ia
′
i ≤

n∑
i=1

biβ1ixβ2ixβ3ib
′
i.

Theorem 4.8. Let S be a k-regular ordered semiring and x ∈ S. Then

(i) f(x) ∧ µ ≤ (fo2χSo2f)(x) ∨ λ for every (λ, µ)-fuzzy k-bi-ideal f of S.

(ii) f(x) ∧ µ ≤ (fo2χSo2f)(x) ∨ λ for every (λ, µ)-fuzzy k-quasi-ideal f of S.

Proof. Let S be a k-regular ordered semiring and x be any element of S. Suppose
f be any (λ, µ)-fuzzy k-bi-ideal of S. Since S is k-regular there exist a, b ∈ S and
α, β, γ, δ ∈ Γ such that x + xαaβx ≤ xγbδx. Now

(fo2χSo2f)(x) ∨ λ
= ∨(∧{(fo2χS)(ai), (fo2χS)(ci),

x+

n∑
i=1

aiαibi ≤
n∑

i=1

ciβidi

f(bi), f(di)}) ∨ λ

≥ ∧{(fo2χS)(xαa), (fo2χS)(xγb), f(x)} ∧ µ
= ∧{ ∨(∧{(f(ai), f(ci))})

xαa+

n∑
i=1

aiα1ibi ≤
n∑

i=1

ciβ1idi

, ∨(∧{(f(ai), f(ci))})
xγb+

n∑
i=1

aiα2ibi ≤
n∑

i=1

ciβ2idi

, f(x)} ∧ µ

≥ ∧{f(x), f(x), f(x)} ∧ µ
(since xαa + xαaβxαa ≤ xγbδxαa and xγb + xαaβxγb ≤ xγbδxγb)

= f(x) ∧ µ.

This implies that f(x) ∧ µ ≤ (fo2χSo2f)(x) ∨ λ.
(i) ⇒ (ii) is straight forward from Lemma 4.5.

Theorem 4.9. Let S be a k-regular ordered semiring and x ∈ S. Then

(i) (f ∩ g)(x)∧ µ ≤ (fo2go2f)(x)∨ λ for every (λ, µ)-fuzzy k-bi-ideal f and every
(λ, µ)-fuzzy k-ideal g of S.

(ii) (f ∩ g)(x) ∧ µ ≤ (fo2go2f)(x) ∨ λ for every (λ, µ)-fuzzy k-quasi-ideal f and
every (λ, µ)-fuzzy k-ideal g of S.

Proof. Assume that S is a k-regular ordered semiring. Let f and g be any (λ, µ)-fuzzy
k-bi-ideal and (λ, µ)-fuzzy k-ideal of S, respectively and x be any element of S. Since
S is k-regular, there exist a, b ∈ S and α, β, γ, δ ∈ Γ such that x + xαaβx ≤ xγbδx.
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Then

(fo2go2f)(x) ∨ λ
= ∨(∧{(fo2g)(ai), (fo2g)(ci), f(bi), f(di)})

x+

n∑
i=1

aiαibi ≤
n∑

i=1

ciβidi

∨ λ

≥ ∧{(fo2g)(xαa), (fo2g)(xγb), f(x)} ∧ µ
= ∧{∨(∧{(f(ai), f(ci), g(bi), g(di))})

xαa+

n∑
i=1

aiαibi ≤
n∑

i=1

ciβidi

,∨(∧{(f(ai), f(ci), g(bi), g(di))})
xγb+

n∑
i=1

aiγibi ≤
n∑

i=1

ciδidi

, f(x)} ∧ µ

≥ ∧{∧{f(x), f(aβxαa), g(bδxαa)},∧{f(x), g(aβxγb), g(bδxγb)}, f(x)} ∧ µ
(since xαa + xαaβxαa ≤ xγbδxαa and xγb + xαaβxγb ≤ xγbδxγb)

≥ f(x) ∧ g(x) ∧ µ = (f ∩ g)(x) ∧ µ.

(i)⇒(ii) is straight forward from Lemma 4.5.

Theorem 4.10. Let S is both k-regular and k-intra-regular an ordered semiring and
x ∈ S. Then

(i) f(x) ∧ µ = (fo2f)(x) ∨ λ for every (λ, µ)-fuzzy k-bi-ideal f of S

(ii) f(x) ∧ µ = (fo2f)(x) ∨ λ for every (λ, µ)-fuzzy k-quasi-ideal f of S.

Proof. Suppose S is both k-regular and k-intra-regular ordered semiring. Let x ∈ S
and f be any fuzzy k-bi-ideal of S. Since S is both k-regular and k-intra-regular
there exist ai, bi, ci, di ∈ S, α1i, α2i, α3i, α4i, α5i, β1i, β2i, β3i, β4i, β5i ∈ Γ, i ∈ N such

that x +
n∑

i=1

xα1iaiα2ixα3ixα4ibiα5ix ≤
n∑

i=1

xβ1iciβ2ixβ3ixβ4idiβ5ix. Therefore

(fo2f)(x) ∨ λ = ∨[∧
i
{∧{f(ai), f(ci), f(bi),

x+

n∑
i=1

aiαibi ≤
n∑

i=1

ciβidi

f(di)}}] ∨ λ

≥ ∧
i
[∧{f(xα1iaiα2ix), f(xα4ibiα5ix), f(xβ1iciβ2ix), f(xβ4idiβ5ix)}]

x+

n∑
i=1

xα1iaiα2ixα3ixα4ibiα5ix ≤
n∑

i=1

xβ1iciβ2ixβ3ixβ4idiβ5ix

∧ µ

≥ f(x) ∧ µ.

Now (fo2f)(x) ∨ λ ≤ (fo2χS)(x) ∧ µ ≤ f(x) ∧ µ. Hence f(x) ∧ µ = (fo2f)(x) ∨ λ
for every (λ, µ)-fuzzy k-bi-ideal f of S.
(i) ⇒ (ii) is straightforward from the Lemma 4.5.

Theorem 4.11. Let S is both k-regular and k-intra-regular ordered semiring and
x ∈ S. Then

(i) (f ∩ g)(x) ∧ µ ≤ (fo2g)(x) ∨ λ for all (λ, µ)-fuzzy k-bi-ideals f and g of S.

(ii) (f ∩ g)(x) ∧ µ ≤ (fo2g)(x) ∨ λ for every (λ, µ)-fuzzy k-bi-ideals f and every
(λ, µ)-fuzzy k-quasi-ideal g of S.
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(iii) (f ∩ g)(x)∧µ ≤ (fo2g)(x)∨λ for every (λ, µ)-fuzzy k-quasi-ideals f and every
(λ, µ)-fuzzy k-bi-ideal g of S.

(iv) (f ∩ g)(x) ∧ µ ≤ (fo2g)(x) ∨ λ for all (λ, µ)-fuzzy k-quasi-ideals f and g of S.

Proof. Assume that S is both k-regular and k-intra-regular ordered semiring. Let
x ∈ S and f , g be any (λ, µ)-fuzzy k-bi-ideals of S. Since S is both k-regular and
k-intra-regular there exist ai, bi, ci, di ∈ S, α1i, α2i, α3i, α4i, α5i, β1i, β2i, β3i, β4i, β5i ∈
Γ, i ∈ N such that x +

n∑
i=1

xα1iaiα2ixα3ixα4ibiα5ix ≤
n∑

i=1

xβ1iciβ2ixβ3ixβ4idiβ5ix.

Therefore

(fo2g)(x) ∨ λ
= ∨[∧

i
{∧{f(ai), f(ci), g(bi),

x+

n∑
i=1

aiαibi ≤
n∑

i=1

ciβidi

g(di)}}] ∨ λ

≥ ∧
i
[∧{f(xα1iaiα2ix), g(xα4ibiα5ix), f(xβ1iciβ2ix), g(xβ4idiβ5ix}] ∧ µ

≥ f(x) ∧ g(x) ∧ µ = (f ∩ g)(x) ∧ µ.

(i) ⇒ (ii) ⇒ (iv) and (i) ⇒ (iii) ⇒ (iv) are obvious from Lemma 4.5.

5 Conclusion

In this paper, the concept of (λ, µ)-fuzzy ideals and k-ideals of an ordered Γ-semiring
is introduced and studied along with some operation on them and some of their char-
acterizations are obtained. Actually the main aim of studying the concept of (λ, µ)-
fuzzy set is to restrict ourself to the interval (λ, µ) with 0 ≤ λ < µ ≤ 1. The case
for which λ = 0 and µ = 1, the results will coincide with the fuzzy ideals of ordered
Γ-semiring. We can similarly obtain the parallel results for fuzzy h-ideal also. The fu-
ture work may be focused on prime(semiprime) fuzzy ideal, prime(semiprime) fuzzy
h-ideal, fuzzy h-bi(quasi, interior)-ideal, prime(semiprime)fuzzy h-bi(quasi, interior)-
ideal etc..
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