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Esra CICEK CETIN'

Abstract

Fermi-Walker transformation plays an important role for geometry and physical applications. In this manuscript, we give
basic geometric definitions and then we present timelike curve with equiform parameter in the equiform geometry. In
addition, we have dealed with the properties of (k,m)-type slant helices in terms of curvature functions by using Fermi-
Walker transformation for timelike curves on equiform differential geometry in Minkowski spacetime.
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Equiform Timelike Egrilerin Fermi-Walker Tiirevi ile Slant Helisler

Oz
Fermi-Walker tiirevi geometri ve fiziksel uygulamalar i¢in 6dnemli rol oynar. Bu makalede temel geometrik tanimlari

ifade ettik ve daha sonra equiform parametresine bagli olarak timelike egrileri elde ettik. Ayrica Minkowki uzayinda
equiform timelike egriler i¢in Fermi-Walker tiirevi kullanarak (k,m)-tipinden slant helisleri hesapladik.
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1. Introduction

The theory of curves is a fundamental subject in geometry and shares a common area of study
with many branches of science. From a mathematical standpoint, it plays a significant role in both
functional analysis and applied mathematics. In other fields of science, the application of curves is
also prominent. For example, in economics, numerical data are interpreted using curves, and income
functions are represented by curves. In medicine, the behavior of curves derived from data provides
valuable insights into various medical phenomena.

From a geometric perspective, the differential geometric properties of curves, their
relationships with various mathematical structures, and their role in constructing geometric
foundations are of great importance. In the field of differential geometry, which is a major area of
study in geometry, numerous important works have been conducted—and continue to be conducted—
on the theory of curves in Euclidean space (Ali ve Lopez 2011; Ali ve Lopez 2012; Ali ve Turgut
2010; Onder ve ark. 2008; Ozdemir ve ark. 2015; Y1lmaz ve Bektas 2018; Yilmaz ve Bektas 2020).
Especially the characterizations of the theory of curves, involute-evolute curves, Bertrand curves,
Mannheim curves, Adjoint curves, helical properties of curves, etc. The studies have been studied
meticulously by geometers and continue to be studied (Abdel Aziz ve ark.; Cetin ve Bektas 2020;
Ferrandez ve ark. 2002; Kula ve Yayli 2005; Korpinar 2015)

General helices and slant helices have an important place in the fields of geometry, physics
and engineering. General helices is defined as its tangent vector fields creates a constant angle with
a fixed direction of curves. Additionally, slant helices subject are also presented in different
dimensional space. Besides, they studied them for partially and pseudo null curves in spacetime.

In this manuscript, we use Fermi-Walker derivative to calculate slant helices for equiform

timelike curves.
2. Materials and Methods

Minkowski 4-space Ej is the 4-dimensional Euclidean space equipped with the flat metric
(,) = —dx? +dx5 + dx% + dx3

where (xq,%,,%x3,%,) € E*.

Let @: 1 - E{ be a curve in Minkowski space-time. We say that timelike, spacelike, lightlike

curve if the velocity vector of curve (Z/, Z’) is negative, positive, zero, respectively.
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kq, k,, ks are curvatures of arbitrary curve z.
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2.1 Timelike Curves on Equiform Geometry

Let @:1 - E7 be a spacelike curve. We defined the equiform parameter of z(s) by

ds
a=f—=fk1ds
p

1. .
where, p = s the radius of the curvature.
1

Let’s indicate by {U,, U,, U3, U,} moving Frenet frame along the curve z(s)in the space
Etand thus {t,n, b;,b,} are, respectively, the unit tangent, the principal normal, the first binormal
and the second binormal vector fields. We find the equiform parameter of z(s). Then, we can find

U, =Ut,U, = Uyn, U; = Usby, Uy, = Uyb,,
So , Frenet formulas for spacelike curves in the equiform geometry of Ej can written as
below,
Vy, Uy = K Uy + Uy
Vy, Uy = UKq + KyUs
Vy,Us = —K,Up + UKy + K3U,
Vy, Uy = —U3K3 + K, U,
(U, Uy) = -1, (Up, Up) = (U3: U3) = (UnUy) =1
(Bulut ve Bektas, 2020),(Aydin ve Ergiit, 2013)

The function K; are defined by
K=k ]

=5 _ _
1 P, 2 kl’ 3 Ky

Fermi-Walker connection is defined by

vaU1X = Vy, X —(Up, X)Vy, Uy + (Vy, Uy, XUy
(Korpmar 2015)
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3. Findings and Discussion

Theorem 3.1. Let ¢ be a timelike equiform curve and K4, K,, K5 # 0. So, if ¢ is (1,2)-type slant
helix then, we have

—C — 0271

Us,U) =
(W3, U) = — =

Proof. Suppose that ¢ is a (1,2)-type slant helix. So, for a constant field U, we can write

(Ulﬁ U) =C
(1)
and
<U21 U) =0
2)

Differentiating eq. (1) and using Fermi-Walker derivative, we obtain
(Vy, U, U)=0

and

(K1Uy + Uy — (U, U )(K Uy + Up) + (K Uy + Up, U)U4,U) =0

we obtain,
—c, Ky

<U2, U) = 2

Similarly, Differentiating eq. (1) and using Fermi-Walker derivative, we obtain

(leUZJ U) =0
(U,K; + K,U3 — (Uy, Up)(K Uy + Uy) + (K Uy + Uy, Uy)U,,U) =0

some algebraic calculus gives that theorem
—c, — K,
(U3, U) = %
2

which completes the proof.

Theorem 3.2 Let ¢ be a timelike equiform curve and K4, K,, K3 # 0. So, if ¢ is (1,3)-type slant
helix , then we have

—a KoK,

K.
<U4—: U) = 2 K_

3
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Proof . Suppose that ¢ is a (1,3)-type slant helix. So, for a constant field U, we can write

(U, U) = ¢4 (3)
and
(U3, U) = c3 (4)

Differentiating eq. (3) and using Fermi-Walker derivative, we obtain
(Vy, U, U) =0

and

(K1Uy + Uy — (U, U )(K Uy + Up) + (K Uy + Up, U)U,U) =0

we obtain,
- ClK_l

<U2, U) = 2

Similarly, Differentiating eq. (1) and using Fermi-Walker derivative, we obtain

<VU1U3:U> =0
(KUy + K1 Us + KU, U)y =0

some algebraic calculus gives that theorem

Theorem 3.3. Let @ be a timelike equiform curve and K;, K5, K3 # 0 So, if ¢ is (1,4)-type slant
helix then, we have

C4 K
U, U) = ——
(U3, U) e

3

Proof . Suppose that ¢ is a (1,4)-type slant helix. So, for a constant field U, we may write

(U, U) = ¢4 (5)
and
(U, U) = ¢4 (6)

Differentiating eq. (5) and using Fermi-Walker derivative, we obtain
<vU1 Ul' U) =0

and
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(KU + U, —(U,, U )(K1Uy + Uy) + (K, U, + U5, U,)U,,U) =0

we obtain,
-1 K
2

<U21 U) =

Similarly, Differentiating eq. (6) and using Fermi-Walker derivative, we obtain

@00 =0
<—K3U3 + K1U4, U) = O

some algebraic calculus gives that theorem

c. Kq
(U3, Uy = — ‘;(_1
3

Theorem 3.4. Let @ be a timelike equiform curve and K4, K5, K3 # 0 . So,if ¢ is (2,3)-type slant
helix then, we have

(U, U) = —CzK_1 - K_2C3

K,c, — K;c
(U, U) = _%
3

Proof . Suppose that ¢ is a (2,3)-type slant helix. So, for a constant field U, we can write

(Uz, U) =C (7)
and
(U3, U) =c3 )]

Differentiating eq. (7) and using Fermi-Walker derivative, we obtain

(U2K; + KUz — (Uy, Up)(K Uy + Up) + (K Uy + Up, Up)U,, U) = 0

we obtain,
(U, Uy = —c,K; — K3

Similarly, Differentiating eq. (8) and using Fermi-Walker derivative, we obtain

(§U1U3,U> == O
(K_ZUZ +K_1U3 + K3U4, U) = 0

some algebraic calculus gives that theorem

K,c, — K;c
(U, U) = _%
3
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Theorem 3.5. Let ¢ be a timelike equiform curve and K, K,, K5 # 0 So, if ¢ is (2,4)-type slant
helix then, we have

— —(ciK
-7 (55

U, U) = — 3
(UL, U) .
C4 Ky
Uy, U) = ——=—
(U5, U) =~

3

Proof . Suppose that ¢ is a (2,4)-type slant helix. So, for a constant field U, we can write

(U, U) =c, ©)
and
<U4_, U) =Cy (10)

Differentiating eq. (3.9) and using Fermi-Walker derivative, we obtain

(leUZl U) = 0
(UzK_1 + K_2U3 - <U1; Uz)(EU1 + Uz) + (K_1U1 + Uz, U2>U1; U) =0

we obtain,

— — (K
—,K; — Kz( ;{—31>

U, U) = _
(U, ) -

Similarly, Differentiating eq. (10) and using Fermi-Walker derivative, we obtain

(le U4_, U) =0
<_K_3U3 + F1U4-J U) =0
some algebraic calculus gives that theorem

c. Ky
<U3! U) = - 4—1
K3

Theorem 3.6. Let @ be a timelike equiform curve and K4, K5, K3 # 0. So, if ¢ is (3,4)-type slant
helix , then we have

Ky ¢
— = — = const.
K, ¢

K_3C4 + K_1C3

Uy U) = —
(U, U) T
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Proof . Let ¢ be a (3,4)-type slant helix. So, for a constant field U, we know

(U3, U) = ¢ (11)
and
(Us,U) = ¢y (12)

Differentiating eq. (11) and using Fermi-Walker derivative, we obtain

(§U1U3,U> == O
(K_2U2 +K_1U3 + K3U4, U) = 0

we obtain,

Kscy + KqC
Uz, U) = — ===
2
Similarly, Differentiating eq. (12) and using Fermi-Walker derivative, we may write

(vul Us, Uy=0
<_K—3U3 + K—1U4_, U> = 0

some algebraic calculus gives that theorem
K; ¢

4
— = — = const.
Ky ¢

4. Conclusions and Recommendations

In this study, we obtain (k,m)-type slant helices for equiform timelike curves using Fermi-
Walker derivative. Therefore, slant helices are calculated by using Fermi-Walker derivative for
timelike curves or another curves in different space.
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