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Abstract — In this paper, we have introduced the concept of semiprime fuzzy Lie algebra and proved that
every fuzzy Lie algebra of semiprime (nilpotent) Lie algebra is a semiprime (nilpotent).
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1 Introduction

Zadeh (1965) introduced the concept of fuzzy sets in [1]. Then Liu (1982) extended this
concept to rings in [2]. Nanda (1990) defined the notion of fuzzy algebras over fuzzy fields
[3]. Yehia (1996) defined the concept of fuzzy Lie algebras over fields [4]. Finally, fuzzy
Lie algebras over fuzzy fields are defined by Lilly and Antony (2009) in [5]. In this paper,
we first have introduced some basic definitions of fuzzy sets, fuzzy rings and fuzzy Lie
algebras which will be used throughout this work. We then have introduced the concept of
semiprime fuzzy Lie algebra and proved that every fuzzy Lie algebra of semiprime
(nilpotent) Lie algebra is a semiprime (nilpotent).

2 Preliminaries

The following definitions and results are required.

Definition 2.1. [6] A Lie algebra is a vector space V over a field F on which a product
operation [x Y] is defined and satisfies the following axioms
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1) [x x]=0 Vvx eV,
2)[Ax y]l=2x y]l=[x Ay] ¥Vx eV ,VAeF,
IMx ylz]+Mly z] x]+[lz x] y]=0 vx,y,z eV.

We note that the multiplication in a Lie algebra is not associative. But it is anti
commutative.

Definition 2.2. [6] Let &7 be a Lie algebra over a field F and B be a vector space over F .
Then B is called left ideal if [¢# B]< B.

Clearly, every left ideal (right ideal) of ¢ is ideal.

Definition 2.3. [6] Let & be a Lie algebra over a field F . The set

Z(g)=txeg 1 Ix Z1={0}
is called center of &7 . We note that Z (¢7) is ideal of &7 .

Definition 2.4. [7] Let &7 be a Lie algebra over a field F . Then & is called semiprime if

| 2 = {0} for all non-zero ideal | of ¢, where:

IZZ{X g X :Zn:[yi z;1,y;,z, el Vi :1,...,n}.

i=1
Definition 2.5. [8] Let & be a Lie algebra over a field F . Then & is called nilpotent if

there exists a positive integer n such that ;” ={0}, where

Fg=g&.&J"=[7"" 7

We note that:
%:%12;2 Q...Q%n D...

Definition 2.6. [1] Let X =& be a set. A fuzzy set x of X is a function from X into

[0,1], where ([O,l],s,/\,v) is distributional complete lattice that has the minimum
element 0 and the maximum element 1.

Definition 2.7. [9] Let u, A be two fuzzy setsofa X # . Then,

Du=1 < ux)=4(x) vx eX.
Qucd < ux)<A(x) vVx e X.
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Definition 2.8. [9] Let G be a group. The fuzzy set x of G is called fuzzy group of G if it
satisfies the following axiom

ux —=y)zpux)Auly) vx,y €G.
Definition 2.9. [9] Let G be a group. The mapping E :G — [0,1] which defined by

1 if x =0,
E(x)=
0 if x =0.

is called the null fuzzy group of G.

Definition 2.10. [9] Let {4 }; _, be a family of fuzzy sets of a X # . Then,

iel

D (N 4)K)= A p () VX X
2) (U )00 = v 4 (x) vx X

iel

If X isacommutative ring with identity, then

3 (X 4)Xx)= Vv (/\,ui(xi))VXeX X eX.
iel x=2 x; \iel

iel

If 1, are two fuzzy sets of the commutative ring X with identity, then

H (ne)x)= v (,’\(ﬂ(ai)/\("(bi))j vx eX ;a,b eX.

i=1

If x isafuzzy group of the commutative ring X with identity, then
5) u(x)=pu(—x) vx e X.

Definition 2.11. [10] Let &7 be a Lie algebra over a field F . The fuzzy set x4 of & is
called fuzzy Lie algebra of ¢ if the following axioms are satisfied

Dopux—y)zux)Auly) v,y e &,
Dulax)=ulx) Vx e ,VaeF,

ulx y)zux)ruly) vx,y e 7.

We let F (&) denote the set of all fuzzy Lie algebras of & .
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Definition 2.12. [10] Let & be a Lie algebra over a field F . The fuzzy set x4 of & is
called a fuzzy Lie ideal of ¢ if the following axioms are satisfied

D pu(x —y)zux)Apuly) vx,y e &,
Duax)=ulx) Vx e ,VaeF,

u(x yI)=ux) vx,y e &.
We will define semiprime fuzzy Lie algebra.

Definition 2.13. Let & be a Lie algebra over a field F. Then peF(¢) is called a
semiprime if for any fuzzy Lie ideal A < x4 of &, then

A>=E = A=E.

Definition 2.14. [11] Let ¢ be a Lie algebra over a field F . Then xeF(¢) is called a
nilpotent if there exists a positive integer n such that x" = E , where
1 -1
U=pu&. &u"=u"p

We note that:

1 2 n
H=U DU D..DU D...,

where 1" .u is defined as in (definition 1.10).

3 The Results

Theorem 3.1. Let ¢ be a semiprime Lie algebra over a field F , and let E # pne F(¢).
Then 4 is semiprime.

Proof: Let A — u be a fuzzy Lie ideal of ¢ such that A% =E . Then A =E, because if we
suppose that 4 = E , then

Ix ey ; Ax)=E(X).
e If x =0, then A(x)<1. Since

1= (/12)(0) = v (1 (2@@) A A, ))j’

n =
0= [a bl =

i=1

so there one of forms of 0, for example o = Z[ai' b/] such as
i=1
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1= A (@) AA0))),
i=1
this implies that

1:ﬂ(ai’):/1(bi’) i=1..n,
therefore

2(0) =z(§n:[a; b;]jz iz([a; b/1) > ;\ﬂ(ai’)=1.
i=1 i=1

i=1
This is a contradiction to be 4(0) <1.

e If x #0,then A(x)>0,s0[x ¢]isideal of &, because

[x 71 Z1=-lg Z1x]1-ll7 x] 71 =
[x 71 Z1+lg x1 £1=-lg Z1x] =
[x &1 Z1=-lg &1 xlclg x]

Also, [x ¢71+{0} because, if

[x #1={0} = x €Z(¥) = 2(&) #{0},

this implies that Z (&) is non-zero ideal of ¢ such that [Z () Z (£)]={0},
which is a contradiction to the hypothesis that ¢ is semiprime. Since [x &7] is
non-zero ideal of ¢7 and & is semiprime, it implies that

[x &1[x &11#{0}

Therefore:

dtelx Z1[x &1, 0=t :Z[Xi yil: X,y €lx &1 viefl..,n},
where: .

X;,Y; €lx &1 Vviedl..n}
Thus:
X; =[x z;]1 &y, =[x z{1; z;,z{ e Vie{l,..,n},
this implies that

)= A0 D)2 A0) & Ay)=A(y 2{D2Aly) Vi efl..n},

Therefore
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(/12)(t)= v (_A(A(xi)Az(yi))Jz_A(z(xi)Az(yi))
t:;[xi v 1 =1 i=1

> A(x) A A(y) > 0.
Since t € &7 —{0}, then (/12)(t) =E (t) =0, this is a contradiction.

Lemma 3.2 Let ¢# be a Lie algebra over a field F, peF(¢) and A(0)=1 for all
AeF(¢),suchas A c u.If u have aseries

M= D2 2u, =E | p eF(g) VI<i<n,
such that:
Wiy S 4 V1ISi<n -1,

then 4 is nilpotent.

Proof: First, we show by induction that:

yi cu VI<i<n
For n=1:

1 1
W =p=1 = 1 C 1y,
therefore, the result holds for n =1.

Now, we assume that ,uk c u, forsome k =1,...,n -1, then

k+1 k
M = My S g

Now, since ' cu V1<i<n,then x" c u,, this implies that E c u" c p, =E ,
thus x" =E . This shows that 4 is nilpotent.

Theorem 3.3. Let & be a nilpotent Lie algebra over a field F, E # neF(g) and
A(0)=1forall AeF(¢),suchas A < u.Then u is nilpotent.

Proof: Since & is nilpotent, it follows that there is an integer n that satisfies g” ={0}.
Forevery 1<i <n, we define a fuzzy set 4 by

0 otherwise.

Thus 4, e F(¢7) for 1<i <n.
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This is because

D400 A% ) =140 T XE%'}A{u(y) i XE;'}

0 otherwise. 0 otherwise.

Ju)auy) it xyegt,
0 otherwise.

_Jut)Auty) it x+yeg,
otherwise.

o

< ux +y) if x+y efi,
0 otherwise.

=4 (X+y) X,y ed.

u(x) if xeg,

0 otherwise

2)/1i(X)={

< ulax) if axe fi :
0 otherwise
=l (ax) Vxeg VaeF.

3)/11()()/\/1.()/): ,U(X) if Xe%l,}/\{#(y) if XE;i,}

0 otherwise. 0 otherwise.

ux)Auly) it x,yed,
0 otherwise.

S{y([x v it I ylelg' #1=17" Fleg e
=4

0 otherwise.

i(x yD) wx,y eg.

Now, we will prove that 4, =E . Thus

An(x):{m) it xeg" ={0},

0 otherwise.
u(0) if x =0,
- 0 otherwise.

1 if x =0,
N 0 otherwise.

=E(x) x e &.
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Thus 4, =E .

Let a,b € & and 1<i <n-1. Then:
o Ifagy'  then 4 (a)A4(b)=0<A ,(a b]).
J Ifae%i , then

2 @) A4 b) = u@) A )
< u(fa b))
(@bl ; [ablels £1=4"",
thus:
A@ALDL)<A, (ab]) Vi<i<n-1 ..(+).

Hence 4 .4, < 4 ,, for 1<i <n —1. This is because:

(4A)0)= v (T (4 @) A 4] ))]

c o=l
x=3[a] b]]
j=1

m
so there one of forms of x , for example x = Z[aj bj ] such as
j=1

(A .2)(x) = _Al(zi (@) A A4b;))
J:

(*) m

< .Al(”“i ([ b;1)

J:

</1i+1£2[aj bj ]j

j=1
=4 4(X) VX e &.

Hence there is a series
such that:

thus £ is nilpotent (Lemma 3.2).
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4 Conclusions

In this paper, we have discussed the concepts of semiprime fuzzy Lie algebra over a field
and nilpotent fuzzy Lie algebra over a field. Also, we expected that several results about
Lie algebras can be extended to the concept of fuzzy Lie algebras over field.
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