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1 Introduction

Uncertainties, which could be caused by information incompleteness, data random-
ness limitations of measuring instruments, etc., are pervasive in many complicated
problems in biology, engineering, economics, environment, medical science and so-
cial science. We cannot successfully use the classical methods for these problems.
To solve this, the concept of fuzzy sets was introduced by Zadeh [12] in 1965 where
each element have a degree of membership and has been extensively applied to many
scientific fields.

Semirings [3] which provide a common generalization of rings and distributive
lattices arise naturally in such diverse areas of mathematics as combinatorics, func-
tional analysis, graph theory, automata theory, mathematical modelling and parallel
computation systems etc.(for example, see [3], [4]). Semirings have also been proved
to be an important algebraic tool in theoretical computer science, see for instance [4],
for some detail and example. Many of the semirings have an order structure in ad-
dition to their algebraic structure and indeed the most interesting results concering
them make use of the interplay between these two structures.

Ideals of semirings play an important role in the structure theory of ordered semi-
rings and useful for many purposes. In this paper, like ordered semigroup [2, 5, 6, §],
it is an attempt to study how similar is the theory in terms of fuzzy for the case of or-
dered T'-semiring [10], a generalization of ordered semirings [9] , since nowadays fuzzy
research concerns standardization, axiomatization, extensions to lattice-valued fuzzy
sets, critical comparison of the different so-called soft computing models that have
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been launched during the past three decennia for the representation and processing
of incomplete information [7].

Here we first introduce (A, p)-fuzzy ideals of ordered I'-semirings. After that we
define intersection, cartesian product and composition of (A, u)-fuzzy ideals and use
these to study regular (resp. intra-regular) ordered I'-semirings.

2 Preliminaries

We recall the following definitions for subsequent use.

Definition 2.1. Let S and I' be two additive commutative semigroups with zero.
Then S is called a I-semiring if there exists a mapping S x I' x S — S ( (a,a,b) —
aab) satisfying the following conditions:

(i

(a + b)ac = aac + bac

(i) aa(b+ c¢) = aab+ aac

)

)

(ili) a(a+ B)b = aab+ afb
(iv) aa(bBc) = (aab)Be

(v) Osaa = 05 = aalg

(vi) aOpb = 05 = b0ra

where a,b,c € S, a, 3 € I', Og is the zero element of S and Or is the zero element of
I.
For simplification we write 0 instead of Og and Or.

Definition 2.2. A left ideal I of I'-semiring S is a nonempty subset of S satistying
the following conditions:

(i) Ifa,be I thena+bel
(ii) fae€ I, s € S and v € I" then sya € I
(iii) 7 #S.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty
subset which is both a left ideal and a right ideal of S.

Definition 2.3. An ordered semiring is a I'-semiring S equipped with a partial order
< such that the operation is monotonic and constant 0 is the least element of S.

Definition 2.4. Let R, S be two ['-semirings and a,b € R, v € I'. A function
f: R — S is said to be a homomorphism if

(i) fla+b) = f(a)+ f(b)
(i) f(ayb) = f(a)vf (D)
(i) f(0g) = 0g where O and Og are the zeroes of R and S respectively.

Now we recall the definition and example of ordered ideal from [1]
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Definition 2.5. A left (resp. right ) ideal I of S is called a left (resp. right ) ordered
ideal, if for any a € S, b € I, a < bimplies a € I (i.e. (I|C I). I is called an ordered
ideal of S if it is both a left and a right ordered ideal of §.

Example 2.6. Let S = ([0, 1], V, -, 0) where [0,1] is the unit interval Vb = max{a, b}
and a-b=(a+b—1) VO for a,b € [0,1]. Then it is easy to verify that S equipped
with the usual ordering < is an ordered semiring and I = [0, 1] is an ordered ideal

'3
of S.

Definition 2.7. [12] Let S be a non-empty set. A mapping f : S — [0, 1] is called
a fuzzy subset of S.

Definition 2.8. The union and intersection of two fuzzy subsets f and o of a set S,
denoted by f U o and f N o respectively, are defined by

(fuo)(z) = f(z)Vo(x) forallz e S

(fno)(z) = f(x)ANo(x) forall z € S.

3 (A, p)-fuzzy ideals with some operations

Throughout this paper unless otherwise mentioned S denote the ordered I'-semiring
with identity 1, ys denote its characteristic function and we will always assume that
0<A<p<l

Definition 3.1. Let f and g be two fuzzy subsets of an ordered I'-semiring S. We
define two compositions of f and g as follows:

forglx) = VAN {f(wn), f(y2),9(21),9(22)}}

z+y1az; <y2 Bz
=0, if x cannot be expressed as x + y1az; < Y9529

where x,y1,¥y2, 21,20 € S and o, F € I

and

foag(x) = VIMA{[f(a:), [(e:), 9(bi),9(di) }}]

n n
o+ Z a;ab; < Z ciBid;
i=1 i=1

=0, if x cannot be expressed as above
where x, 2, a;, b;,¢;,d; € S and «y, 3; € T.

Definition 3.2. Let f be a non-empty fuzzy subset of an ordered I'-semiring S (i.e.
f(z) # 0 for some x € S). Then f is called a (A, u)-fuzzy left ideal [resp. (A, u)-fuzzy
right ideal] of S if

(i) fle+y) VA= f@)Afly) Ap
(il) flzyy) VA= f(y) Apfresp. flzyy) VA= f(z) Apl and

(i) z <y implies f(z) VA > f(y) A .
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for all z,y € S and vy € I.

A (A, p)-fuzzy ideal of an ordered I'-semiring S is a non-empty (\, p)-fuzzy subset of
S which is a (A, p)-fuzzy left ideal as well as a (A, u)-fuzzy right ideal of S.

Note that for (A, p)-fuzzy k-ideal the following additional relation must be holds:
For z,a,b € S withz+a <b= f(x) V> f(a) A f(b) A p.

Example 3.3. Let S = I' = {0, a, b} with the ordered relation 0 < b < a. Define
operations on S by following:

D|10]albd ®10]albd
010|albd 010|010
and
alalalb a|0|lala
b|b|b|b b |0|b]|b

Then (S, @, ®) forms an ordered semiring.
We now define a fuzzy subset p of S by p(0) =1, wu(b) = 0.2, and p(a) = 0.1, then
p will be a (0.5, 0.8)-fuzzy right ideal of S.

Theorem 3.4. Let S be an ordered I'-semiring and f be a (\, p)-fuzzy right (resp.
left) ideal of S. Then I, = {b € S|f(b) VA > f(a) A u} is a right (resp. left) ideal of
S for every a € S.

Proof. Let f be a (A, u)-fuzzy right ideal of S and a € S. Then I, # ¢ because a € I,
for every a € S. Let b,c€ I,,v€ ' and x € S. Since b,c € I,, f(b) VA > f(a) A u
and f(c) VA > f(a) A p. Now

fo+c)vV A > f)A fle)Ap . fisa (A p)-fuzzy right ideal]

> fla) A p

which implies b+ ¢ € 1,.
Also f(byz) VA > f(O) Ap> fla) Apie byx € 1,.
Let be I, and S 22 <b. Then f(x) VA > f(b)Apu> fla)ANp=x € I,
Thus 1, is a right ideal of S.
Similarly we can prove the result for left ideal also. m

Proposition 3.5. Intersection of a non-empty collection of (A, u)-fuzzy right (resp.
left) ideals is also a (A, p)-fuzzy right (resp. left) ideal of S.

Proof. Let {f; : i € I} be a non-empty family of (A, u)-fuzzy right ideals of S and
x,y€e S,yel.
Then

(DS +y) VA = Alfile+y) VAL 2 ALfi(@) A fily) Ak

= MAS), A )} A= (00)() A (0 F)(w) A

Again
(D fi)zry) VA= Afilayy) VAL 2 A file) A= (0 fi)(z) A p.

Suppose = < y. Then fi(x) VA > f;(y) Ap for all ¢ € I which implies (‘ﬁ]fi)(:c) V>
1€

(ﬂlfi)(y) A . Hence 'ﬂlfi is a (A, u)-fuzzy right ideal of S.

1€ 1€

Similarly we can prove the result for (A, p)-fuzzy left ideal also. O
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Proposition 3.6. Let f : R — S be a morphism of ordered I'-semirings i.e. I'-
semiring homomorphism satisfying additional condition a < b = f(a) < f(b). Then
if ¢ is a (), pu)-fuzzy left ideal of S, then f~'(¢) [11] is also a (A, p)-fuzzy left ideal
of R.

Proof. Let f: R — S be a morphism of ordered semirings.
Let ¢ be a (A, p)-fuzzy left ideal of S.

Now f~1(#)(0r) VA= ¢(0g) VA > ¢(x') # 0 for some 2’ € S.
Therefore f~1(¢) is non-empty.

Now, for any r,s € Rand vy € T’

FHAr+s) VA =o(f(r+s)VA=0(f(r) + f(s)) VA
> o(f(r) Ae(f(s) Ap=(f1@)(r) A (FTHD))(s) A .

Again

Also if r <'s, f(r) < f(s). Then

(FTHONE) VA= o(f(r) VA2 d(f(s) A= (fT1(9))(s) A pu.

Thus f~!(¢) is a (A, p)-fuzzy left ideal of R.
[

Definition 3.7. Let f and g be fuzzy subsets of X. The cartesian product of f and
g is defined by (f x g)(z,y) = f(x) A g(y) for all z,y € X.

Theorem 3.8. Let f and g be (A, u)-fuzzy left ideals of an ordered I'-semiring S.
Then f x g is a (A, p)-fuzzy left ideal of S x S.

Proof. Let (x1,22), (y1,y2) € S x S and v € I'. Then

fxg) (1 +y1,za +1y2) VA
f@i+y) Agloa+y2)) VA

f(xr+y1) VA) A (g(za +y2) VA)
;(wl)Af(yl)/\/Z

) (@1, 22) A

(f X @) (w1, 22) + (Y1,92)) V

AV | [

(g(z2) A g(y2) A 1)

(
(
(
( ) A

( X9y, y2) A p

and

>

AV ||

—
—~

X g)(z17y1, Tavy2) V A

(w17y1) A g(@27y2)) V A

(17y1) VA) A (g(m27y2) V A)

Y1) A g(y2) A= (f % g)(y1,y2) A .

(f x g)((z1, 22)v(y1,92)) V

oD

Also if (z1,22) < (y1,92), then

(f x @)@, 2z2) VA = (f(z1) Ag(m2)) VA= (f(z1) VA) A (g(22) V A)
(f(yr) A ) A(g(yz) A ) = flyr) Aglye) A p
(f x 9)(y1,y2) A .

|IAVARI

Therefore f x g is a (A, p)-fuzzy left ideal of S x S. [
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Theorem 3.9. Let f be a (A, u)-fuzzy subset in an ordered I'-semiring S. Then f
is a (A, p)-fuzzy left ideal of S if and only if f x f is a (A, u)-fuzzy left ideal of S x S.

Proof. Assume that f is a (A, p)-fuzzy left ideal of S. Then by Theorem 3.8, f x f
is a (A, p)-fuzzy left ideal of S x S.

Conversely, suppose that fx f is a (A, u)-fuzzy left ideal of Sx S. Let 1,9, 41,y2 € S
and v € I'. Then

(flzr+y) A flra+up)) VA = @1+ y1, 22+ y2) VA
(@1, 22) + (y1,92)) V A
iy

)@, m2) A (f X )y, y2) A p
fxa) Ap) AN (f(y) A f(y2) A ).

Now, putting z; = z, o =0, y; = y and y» = 0, in this inequality and noting that
f(0) > f(z) for all z € S, we obtain f(z+y) VA > f(z)A f(y) A
Next, we have

(f(z1yy) A f(w27y2)) V A

1

w

f)<I17y17$27y2> VA
(@1, 22)7(y1,92)) V A
W, y2) A p

Tly) A fy2) A p.

Taking 21 = x, y; = y and y, = 0, we obtain f(zyy) VA > f(y) A p

Also if (z1,22) < (y1,Y2), then (f(z1) A f(x2)) VA > f(y1) A f(y2) A . Now, putting
r1=x, T3 =0, y; =y and y, = 0, in this inequality we have f(x) V A > f(y) A
Hence f is a (A, p)-fuzzy left ideal of S. O]

Theorem 3.10. If fi, f; be any two (\, u)-fuzzy k-ideals of an ordered semiring S
then fiosfs is a (A, u)-fuzzy ideal of S.

Proof. Let f1, fo be any two (A, u)-fuzzy k-ideals of an ordered semiring S and
x, y€ Sandyel. Then

(fro2fo)(x + y) VA
A (a0, fo (b)), Fd)}} v A

r+y+ a;o;b; < C’L/S’L i

> MA@ films), fi(v), Algs), (@), fa(2a), f2(y2i), fa(yai) }3 VA

Tty+  T1iQ1i%2i+ y1za21y21< x3iB1iTai+ ymﬁzzyu

> M V{:A{fl 21i) f1(23:), fo(@2i), fo(wa) by VEM 1 (1) o1 (U30), f2(y2:), folyai) 1} A

710172, < 33316113541 Y+ y1io2iy2i< Y3iB2iY4i

(f102f2)( ) A (fro2f2)(y) A

Now assuming f;, f, are as ()\, p)-fuzzy right ideals we have

(froafo)(@yy) VA = V{ALf1(ai), b2 (bi), fi(ci), foldi) }} VA

yy+ a7y < cidid;

> VEMfi(zn), fi(zs),  fa(v2vy), folzavy) bV A

Tyy+ xlzazx2z"/y< x31/61x47,'7y

> \/{é{ﬁ 21:) S 1(30), fo(22i), f2(@ai) }} A

x11a1x21< x31ﬂ1x41

(f102f2)( ) A

Similarly, assuming f1, fy are as (\, p)-fuzzy left k-ideals we can show that (102 f2)(xyy) >
(fr0212)(y)-
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Now suppose x < y. Then fi(z) VA > fi(y) A pand fo(x) V> foly) A p.
(froafo)(x) VA = V{.é{fl 210) f1(230), fo(2:), fo@ai) }} VA

$11a1$21< 3 3iT4i

> v{@,{fl i), f1{ysi), fo yylg,) Ja(yay } Y A

T+ Y1i71iY2i <y+ y11721y27, Y3iY3iY4i

= VIM i) of1(y31), fo(Y2i)s fo(yan 3} A

Y+ Y17y < Y3iY3iY4i

= (f102f2)(y) A
Hence fiosfs is a (A, p)-fuzzy ideal of S. O

4 (A, p)-fuzzy ideals of regular ordered I'-semiring

Definition 4.1. A fuzzy subset f of an ordered semiring S is called (A, p)-fuzzy
bi-ideal if for all z,y € S and o, 3 € I' we have

(i) flz+y) VA= f(z)A fly) A
(il) flzay) VA= f(z) A fly) A
(iti) f(zrayBz) VA= f(z) A f(2) A
(iv) <y = fl@) VA= fly) A

Definition 4.2. A (A, u)-fuzzy subset f of an ordered I'-semiring S is called (A, p)-
fuzzy quasi-ideal if for all x,y € S we have

(1) flz+y) VA= flz)A fly) A
(ii) ((foaxs) N (xso2f)) (@) Ap < flz) VA
(iii) » <y = fx) VA= fly) A

Proposition 4.3. Intersection of a non-empty collection of (A, pu)-fuzzy bi-ideals of
S is also a (A, u)-fuzzy bi-ideal of S.

Proof. The proof follows by routine verifications. O
Proposition 4.4. Let {f; : i € I} be a family of bi-ideals of S such that f; C f; or
f; € fifori,j € I. Then .Ujfi is a (A, p)-fuzzy bi-ideal of S.

1€
Proof. Straightforward. O

Lemma 4.5. In an ordered I'-semiring every (A, p)-fuzzy quasi ideals are (A, pu)-fuzzy
bi-ideals.

Proof. Let f be a (A, pu)-fuzzy quasi ideal of S. It is sufficient to prove that f(zayBz)V
A> fe)ANf(z)Apforall z, y, z€ S and o, €T Since f is a (A, u)-fuzzy quasi
ideal of S, we have

flzayBz) VA > ((foaxs) N (xsoap))(zayBz) A
= {(foaxs)(zayBz) A (xsoaf)(zayBz)} A p
=N V(f(az)Af(cz)) : (f( i) A f(d )) FAp

zaylBz+ Z az%b < Z CZ(S d raylBz+ Z CLz’}/Zb < Z 01(5 d

FO)A f() f() I ))Au(smcemyﬁHOvOJrO—myﬁz+0)
f@) A f(z) A

v
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Similarly, we can show that f(xay)V A > f(x) A f(y) A p for all z,y € S and
acl. L

Definition 4.6. An ordered I'-semiring S' is said to be k-regular if for each z € S,
there exist a,b € S and «, 3,7, € I such that x + zaafxr < xybix.

Definition 4.7. An ordered F—semiring S is said to be k-intra-regular if for each
x € S, there exist z,ai,a; bz,bZ 6 S, aqg, oy, iy By Poiy Pa € Ty i € N the set of
n

’ !
natural numbers, such that x + E ;0T TOgia,; < g bi 31ixB2i35:b;.
i=1 i=1

Theorem 4.8. Let S be a k-regular ordered semiring and x € S. Then
(1) f(z) Ap < (foaxsoaf)(x)V A for every (A, p)-fuzzy k-bi-ideal f of S.
(i) f(z) Ap < (foaxsoaf)(x)V A for every (A, p)-fuzzy k-quasi-ideal f of S.

Proof. Let S be a k-regular ordered semiring and x be any element of S. Suppose
f be any (A, p)-fuzzy k-bi-ideal of S. Since S is k-regular there exist a,b € S and
a, 3,7, € I" such that z + xaafr < zybdxr. Now

(foaxsoaf)(z) VA
= \/(/\{(fOQXS)(ai)v (fOQXS)(Ci)af<bi)a J(di)}) VA

T+ Z &z&zb < Z 01/87, %

> /\{(fOsz)(ma) (f02XS)($75)7 f@)} Ap
=AM VIM(f@) fea))d) s VIM(fa) fe)}) L fa) A

a:aa—i-zal()éhb < Zczﬁlzd I’Yb+zaz@2zb < 201622 i
> Mf(z ), ( ), [z )}/\H

(since zaa + raafraa < xybdraa and xyb + xaafryb < zybdxyb)
= f(z) A
This implies that f(x) A u < (foaxsoaf)(x) V A
(1) = (i) is straight forward from Lemma 4.5. O
Theorem 4.9. Let S be a k-regular ordered semiring and x € S. Then

(i) (fNng)(x)Ap < (foagoaf)(x)V A for every (A, u)-fuzzy k-bi-ideal f and every
(A, p)-fuzzy k-ideal g of S.

(i) (fNg)(x) Ap < (foagoaf)(x) VvV X for every (A, p)-fuzzy k-quasi-ideal f and
every (A, p)-fuzzy k-ideal g of S.

Proof. Assume that S is a k-regular ordered semiring. Let f and g be any (A, u)-fuzzy
k-bi-ideal and (A, pu)-fuzzy k-ideal of S, respectively and = be any element of S. Since
S is k-regular, there exist a,b € S and «, 3,7,d € I' such that = + zaafx < xybdx.
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Then

(foagoaf)(x) VA
= v(/\{(f029)7(1ai), (f029)(c7il)» fbi), f(di)}) vV A

T+ Z a;ob; < Z ciBid;

> A{(fosg)(waa), (fosg)(e9b), F(2)} A s
= ADVIATC (@), 60, 9080, o)D), VM @), £ 900, 9. S(@)} A

xanrZCLOéb <ZCZ@ i x'yb+z z/yzb <ZCZ5d

> AMAF(x), (aﬁma) (b5ma)} N (), (aﬂmb) (b&wb)} f@)} A p

(since xaa + raafraa < xybdraa and xyb + xaafryb < zybdxyb)

> f(x) Ag(x) A= (fOg)(a) A p.
(i)=-(ii) is straight forward from Lemma 4.5. O

Theorem 4.10. Let S is both k-regular and k-intra-regular an ordered semiring and
x € 5. Then

(i) f(x) A= (foof)(x)V A for every (A, u)-fuzzy k-bi-ideal f of S
(i) f(x) Ap=(foof)(z)V A for every (A, u)-fuzzy k-quasi-ideal f of S.

Proof. Suppose S is both k-regular and k-intra-regular ordered semiring. Let z € S
and f be any fuzzy k-bi-ideal of S. Since S is both k-regular and k-intra-regular
there exist a;, b;,c;,d; € S, auy, o, 34, s, s, By Bois B34, Baiy Bsi € T', 1 € N such

that z + Z$a1iaia2ixa3ixa4ibia5ix S Zl’ﬁlicz‘ﬁgil‘ﬁgil‘ﬁ4idiﬁ5il’. Therefore

=1 =1

(forf)(@) VA = \/[/Z.\{/\{f(az’)a flei), f(bi), f(di)}}] VA
o+ zn: a;cb; < z": ci3id;

i=1 i=1
> /Z,\[/\{f(lf@h;aiazi%% frawbasz), f(xf1icifur), f(xBudifsix)} A 1
z+ Z L0000 T3 T bias;x < Z 2 31iCi B2 B30 Baid; Bsiw
i=1 i=1
> f@) A p.

Now (foof)(x) VA < (foaxs)(z) A < f(z) A p. Hence f(z) Ap = (forf)(x) VA
for every (A, p)-fuzzy k-bi-ideal f of S.
(1) = (i) is straightforward from the Lemma 4.5. O

Theorem 4.11. Let S is both k-regular and k-intra-regular ordered semiring and
x € S. Then

(1) (fNg)(@) Ap<(foag)(x)V A for all (A, u)-fuzzy k-bi-ideals f and g of S.

(i) (fNg)(x) Ap < (foag)(x)V A for every (A, u)-fuzzy k-bi-ideals f and every
(A, p)-fuzzy k-quasi-ideal g of S.
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(iii) (fNg)(z)Ap < (foag)(z)V A for every (A, u)-fuzzy k-quasi-ideals f and every
(A, p)-fuzzy k-bi-ideal g of S.

(iv) (fNg)(z) Ap < (foag)(x)V A for all (A, u)-fuzzy k-quasi-ideals f and g of S.

Proof. Assume that S is both k-regular and k-intra-regular ordered semiring. Let
x € S and f, g be any (A, u)-fuzzy k-bi-ideals of S. Since S is both k-regular and
k-intra-regular there exist a;, b;, c;, d; € S, auy, ai, aziy Ay, 54, Briy Baiy B3iy Puais Psi €

F, i € N such that = + Zxaliaiagixagixa4ibia5ix S Zxﬁuciﬂgixﬂgix@idiﬁg)ix.
=1 =1
Therefore

(foag)(z) V A
= \/[/Z.\{/\{f(ai% f(ci)yg(bi),g(di) } ]V A

ot Z a;cb; < Z ciBid;
=1 =1
> /i\[/\{f(xauaia%x), g(xaubiasx), f(xf1iciBeur), g(xfuidiBsir}] A p
> f(x) Ng(x) Ap=(fNg)(z) A p.

(i) = (i1) = (w) and (i) = (i7i) = (iv) are obvious from Lemma 4.5. O

5 Conclusion

In this paper, the concept of (A, u)-fuzzy ideals and k-ideals of an ordered I'-semiring
is introduced and studied along with some operation on them and some of their char-
acterizations are obtained. Actually the main aim of studying the concept of (A, u)-
fuzzy set is to restrict ourself to the interval (A, u) with 0 < A < p < 1. The case
for which A = 0 and p = 1, the results will coincide with the fuzzy ideals of ordered
['-semiring. We can similarly obtain the parallel results for fuzzy h-ideal also. The fu-
ture work may be focused on prime(semiprime) fuzzy ideal, prime(semiprime) fuzzy
h-ideal, fuzzy h-bi(quasi, interior)-ideal, prime(semiprime)fuzzy h-bi(quasi, interior)-
ideal etc..
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