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Abstaract — In this paper, we briefly recall several basic notions of soft sets and soft topological
spaces and we continue investigating the properties of soft mappings, soft continuous mappings and
soft homeomorphisms. We introduce and discuss the properties of the soft topological manifolds of
dimension n and define C*° soft manifolds which will strengthen the foundations of the theory of
soft geometry. We study restriction of a soft mapping and then define submanifolds.
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1 Introduction

The concept of soft sets is introduced by Molodtsov [7] which is a completely new
mathematical tool to deal with uncertainties while modeling problems in engineering
physics, computer science, economics, social sciences and medical sciences.

Soft sets are convenient to be applied in practice and this theory has potential
application in many different fields such as smoothness of functions, game theory,
Riemann integration, Perron integration, probability theory and measure theory.

Shabir and Naz [10], defined soft topology and studied many properties. Zorlu-
tuna et al. [14] studied some concepts in soft topological spaces such as interior point,
interior, neighborhood, continuity, and compactness. In [4], Maji et al. combined
fuzzy sets and soft sets and introduced fuzzy soft sets. They described an applica-
tion of soft set theory to a decision-making problem [5]. Tanay et al. [11] introduced
the fuzzy soft topology. Later, Roy et al. [9] and Varol et al. [12] independently
modified the definition of fuzzy soft sets and redefined fuzzy soft topology. Research
on the soft set theory has been accelerated [1, 2, 3, 6]. In this paper, we introduce
the soft topological manifolds of dimension n. Also we define C'*° soft manifolds and
C* soft submanifolds.

2 Preliminary

Definition 2.1. [7] Let X be an initial universe and E be a set of parameters. Let
A be a non-empty subset of E. A pair (F, A) is called a soft set over X, where F' is
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a mapping given by F : A — P(X).
The set of all of soft sets over X, is denoted by S(X, E).

Example 2.2. [4] Zadeh’s fuzzy sets [13] may be concidered as a special case of the
soft set.
Let D : X — [0,1] be a fuzzy set. Let us concider the family of a-level sets for
D given by:
Fla)={z € X: D(z)2a}, acl01].

Then we can write

D(z) = sup{a:a €0,1], z € F(a)}.
Thus the fuzzy set D may be considered as a soft set (F, [0, 1]).
Definition 2.3. [5] Let (F, A) € S(X, E).

i. The complement of a soft set (F,A) is denoted by (F, A)¢ and is defined by
(F,A) = (F°, A) where, F* : A — P(U) is a mapping given by F¢a) =
U — F(a), for all a € A.

ii. Let E = {e1,ea,...,e,} be a set of parameters. The NOT set of E denoted by
|E is defined by |E = {]ley, |es, ..., |en} where, |e; = note; for all i.

Definition 2.4. [5] Let (F, A),(G,B) € S(X, E).

i. (F,A) is a soft subset of (G,B), denoted by (F, A)C(G, B), if F(e) C G(e) for
each e € L.

ii. (F;A) and (G,B) are said to be soft equal, denoted by (F,A) = (G,B) if
(F,A)C(G, B) and (G, B)C(F, A).

iii. Union of (F, A) and (G, B) is a soft set (H,C), where C = AU B and H(e) =
F(e) U G(e) for each e € E. This relationship is written as (F, A)U(G, B) =
(H,O).

iv. Intersection of (F,A) and (G, B) is a soft set (H,C), where C = AN B and
H(e) = F(e) N G(e) for each e € E. This relationship is written as:
(F, A)N(G, B) = (H,C).

v. The difference (H, E) of (F, E) and (G, F), denoted by (F, E)\(G, F), is defined
as H(e) = F(e)\G(e) for all e € E.

Definition 2.5. [10]

i. Let (F, E) be a soft set over X and z € X. We say that € (F, F') and read as
x belongs to the soft set (F, E) whenever x € F(a) for all a € E.

ii. Let x € X, then (z, E) denotes the soft set over X for which z(a) = x, for all
ac€ k.
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Definition 2.6. [10] Let (F, E) be a soft set overX and Y be a non-empty subset of
X. Then the sub soft set of (F, E) over Y denoted by (¥F, E), is defined as follows:
YF(a) =Y N F(a), for all @ € E. In other words (YF, E) = YNA(F, E).

Definition 2.7. [3] Let S(X, F) and S(Y, K) be families of soft sets. Let u: X — Y
and p : E — K be mappings. Then f,, : S(X, E) — S(Y, K) is defined as:

i. Let (F,A) € S(X,E). The image of (F, A) under f,, written as f,, (F,A) =
(fou (F),p(A)) is a soft set in S(Y, K) such that:

R P e

Y, K). The invers image of (G, B) under f,, written as
(/i (G),p~(B)) is a soft set in S(X, E) such that:

10) otherwise

£1(G) (e) = { u (G (p(e)) ple) € B,

The soft function f,, is called surjective if p and u are surjective, also is said to
be injective if p and u are injective.

Theorem 2.8. [1] Let S(X, E) and S(Y, K) be families of soft sets. For the soft
function

fou: S(X, E) — S(Y, K), the following statements hold:
i £ (G, B))= (£, (G,B))", forall (G,B) € S(Y,K).

i fou ([ (G, B)) C(G, B) for all (G,B) € S(Y,K). If f,, is surjective, then the
equality holds.

iii. (F,A)Cf,. (fpu(F,A)) for all (F,A) € S(X,E). If f,, is injective, then the
equality holds.

Theorem 2.9. [3] Let {(F},E)},.; € S(X,E) and {(Gi,k)},c; € S (Y, K). Then
for a soft mapping f,, : S(X, E) — S(Y, K), the following are true.

i. If (F}, E) C(Fy, E), then f,, (F1, E) Cfp (Fy, E)
ii. (G1,K)C(Gs, K) then f,.} (G1,K) C [, (Ga, K)
iii. fou (U (F}, E)) = U fou (Fy, E)
iv. f. (G, K)N(Gy, K)) = £, (G, K)N [, Go, K.
V. [ (G, K)U(Go, K)) = f,1 (G, K) Of. (Go, K) .

Definition 2.10. [10] Let 7 be the collection of soft sets over X, then 7 is said to
be a soft topology on X if

i. ¢, X belong to 7
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ii. the union of any number of soft sets in 7 belongs to 7
iii. the intersection of any two soft sets in 7 belongs to 7 .
The triplet (X, 7, E) is called a soft topological space over X.
The members of 7 are said to be soft open sets in X.
Definition 2.11. [14]

i. The soft set (F, A) € (X, 7, E) is called a soft point in X, denoted by e, if for
the element e € A, F((e) # ¢ and F(¢') = ¢ for all e € A{e}.

ii. The soft point er is said to be in the soft set (G, A), denoted by er€(G, A), if
for the element e € A, F(e) C G(e).

Definition 2.12. Let (X, 7, E) be a soft topological space and (F, E) € S(X, E).

i. [10] The soft closure of (F, F), denoted by (F, E) is the intersection of all closed
soft supersets of (F, E) is the smallest closed soft set over X which contains
(F,E), ie.

(F,E)=0N{(H,E): (H,E) e, (F,E)C(HE)}.

ii. [14] The soft interior of (F, E), denoted by (F, E)° is the union of all open soft
subsets of (F,E). Clearly (F,E) is the largest open soft set over X which contained
in (F.E), i.e.

(F,E)° =0{(H,E): (H,E) € 7 and (H, E)&(F, E)}.

iii. [2] The soft boundary of (F, F) is the soft set

J(F,E) = (F,E)N(F,E)°
Theorem 2.13. [14] Let f,, : (X,7,E) — (Y, v, K) be a soft mapping. Then the
following statements are equivalent:

i. fpu is soft continuous;

i. [1(GK)er V(G K) e,

ii. f-1(G,K)CfH(G,K),Y(G,K) € S(Y,K);
iv. 9(f (G K))Cf.l (0(G.K)) .V (G,K) e S(Y,K);

V. fpu (0(F,E)) éa(fpu (FLE)),V(F.E) € S(X,E)

Vi fou ((F.E)) Chou (F.E).V (F, E) € S (X, E)

vil. f.1 (G, K)) C(f (G, K))" )V (G, K) € S(Y,K)

Definition 2.14. A family § of members of 7 is called a basis of soft topological
space (X, 7), if each element of 7 is a union of members of [ .
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Example 2.15. Let (R", 7,,) be the fuzzy topology induced by 8 = {B(p,¢,r) | p €
R" e € RT, r € [0,1]} which B(p,¢,r) is a fuzzy subset that equals to zero outside
the sphere B(p,€) and equals to r inside B(p,€). Since by 1.2 each fuzzy subset
B(p,€,7) can be considered as a soft set over R” then [ can be considered as a basis
of a soft topology called soft Euqleadian space denoted by (R™, 7., [0, 1]).

Example 2.16. Let § = {B(p,q,r) | p € R*, ¢ € Qt, r € Q" N [0,1]} which
B(p, q,r) is a fuzzy subset that equals to zero outside the sphere B(p, q) and equals
to r inside B(p, q). Since Q is dence in R, we can easily prove that the soft topology
induced by 5 equels to (R", 7., [0, 1]).

Example 2.17. Let E be a set of parameters and

B={A]|A:E— H(ai, b;) is surjective and ¥i € I, a;,b; € R}.
i=1
We call the soft topology 7 induced by (3, the natural soft topology over R". So we
have the natural soft topological space (R", 7, F).

Example 2.18. Let £ = {1}. Then {1} is the single nonempty subset of E. We
can consider

B ={(F,{1}) |F : {1} — B(p,€) is surjective and p € R", ¢ € R*}

as a basis of soft Eugleadian space denoted by (R"™, 7., {1}). As in ordinary topology,
this space is equel to the natural soft topological space.

3 Soft Topological Manifolds

Definition 3.1. A soft topological space (X, 7, E) is a soft topological space of
dimention n if for any = € X there exists a soft open set (F, A) over X containing

x and soft homeomorphic to a soft open set (G, B) of natural soft topology over
(R™, 7, K).

Remark 3.2. When we write f,, : (F,A) — (G, B), is a soft homeomorphism, it
means that there is a soft homeomorphism f,, : (Z,72,F) — (Y, 7., K) where
Z = F(A), Y = G(B). So there is a homeomorphism u : Z — Y and a bijective
mapp: E — K.

The triple (F, A, fu,) is called a soft local coordinate neighborhood of each ¢ € (F, A)
and we assign to ¢ the n soft coordinates x1(q), ..., z,(q), of its image u(q) in R™.

Proposition 3.3. With the above notations and soft local coordinate neighborhood
(F, A, fup), we have f,, (A) (k) = u (A(e)) where p~(k) = {e}.

Proof. Let (H, D) € 7z, then by definition 1.6 we have f,,(H, D) = (fyu(H),p(D)).
UeEpfl(k)ﬁH u(H<€)> pil(kj) nH 7é ¢

10) otherwise

GRS

for each k£ € D. Since p is bijective, there is exactly one element of A such that
p~ ' (k) = {e}. So we have f,, (H) (k) = u(H(e)). If we set H = A then we have
fup (A) (k) = u (A(e)) where p~*(k) = {e}. O
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Definition 3.4. A soft topological space (X, 7, F) is called a soft topologica manifold
of dimension n if satisfies the following axoims:

i. X is a a soft topological space of dimention n,
ii. X is a T)-space,
iii. X has a countable soft basis of soft open sets.

Definition 3.5. Let B = {(F}, A;, fup): @ € I} be a countable collection of soft

local coordinate neighborhoods such that X = Uier(Fi, A;). Since fy,p, is a soft
homeomorphism for all 7 € I, then

fuipi u_ﬁaj : fugp]«Fl? A%)ﬁ(Fﬁ AJ)) - fuzpz((Flv Al)ﬁ<FJ7 A]))

is a soft homeomorphism for all 7,5 € I whenever (F;, A;)N(F;, A;) # ¢ that is
called a soft transition function.

Let fup @ (Fi, Ai) — (G;, B;), be a soft homeomorphism for each i € I, then
fui»pi : (Zi7TZZ-7E) - (}/i,O'Y“K)

is a soft homeomorphism where Y; = G;(B;), Z; = Fi(4;).
Now for each (H,D) € 7znz, and k € D, we have f,,, (H) (k) = u; (H(e))
where p; ! (k) = e. Therefore

Juuip: u_ﬁ)] (fujpj (H)<k)) = Juwp, u_ﬁ)] (UJ(H(G))) = u;(H((e))

Since u; : Z; — Y; is a homeomorphism for each ¢ € I, hence for all ¢ € H(e),

w; uj_l(uj(q)) = u; uj_l(:v{,x%, )= (2, 2k, o 2h) = u(q)

Proposition 3.6. With the above notations and soft local coordinate neighborhood
(F, A, fup), we have f,, (A) (k) = u (A(e)) where p~(k) = {e}.

Proof. Let (H, D) € 74, then by definition 1.6 we have f,,(H, D) = (fou(H),p(D)).

UeEp—l(k’)ﬂH U’(H<6)) pil(k‘) nH 7& ¢
[0} otherwise.

b (1) ()= {

for each k € D. Since p is bijective, there is exactly one element of A such that
p (k) = {e}. So we have f,, (H) (k) = u(H(e)). If we set H = A then we have
Fup (A) (k) = u (Afe)) where p! (k) = {e}. .

Definition 3.7. A soft topological space (X, 7, F) is called a soft topologica manifold
of dimension n if satisfies the following axoims:

i. X is a a soft topological space of dimention n,
ii. X is a T)-space,

iii. X has a countable soft basis of soft open sets.
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Definition 3.8. Let B = {(F}, A;, fu): @ € I} be a countable collection of soft
local coordinate neighborhoods such that X = Uier(Fi, A;). Since fy,p, is a soft

homeomorphism for all 7 € I, then
fumi u_;)] : fugpg((FH Az)ﬁ(ﬂ, AJ)) - fw}h((FM Al)ﬁ(Fw AJ))

is a soft homeomorphism for all 7,5 € I whenever (F;, A;)N(F;, A;) # ¢ that is
called a soft transition function.

Let fup @ (Fi, A;) — (G;, B;), be a soft homeomorphism for each ¢ € I, then
fuz',pz‘ . (Zi? TZ;» E) - (Y;, 0Y;s K)
is a soft homeomorphism where Y; = G;(B;), Z; = Fi(A;).
Now for each (H,D) € 77z, and k € D, we have f,, (H) (k) = u; (H(e))
where pj_l(k:) = e. Hence
fuipi u_J;?j (fujpj (H)(k)) = fuipi u_J;})J (UJ(H(E))) = UZ(H(G))
Since w; : Z; — Y; is a homeomorphism for each i € I, hence for all ¢ € H(e),

w; uj_l(uj(q)) = u; uj_l(:p{,x%, ) = (2, 2k, o 7h) = u(q)

4 (C* Soft Manifolds

Definition 4.1. With the above notations, we shall say that ((Fi, A;), fup,) is
C*>-compatible with ((Fj, A;), fu,p,) when (F, A)N(F;, A;) # ¢ if wu; ;' and
uj u; ' changing the soft coordinates are C*° functions or we say that f,,, fi

wip; 1S &
soft deffeomorphism of soft open subsets (G;, B;) and (G;, B;) of R™. “

Definition 4.2. A soft differetiable or C'*° structure on a soft topological manifold
(X, 7, F) is a family A = {(F}, A;, fup; ), ¢ € I} of soft coordinate neighborhoods s.t.

X = UieI(Fi7 A);
ii. Each triple ((Fi, Ai, fup,) and ((F}, Aj, fu,p;) are C* soft compatible for all
ijel.
iii. Any soft coordinate neighborhood ((H, D, hy,) that is fuzzy compatible with
every (Fi, Ai, fuip:), ;i € I, is itself in 2.
A C® soft manifold is a soft topological manifold with a soft C'° structure on it.

Example 4.3. Let £ = {1}. Then {1} is the single nonempty subset of E. We
can consider the soft Eugleadian space (R, 7, {1}). Now let X = M,,,(R). Since
there is a bijection ¢ : X — R™™:
Q/)(a'ij) = (alh vy Aipy ooy Qml, - amn)a
we can define a natural soft topology 7 on X as follows:
T={¢, X} U{(F,{1}) : F({1}) is an ordinary open set of X}.

Also we can cover (X, 7,{1}) by a single soft coodinate neighborhood (F, {1}, f.,)
whereF'({1}) = X, u = ¢, p = id. Hence (X, 7,{1}) is a C'* soft manifold of

dimention mn.
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Definition 4.4. (Soft open submanifolds) Let (X, 7, E') be an C*° soft manifold and
Z be a soft open subset of X. If A = {(F}, Ai, fup,), @ € I} is a C* structure on
X, then (Z, 77, F) is a C* soft manifold with soft differentiable structure consisting
of the soft coordinate neighborhoods (Fi|a,nz, A; N Z, f(ui|F(AmZ))pi).

Example 4.5. Since Z = Gl(n,R) is an open subset of X = M,,(R), then
(Z, 77, F) is an C* soft submanifold of (X, 7, E).

Example 4.6. Let X = S2%, the unit sphere and £ = 1. As in example 3.3 we
have a natural soft topology 7 on X. We prove that (X, 7, {1}) is a C* soft man-

ifold of dimention 2. Let I = {1,2,3}. We define six soft open subsets covering
X, FF: {1} = R i€ I by:

FE{1}) = {(21, 29, 23)] ||7|| = 1, £a; > 1}.

Then we show that all soft sets (F;=, {1}) are homeomorphic to the soft open subset
(G,{1}) which G{1} = {(y1,v2) ||ly|| < 1}, with six soft homeomorphisms f, +p
where p = id, uf (FF({1})) — G({1}), Vi € I is defined by:

uy (1, w0, w3) = (22, m3) ,  (uy) " (y1,02) = (/1 — 47 — 43,01, 42)

Uit(%ax%fc?») = (5517553) ) (Ugt)_l(yhyz) = (yhi\/ 1 - y% - y%,y2)
ug (z1, 02, 23) = (21, 22) ,  (u3) " (Y1, v2) = (1,2, /1 -y —¥3)

+

[

uy o (ui) " (Y1, y2) = w5 (E/1 =y — 43, 91,02) = (£1/1 — v} — 43, %2)

Therefor each triple (F*, {1}, fu=,) and (Fji, {1}, f,+,) are C* soft compatible for
all i, j € 1I. '

Example 4.7. Let £ = R"” and X = TR" = [J,cg. T,R". We define the soft
topology 7 as follows:

Also it is seen that qu o (u;")~! is infinitly differentiable for all ¢, j € I. For example:

T={(FU)| FU) = U T,R", U is an open subset of R"}.

peU

We define soft homeomorphism f,, : (F, E) — (G, E), where F(E) = X, G(E) =
R, p =id and u(vy) = (T1, oy Tp, V1, wy Vp)y Vp = (21, ooy @) € R v =
(v1, ., vy) € TL,R™ Thus (X, 7, E) is an C™ soft manifold of dimension 2n with
single soft coordinate neighborhood (F, E, f.;)

Theorem 4.8. Let (M, o) be an C* topological manifold of dimension n and E =
R™ Let X =TM = U, TyM and B = {(U;, ¢i,), @ € I} be an C* structure
on M. We define the soft topology 7 = {(F,U) | F(U) = U,y T,M, U € o}. Then
(X, 7, E) is an C* soft manifold of dimension 2n.

pelU
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Proof. One can easily prove that 7 is an soft topology on X. If ¢;(p) = (x%, 2%, ..., %), Vp €
U;, then we define soft homeomorphisms:

fup © (FLU) — (G.Uy), F(U) =] T,M, GU;)=UxR", p=id

peU;

ui(vy) = (2, ..., 2, vy, ..., v, VpeU;, Vv, € T,M

n

aai ). Since ¢; o ;! is C* for all
L,

are C* for all 7,5 € I. Therefore we have

Note that v, = Y p_, vi Ej, where E;, = ¢;.'(

-1
’lep

1,7 € I, then uiuj_l and then f,,, 0
C'* soft structure:

2 = {(E7 Ui7 fuip)7 (S I}

5 Conclusion

In the present study, we have continued to study the properties of soft continuous,
soft open and soft closed mappings between soft topological spaces.We obtain new
characterizations of these mappings and investigate preservation properties. We
expect that results in this paper will be basis for further applications of soft manifolds
in soft sets theory.
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