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1 Introduction

Since Chang [6] introduced fuzzy set theory to topology, many researchers have
successfully generalized the theory of general topology to the fuzzy setting with
crisp methods. In Chang’s I-topology on a set X, each open set was fuzzy, while the
topology itself was a crisp subset of the family of all fuzzy subsets of X.

From a different direction, the fundamental idea of a topology itself being fuzzy
was first defined by Héhle [14] in 1980, then was independently generalized be each of
Kubiak [17] and Séstak [25] in 1985 and independently rediscovered by Ying [26, 27|
in Hohle’s original setting in 1991 in Hohle’s approach a topology was an L-subset
of a traditional powerset.

In 1999, the axioms of many-valued L-fuzzy topological spaces and L-fuzzy con-
tinuous mappings are given a lattice-theoretical foundation by Hohle and Sostak
and a categorical foundation by Rodabaugh [23]. Sostak [25] introduced the fuzzy
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topology as an extension of Chang’s fuzzy topology, Ramadan and his colleagues [21]
called it smooth topology.

Closure and interior operators on ordinary sets belongs to the very fundamental
mathematical structure with direct applications, both mathematical (topology, logic,
for instance) and extra mathematical (e.g. data mining, knowledge representation).
In fuzzy set theory, several particular cases as well as general theory of closure
operators which operate with fuzzy sets (so called fuzzy closure operators) are studied
(Mashour and Ghanim [19], Bandler and Kohout [1], Bélohavek [2, 3], Gerla [11]).

Interior operators, however, have appeared in a few studies only (Bandler and
Kohout [1], Dubois and Prade [7], Bodenhofer et al [5]), and it seem that no general
theory of interior operators appeared so far. In ordinary set theory, closure and
interior operators on a set in a bijective correspondence.

In this paper is, we investigate the concept of L-fuzzy interior (closure) operators
using the definition of the L-fuzzy topology, which deduced an L-fuzzy (interior)
closure spaces and vise versa. Continuity property and examples of those spaces are
also discussed.

2 Preliminary

Definition 2.1. [4, 15] An algebra (L,A,V,®,—, L, T) is called a complete resid-
uated lattice if it satisfies the following conditions

(C1) L= (L,<,V,A, L, T)is a complete lattice with the greatest element T and
the least element L ;

(C2) (L,®, T) is a commutative monoid;

(C3rzoy<zifz <y— zforzy, z€ L.

An operator * : L — L defined by a* = a — 0 is called a strong negation if

a™ = a.
For a € L, X € LX, we denote (v — \), (a ®N), ax, T, € LX as

(a—=XN)(z)=a—=Az), (@@N)(z)=a0 Xz), ax(z) =q,

T, ity=a,
Ta(y) = { 1, otherwise.

In this paper, we assume that (L,V,A,®,—, *, L, T) be a complete residuated
lattice with a strong negation *.

Lemma 2.2. [4, 15, 24] For each z,vy, z, x;,y; € L, the following properties hold.

Dez—-y=Tiffe<y, z2—>T=Tand T -z =z,
2 Ify<zthner -y<z—z z—-ax<y—z by <zxdzand
zOyY<z0O 2,
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T
O Vier¥i) = Vier(z © yi) and © © (Ajer vi) < Njer(z © 91),
T ® (Vier ¥i) = Vier(@ @ wi) and (V;cp @) ©y = Vep(z: D v),
T — (Nier ¥i) = Nier( — i) and (Ajep 20) — vy > Viep(Ti — y),
r— (\/ier Yi) > vier(x — y;) and (vier Ti) — Y= /\ier(xi —Y),
\/ier Ti — \/ier Yi = /\ier(xi — y;) and /\ieF Ti — /\ieF Yi > /\iEF(mi — Yi),
(z—y)oz<yand (zr -y Oy —2) < (v — 2),
r—y<(y—z —(r—2z2,2—>y<(z—2 — (2 —y) and

<(
O@F—w) <(zd2)— (ydw),
<(z0z2) = (yow),

Definition 2.3. [2, 3] Let X be a set. A function R : X x X — L is called an
L-partial order if it satisfies the following conditions

(E1) reflexive if R(z,x) =T for all x € X,

(E2) transitive if R(z,y) ® R(y,2) < R(z, z) for all z,y,z € X,

(E3) if R(z,y) = R(y,x) = T, then z = y.

Lemma 2.4. [2, 3] For a given set X, define a binary mapping S : LX x L* — L by
S = N\ (Az) = p(x)).
zeX

Then, for each \, i, p,v € L* and « € L the following properties hold.
(1) S is an L-partial order on L¥,

)
) A< piff S\, p)>T,
(3) If A < pu, then S(p, \) < S(p, n) and S(A, p) > S(u, p) for each p € L,
(4) S\, ) © S(v,p) < SAOV, p©p),
(5) S\ p) © S(v,p) < SASv,n® p),
6) SN a—pu)=Sao\p)=a— S\ u) and a® S\ u) < S\ a6 p),
() p©S(p,A) <A, S, A) = A= pand S(A, p) = S(p, A).

Proof. We need to prove (5) by Lemma 2.2(8),(14), we have
Shev,pep) = N\ (Aev) () = (usp) ()

> (ANOX =)o (A\w-—p)

=S\, pn) ©S(v,p).
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Lemma 2.5. [2, 3] Let ¢ : X — Y be an ordinary mapping. Define ¢~ : L* — LY
and ¢~ : LY — LX by

\/ Mz) VaeL® yev,
é(z)=y
¢~ (1) (x) = w(d(x)) = pog(x) Ve L.
Then for \,pu € LX and p,v e LY,

S n) <897 (A), 07 (1), Sp,v) <S¢ (p), ¢~ (v)),

and the equalities hold if ¢ is bijective.

Definition 2.6. [15] A map 7 : L* — L is called an L-fuzzy topology on X if it
satisfies the following conditions.

(LO1) T(Lx)=T(Tx)=T,
(LO2) TG>T\ o T(1), VA ue LY,
(LO3) T(V; M) = N, T(N), YV {Aitier € L.

An L-fuzzy topology is enriched if (R) 7(a® X) > T (\) for all A € LX o € L.

The pair (X,7) is called an L-fuzzy topological space. Let (X, 7x) and (Y, 7y)
be two L-fuzzy topological spaces. A mapping ¢ : X — Y is said to be LF-fuzzy
continuous iff for each A € LY, we have

Ty(A) < Tx (97 (N))-

Definition 2.7. [15] A map F : LX — L is called an L-fuzzy co-topology on X if it
satisfies the following conditions.

(LF1) F(lx)=F(Tx) =T,
(LF2) FOA @) > F(N) @ F(u), ¥ Ape LX)
(LE3) F(A; X)) < Vi F(N), ¥ {Aidier € LY.

The pair (X, F) is called an L-fuzzy co-topological space. An L-fuzzy co-topology
is called enriched if ~ (S) F(a — A) > F()\) forall A€ L¥ and a € L.

Let (X, Fx) and (Y, Fy) be two L-fuzzy co-topological spaces. A mapping ¢ :
X — Y is said to be LF-fuzzy continuous iff for each A € LY, we have

Fr(A) < Fx(9™ (V).

Definition 2.8. [22] Amap Z: LX x L, — L%, L, = L — {1} is called an L-fuzzy
interior operator on X if Z satisfies the following conditions

(I1) Z(Tx,r) = Tx,
(I2) Z(\,r) < A, or equivalently, S(Z(\,7),\) > T for all A € L¥,
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(I3) SO\, 1) < S(Z(A,7),Z(,r)) for all A\, u € L,
(I4) If r < s, then I()\ s) <I(\1),
(I5) I(A@/L,r@s) >Z(A\ ) @I(u, s).

The pair (X,Z) is called an L-fuzzy interior space. An L-fuzzy interior space
(X,Z) is topological if
(T) Z(Z(\,r),r) =Z(\,7) YA€ LX relL,.

Let (X,Zx) and (X,Zy) be two L-fuzzy interior spaces. A map ¢: X — Y is
called Z-map if

¢ (Zy (u, 7)) < Ix(p~(p),r) Ype LY relL,.

Lemma 2.9. Let Z : LX x L, — LX, L, = L — {1} be a map. It satisfies
S\, 1) < SN, 7),Z(u,r)) for all \,u € LY iff Z(a® \,7) > a ® Z(\,r) and
I 1) <Z(p,r)if X <p.

Proof. X < pu, T =S\ pn) <S(Z(\r),Z(u,r)), then Z(\,r) < Z(u,r). Moreover,
SZ\ ), I(a® A1) >SN\ a®A) > a. That is,
a®@INr)<I(a®AT).
On the other hand, put a = S(A, p), then
S ) OZA 1) <Z(SA\p) @A r) <Z(u,r).

Hence, S\, p) < SZ\71),Z(u,1)).

Definition 2.10. A map C : LX x L, — L is called an L-fuzzy closure operator
on X if C satisfies the following conditions

(C1) C(Lx,r) = Lx,

(C2) C(\,r) > A, or equivalently, S(\,C(\,r)) = Tx for all A € L¥,
(C3) S\, ) < S(C(N,7),C(p, 7)) for all A, € LY,

(C4) If r < s, then C(\, 1) < C(\,s),

(C5) CAD p, 7 ©s) <C(A\ 1) DC(, 5).

The pair (X,C) is called an L-fuzzy closure space. An L-fuzzy closure space
C) is topological if
(T) C(C(\,r),r)=C\,r)VY e LX relL,.

(X7

Let (X,Cx) and (X,Cy) be two L-fuzzy closure spaces. A map ¢ : X — Y is
called a C-map if ¢~ (Cy (A, 7)) > Cx(¢~(N),r), YAe LY, relL,.

Lemma 2.11. Let C : LX x L, — LX, L, = L — {L} be a map. It satisfies
S\, 1) < S(C\71),Cp,r)) for all \,p € LX iff C(a® \,7) > a® C(\,7) and
CAr) <C(u,r)if A < p.
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3 L-fuzzy Interior Space Induced by L-fuzzy Topo-
logical Space

Theorem 3.1. Let (X,7) be an L-fuzzy topological space. Define the mapping
Ir : LX x L, — LX as follows

Ir(\r) = \/{MQSIM A) [T (p) =7}

Then we have the following properties.
(1) (X,Zr) is an L-fuzzy interior space,
(2) If (X, 7) is enriched, then (X,Zr) is a strong L-fuzzy interior space,

)
)
(3) Zr(Ar) <V{p | p < AT (p) =7},
(4) If (X, 7) is enriched, then the equality in (3) holds.

Proof. (1) (I1) For each T (u) >, S(Tx, Tx) = T. Thus,
Ir(Tx,r) > Tx ®T = Tx. Therefore, Zr(Tx,r) = Tx.

(12) By Lemma 2.4(7), we have  Z7(A\,7) =\ {p © S(u, A) [ T () > 1} < A
for all A € L¥.

(I3) Using Lemma 2.2(8),(10), we can get

S(Zr(\r). Ir(p,r) = N\ (Zr(\r)(x) = Ir(p,r)(x))

zeX

=A(V rp@)osw)— p(x) © S(p, 1))
(p)2r

xeX T

/\ /\ ) © S(p,A) = plx) © S(p, )

zeX T(p)>r

> A\ A (SN = S(p, 1) = SO, ).

zeX T(p)>r

(I4) If r <'s, then

Ir(\s) =\ oSN < \/ noS(u ) =Ir(\r).
T(p)>s T(p)=zr

(I5) By Lemma 2.4(4), we have

Ir(\ 1) ©I7(p, s) = \/ p1©S(p1, A) © \/ p2 © S(p2, 1)

T(p1)2r T (p2)=s

V'V (010m) @S, N) @ S(a, )

T(p1)2r T(p2)=s

< Vo (m©p)0S(©p O p)
T(p1)OT (p2)2rOs

=Zr(A O p,ros).
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(2) Since 7 is enriched, 7 (Z7 (A, 7)) > r. Thus,

ZT(ZT<>‘7T>7T>: \/ MGS(Ma:ZT()"T))

T(p)>r

> Tr(\ ) © S(Zr(\ 1), Zr(A\ 1) = Tr(\ 7).

(3) For each 7 (u) > r with p <X, wehave p=T0Ou < S(u, A) ©p, it follows
that

Vo lplnsay< \/ Swhop=Ir(\r).

T(u)>r T(n)>r

(4) For any 7T (p) >r, T(S(u,\) ©p) > T (n) > r, because 7 is enriched.
ThUS, I’T(}‘a M) = \/T(M)ET S(,ua A) Op =< \/T(u)zr{:u ’ S )‘}

Theorem 3.2. Let (X,Z) be an L-fuzzy interior space. Define the mapping
Tr: LX — L by
Tr(\) = \/{re L| S\I(\r) =T}

Then, 77 is an enriched L-fuzzy topology on X.

Proof. (LO1) Tz(Tx)=V{re L | S(Tx,Z(Tx,r)) = T}, and
Tr(Lx) =V{relL|S(Llx,Z(Lx,r)) =T}

(LO2) By Lemma 2.4(4) and Definition 2.8(I5), we have

S(/\l,I()\l,T>) ® S()\Q,I()\Q, S)) S S()\l ® )\2,1()\1,7") @I()\Q, S))
S S()\l ® )\Q,I()\l ® )\2,7“ ® S))

If S(A1,Z(A,7)) =T and S(A2,Z(Ag,s)) = T, then
SA O X, I(M © Ag,r @) = T. Thus, Tz(M © Ag) > Tz(A) © Tz(A2).

(LO3) For a family of {)\; | i € [} C L*, we have

T\ M) = \V{re LS\ I\ hir) =T}

> /\\/{r €L | S(Ai,I(\/ Xiyr)) =T}
> /\\/{r eL|S\N,IN,7)=T}= /\TI(AZ.).

Finally, for a € L, and X € L*, we have
Tr(aoN) =\/{reL|S(@@\I(a®\r) =T}
>\/{reL|SaoXaoI(\r) =T}
>\/{re LI S(\Z(\r)=T}="T(N.

Hence, 77 is an enriched L-fuzzy topology on X.
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Theorem 3.3. (1) If (X,Z) is an L-fuzzy interior space, then Zr, < 7.
(2) If (X, 7) is an L-fuzzy topological space, then 77, > 7.

Proof. (1) By Lemma 2.4(7), we have

Iz (A7) \/{MQS ) | Tr(n) > r}
= \/{u@ S(A) © ST 1) | Talu) > r)

<\A{u o SIr) | Ta(p) >} <T(A,7).

m
(2) Let 7(X) > r. Then, Zy(\,r) = \. Thus, 7z, (\) > r. Hence, 7z, > 7.

Theorem 3.4. Let (X,7y) and (Y,7y) be two L-fuzzy topological spaces. If
¢: (X, Tx) — (Y,7y) is an LF-continuous map, then ¢ : (X,Zr.) — (Y,Zz,) is
an [-map.

Proof. By Lemma 2.5 and Definition 2.6, we have

¢~ (Ir, (A1) = ¢~ \/{u@Su, A) | Ty (p) > r})

\/ 6 © S ) | o) 2 1)
(»)

< \/ {07 () © 5007 (1), ¢~ (V) [ Tx(¢™ (1)) = 7}

< \/{p®5 p, ¢~ (W) | Tx(p) = 1} = Iry (¢ (A), 7).

p

Theorem 3.5. Let (X,Zx) and (Y,Zy) be two L-fuzzy interior spaces. If ¢ :
(X,Zx) — (Y,Zy) is an I-map, then ¢ : (X, 77, ) — (Y, 7z, ) is LF-continuous.

Proof. From Theorem 3.4 and Lemma 2.5, we have
S(@7 (), Zx (¢ (A),1) 2 S(¢7(A), 07 (Zy (A, 1)) = S(A, Zy (A, 7))
So, Tz (67 (A) = T (A).

4 [-fuzzy Closure Space Induced by L-fuzzy Co-
topological Space

Theorem 4.1. Let (X, F) be an L-fuzzy co-topological space. Define the mapping
Cr:LXxL, — L% by

F(u)>r
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Then we have the following properties.

(1) (X,Cx) is an L-fuzzy closure space,

(2) If (X, F) is enriched, then (X,Cx) is a topological L-fuzzy closure space,
(3) C(A*,r) = Iz (A, 1),

(49) Cr(\ 1) < Apuyorlit | A < 12}

(5) If (X, F) is enriched, Cr(A, 1) = A gy, {1 | A < ph

Proof. (1) (C1) By Lemma 2.4(7), we have
Cr(Llx,m)(@) = N\ (S(Lx,p) = p(x)) > Lx(z) = L.
F(p)zr

(C2) By Lemma 2.2(11), we have
S\ Cr(A 1) =\ (M) = Cr(A 1) (2))
= ANO@— A (SO n) — px))

zeX F(p)>r

=N\ A Q@ = (A M) ) = ulx)))

z€X F(pu)>r zeX

> A A (@) = (M@) = ale) = ()

ze€X F(u)>r

aANANL () = (\(@) = p(2))) = T.

z€X F(u)>r

(C3) By Lemma 2.2(10), we have

S(Cr(A1),Cr(p,1)) = [\ (Cx(A 1) (@) = Cx(p,7)(x))

xeX ]-—() .7-'(,u )>>r
> A /\ S ) = () = (S(p, p) — p(x)))
zeX F(u

> /\ puHSAu))ZS(M})

(w)>r
(C4) It follows from the definition of Cr.

(C5) By Lemma 2.4(5) and Lemma 2.2(15), we have

68
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CrO @ & Cr(ps) @)= ( N\ SOm) = m@) & ( N\ Sl pe) = pale))

F(p)>r F(p2)>s

= AN A (SO m) = m(@) @ (S(p, p2) — pa(2)))

F(p)2r F(uz)>s

> /\ (SO 1) @ S(p, p2)) — (11 @ p2)())

F(u1®up2)>rOs
> /\ (SA® p, 11 ® p2) — (1 @ p2) ()

Fp1@p2)>ros
=Cr(A® p,r ©s)(x).

(2) Since F is enriched, then F(Cxr(A,r) > r. Thus,

Cr(Cr(\r),r)(@) = [\ (S(Cr(\ 1), 1) — p(x))

F(p)>r
< A (SCrA ), Cr(pr)) — Cr(A7)(2))
FCr(Ar))2r
=Cr(\,7r)(x).
(3)
={ A\ (50w =)}
F(p*)=r
=\ SOpeu =\ poSk)=Ir(\r).
Fu*)>r T(u)>r

(4) If <A then S(A\,u) =T and S\, ) — p < p. Thus,

AN (SO —p) < N\ {nlr<p)

F(p)zr F(pw)zr

(5) For any F(u) > r, F(S(\p) — p) > F(u), ie, F(SA\p) —p) >r
because F is enriched. Thus,

N SO =)= N {nlr<u)

F(u)>r Fp)>r

Theorem 4.2. If C: L% x L, is an L-fuzzy closure operator. Define the mapping
Fe:LX — L by
=\/{reL|SECKr),\=T}

Then, F¢ is an enriched L-fuzzy co-topology on X.
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Proof. (LF1) Fe(Tx)=V{reL|S(C(Tx,r), Tx)=T} by (C2), and
JTC(J—X) = \/{7" €L | S(C(Lx,r),Lx> = T} by (Cl)

(LF2) By Lemma 2.4(5) and (C4), we have

S(C(/\l,r), )\1) ® S(C()\Q,?”), )\2) S S(C()\l,r) EBC()\Q,T), )\1 D )\2)
S S(C()\l S¥) )\2,7“),/\1 ©® )\2)

If S(C(A\,7),A1) =T and S(C(Ag,7),A2) =T, then
S(C()\l S¥ )\2,7“), )\1 &b )\2) =1T. Thus, .'Fc(>\1 N> )\2) > fc(Al) ®© FCO‘Q)'

LF3) For a family of {\; | i € I} C LX, we have
(LF3) y ,

Fe(\M)=\{reL|SCN\xr.m), \N) =

< \/\/{r €L s</\C(Ai,r),AZ-> =T}
<V Vire LIS n) = Th =/ Felh)

Hence, F¢ is an L-fuzzy co-topology on X. By Lemma 2.4(3), (6), we have
Felao— N) = \/{TEL|S(C(0¢—>A7’)0¢—U\)=T}
=\/{reL|S(aocCla—Ar)x=T}
>\/{reL|S5C(@—\),r),\ =T}
> \{reL|S(CM\r).\)=T}=Fe).
Theorem 4.3. Let (X,Cr) be an L-fuzzy closure space, then Cr, > C.
Proof. By Lemma 2.4(7), we have

Cfc(Avr) = /\ (S()HP’) _)M) = /\ ((S(C()\,T),)\)@S()\,/L)) _)/L)
Fe(uw)zr Fe(p)zr

> N (SCA ), n) = n) >CA 7).

Fe(w)>r

Theorem 4.4. Let (X, Fx) and (Y,Fy) be two L-fuzzy co-topological spaces. If
¢ (X,Fx) — (Y, Fy) is an LF-continuous map, then ¢ : (X,Cxr,) — (Y,Cx,) is
a C-map.

Proof. By Lemma 2.11, we have
o Crm) =0 N\ (SOw—-w)= N (SOm) =6 ()

Fy (p)>r Fy (pw)2>r

> A (SN0 (W) = 67 () =Cre (67 (N), 7).

Fx (o (w)2r
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Theorem 4.5. Let (X,Cx) and (Y,Cy) be two L-fuzzy closure spaces. If ¢ :
(X,Cx) — (Y,Cy) is a C-map, then ¢ : (X, Fe,) — (Y, Fey, ) is LEF-continuous.

Proof. From Theorem 4.3, we have

Fex(6~(N) = \/{r € L SCx(¢7(N),r),¢~(N) = T}
z\ﬂfeLIS “(Cy(A 1), 67 () =T}
=\{rerL| A\ Cr\r)(é@) = Ao(x) =T}

zeX

>\/{reL| A\ () —Ay) =T}

yey

=\/{reL|SCy(\r)\)=T}=7Fe ).
Example 4.6. Let (L = [0,1],®, —, *) be a complete residuated lattice defined as
rOy=(+y—-1)V0, z—-y=01—-z+y) Al zx=1—1z.
Let X = {xz,y,2} be a set and let u € [0,1]* be a fuzzy set as follow
p(x) =05, uly) =03, u(z)=0.6.
We define the [0, 1]-fuzzy topology 7 : [0,1]%¥ — [0,1] as follows

1, lf)\:J_X or Tx,
0.3, ifA=pou,
0.6, if A=p,

0, otherwise.

TO) =

Also, we define the [0, 1]-fuzzy co-topology F : [0, 1]* — [0, 1] as follows

]_, lf/\:J_X or Tx,
0.2, iftA=pudupu,

0.6, if A =p,

0, otherwise.

FA) =

(1) By Theorem 3.1, we have Z7 : [0, 1]% x (0, 1] — [0, 1] as a [0, 1]-fuzzy interior
space as follows

(A=), if > 0.6,
IO ) — (AXMx))V (n©® Sk, N), if0.3<r<0.6,
T =0 (AA@) V(10 S ), if0<r <03,
V(g ©p© S o p, ).

For A = (0.1,0, 2,0, 3), we have

7(X,05) = (A M)V (1 ® S(i, N) = (0.1,0.1,0.2)
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Since Z7((0.1,0.1,0.2),7) = (0.1,0.1,0.2) for 0 < r < 0.6, then we have
T(Z7(0.1,0.1,0.2)) = 0.6.

(2) By Theorem 4.1, we have Cr : [0,1]% x (0,1] — [0,1]* as a [0, 1]-fuzzy
closure space as follows

Vaex M), if r > 0.6,
Col ) — (V@) A (SN ) — p), if0.3<r<0.6,
F(A.r) = (V@) A (SN p) —p), if0<r<0.3,
NS p @ p) = p o p),

because S(A,0) = 0= A, .x(A\(2)) = 0=V, cx Al®).

For A = (0.7,0,6,0,8), C£(X,0.5) = (
Since (0.9,0.8,0.9) = Cx(Cr(A,0.5),0.5) # Cx(,0.5) = (0.8,0.8,0.9).

<
,><
=2
>
©
>
=
!
=
I

(0.8,0.8,0.9).

5 Conclusion

In this paper, we managed to deduce a new form of an L-fuzzy interior space ( L-fuzzy
closure space) through an L-fuzzy topological space (L-fuzzy co-topological space)
and vise versa in a complete residuated lattice. We gave an example on [0,1] interval
and finally we proved that the continuity property is compatible with the introduced
spaces.
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