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ABSTRACT. This paper describes some algebraic properties of the species of
finite topological quandles. We construct two twisted bialgebra structures on
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for the structure to match the double twisted bialgebra axioms is explicitly
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1. Introduction

A quandle is a set @@ with a binary operation < : Q x @ — @ satisfying the

three axioms
(i) for every a € @, we have a < a = a,

(ii) for every pair a,b € @ there is a unique ¢ € @ such that a = ¢ < b, and

(ili) for every a,b,c € @, we have (a <b)<c=(a<c)<(b<c).
These three conditions that define a quandle originate from the axiomatization of
the three Reidemeister moves on knot diagrams. Quandles are algebraic structures
that have various applications in knot theory and related fields. Two typical exam-
ples of quandles are the conjugation quandle and the core quandle. The conjugation
quandle is derived from any group (G, o), where the binary operation is given by

1

conjugation, i.e. £ <y = y~ " ox oy. The core quandle, on the other hand, is

another quandle derived from any group (G, o), with the binary operation defined

1o 2. Both of these quandles are of great importance in knot

by x <y =zoy~
theory and have been studied extensively. For more on quandles, see [5,6,12,14,19].

By Alexandroff’s theorem [1,17], for any finite set X, there is a bijection between
topologies on X and quasi-orders on X, where a quasi-order < in X is a reflexive
and transitive relation, not necessarily antisymmetric. For any =,y € X, we write

r <g y whenever any J-open subset containing x also contains y, and we note
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x ~g y whenever both z <g y and y <4 z hold. More on finite topological spaces
can be found in [2,3,16,18].

Given two topologies T and T’ on a finite set X, we say that J’ is finer than
T, denoted by T’ < T, if every open subset of T is also an open subset of J’.
This is equivalent to saying that for any z,y € X, if x <g y, then z <5 y. The
quotient T/J” of these two topologies is defined as follows: the associated quasi-
order relation, denoted by <75, is the transitive closure of the relation R, which
is defined by 2Ry if and only if x <5 y or y <9+ . In [7], F. Fauvet, L. Foissy and
the second author define a relation noted& on the set of topologies in X as follows:
7'& T if and only if

e I < T,
. 7\/3/ = T}y for any subset Y C X connected for the topology T,
e for any z,y € X,

T ~T )T Yy <— T ~T )T Y.

Now let (@, <) be a topological space equipped with a continuous map p :
Q x Q@ — @, denoted by u(a,b) = a < b, such that for every b € @ the mapping
Ry : a— a<1bis a homeomorphism of (@), <). The space @ (together with the map
w ) is called a topological quandle [15] if it satisfies for all a,b,c € Q

(i) (a<b)<c=(a<c)<(b<c),

(ii) a<a =a.

A finite topological quandle [9,13] is a topological quandle with a finite un-
derlying set. The study of finite topological quandles is important because finite
quandles arise naturally in the study of knots and links, and topological quandles
provide a way to study the geometry of these structures [4].

The species formalism, due to A. Joyal [10,11], is an important tool in combina-
torics. The idea of a species is to formalize the notion of “combinatorial equivalence”
between objects of a given type, so that one can study the properties of the objects
without worrying about their particular representations. To be precise, a linear
species is a contravariant functor from the category of finite sets with bijections to
the category of vector spaces over a given field k. Specifically, a linear species E
assigns to any finite set X a vector space Ex over k, and assigns to any bijection
o : X — Y a linear isomorphism E, : Ey — Ex, such that the awaited functorial
properties hold!. One important operation on linear species is the Cauchy tensor
product, denoted by ®, which takes two species E and F and produces a new species
E ® F defined by

LContravariance is a matter of choice, some authors prefer covariant species.
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e E®F)a= D Er®Fay,
ICA

e for any bijection o : B — A,

D E;0Fps— D E®@Fp
(E®F)(0): { '<5 1eB

@y r— E(o)7)(z) @ F(op\1)(v)-

We also recall that, for any two linear species E and F, their Hadamard tensor
product is defined by [8]:

e (EOT)(4) = E(4) 0 F(A),

e for bijection 0 : B — A, (E©F)(0) =E(0) @ F(0).

The species QT of finite topological quandles describes finite topological quandles
up to combinatorial equivalence. Specifically, the species QT is a contravariant
functor from the category of finite sets with bijections to the category of vector
spaces, which associates to each finite set S the linear span of all finite topological

quandles with underlying set S, i.e., the species QT is defined by:

e for any finite set A, QT 4 is the vector space freely generated by the topo-
logical quandle stuctures on A, i.e., QT 4 = span(4, <, <), where (A4, <) is
a quandle and < is a quasi-order compatible with (4, <),

e for any bijection ¢ : B — A, Q, sends the topological quandle Q =
(4, <, <) to the topological quandle Q,(Q) = (B, 4,<’), where 4 and <’
are defined by relabeling.

The present article is organized as follows: in Section 2, we revisit some impor-
tant results related to finite quandles. Specifically, we remind the reader of the
method developed by B. Ho and S. Nelson in [9] to describe finite quandles with
at most 5 elements. Section 3 contains our main results: we construct an external

coproduct A defined for all (X, T, <) € QT (where X is a finite set) by:

A:QTx — (QT®QT)x = P QTx\y @ QTy
YCX
(X, 7,Q)— Y (X\Y, 7 <W)e T ),
Y

b
vox X\Y

with an explicit quandle structure <1 on any subset Z of a finite quandle X. We
moreover define for any finite set X an internal coproduct ' : QTy — (QT ®
QT)x =QTx ® QT x by, for all (X,T,<) € QT y:

[(X,7,<) = > (X, 7,9 ® (X,T/7,<).

T'xT
T’ is Q-compatible
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It indeed turns out that the quandle structure is compatible with both topologies
J" and T/T’. The associative product m of two topological quandle structures on
X and Y respectively is given by the disjoint union of the topological spaces and
the quandle structures involved: the action of elements of X on Y (and vice-versa)
is trivial. We prove that (QT,m,A) is a commutative connected twisted bialgebra
and (QT,m,T") is a commutative connected twisted bialgebra on the second kind [8].

Finally, we define a map
£:QTx ® (QT®QT)x — QTx ® (QT® QT)x
by:
(X, T, )@ (Y, T1, <) @ (X\Y, Ta, <12)) = (X, T, 2) @ (Y, T1, <11) @ (X\Y, Ty, <1z)

where the new quandle structure < is explicitly given, such that the coproduct T

and the map £ make the following diagram commute:

r

QTx QTx ® QTx
(Id®A)s 1d@A
QTx ® (AT ® QT)x QTx ® (QT ® QT)x
€
1d®T®T QTx ® (QT ® QT)x

@ QTx ® QTy ® QTy ® QTx\y ® QTx\y —;
yCx m?

QTx ® QTx ® (QT ® QT)x

ie.,
Eo(ld@A)oT =mom?*o(IdaT ®@T)o (Id® A) o,

where ¢ is the diagonal map (X,7T,<) — (X,7,<) ® (X,T,<), and where 7 is a
linear map which will be described below. In other words, QT is nearly a twisted
double bialgebra in the sense of [8], the defect being precisely described by the maps
& and 7.

2. Review of finite quandles

Let Q = {x1,x9,...,x,} be a finite quandle with n elements. B. Ho and S. Nelson
in [9] defined the matrix of @, denoted Mg, to be the matrix whose entry in row ¢

column j is x; < ;-
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1 <Lr; r1<xe ... 1T,

o <1T1 21Ty ... Ty,
Mg =

Ty <AT1 Ty <ITo .. Tp<Tp

Example 2.1. [9] For Q = {a,b, ¢}, the quandle matrices for quandles of order 3

are, up to permutations of the underlying three-element set:

a a a a ¢ b a a a
b b b, c b al, c b b
c ¢ ¢ b a ¢ b ¢ ¢

Definition 2.2. Let @) be a quandle. A subquandle X C @ is a subset of () which
is itself a quandle under <. Let @ be a quandle and X C @ a subquandle. We say
that X is complemented in @ or @Q-complemented if @\ X is a subquandle of Q.

Notation. Let (@, <) be a finite quandle, for 2’ € @, we note

Ry :Q—Q Ly :Q—Q
and
z—x <, z— 2 <z

Remark 2.3. Due to the fact that any bijection from a finite set onto itself if of
finite order, any continuous bijection from a finite topological space onto itself is a
homeomorphism. The following statements are therefore equivalent for any finite
quandle Q:

e (Q,7) is a topological quandle,

e For any =z € @, R, and L, are continuous maps,

o forall z,y,2',y € X,if x <z’ and y <3/, we have s <y < 2’ < v/'.
3. Algebraic structure of the linear species of finite topological
quandles
Let Q = (X, <) be a finite quandle, and Z be any subset of X. Let
VY xY —Y
be defined by a <Y b = R?Y (a), where oY = inf{a, R?|X\Y = Idx\y for any b €
Y'}. We may shorten the notation to a when the context is clear enough.

Proposition 3.1. Let Q = (X, <) be a finite quandle. For any subset Y of Q, the
pair (Y, <) is a quandle.
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Proof. It is clear that, for all a € Y, equality a <¥' a = a holds. Moreover for all
be Y, the map Ry : Y =Y is a bijection. For all a,b,c € Y, we have

(a<¥ 0)<¥ (b= ¢) = R2(a) <¥ R2(b) = Ry sy 0 B2 () (1)
and
(a<¥ b) < ¢ = RY o RY(a). (2)
Using (a <1b) <c=(a<¢) Q(b<c),ie., R.oRy(a) = Rp, ) o Re(a), then for all
n € N we have,
R'oR,=R'"'oR.0R,
= Rz_l @) RRc(b) [e) Rc
=R %0 R.oRp, ) o Re
=R %0 Rp2p) o R?

= RCORRQ—I oR?_1

(b)
= Rpn(p) © Ry,
and for all m € N we have,
R.oR"=R.oRyoR"!
= Rp ) o Reo Ry o Ry
= Rp.) © R © Re o B
= R% o Reo Ry

m—1
= RRC(b) oR.o Ry.
= Rgc(b) o RC'

Hence, for all n,m € N we have

R o Ry* = Rign ) o RZ, (3)
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or equivalently Rgn(b) =R o R’ o R_™. Applying (3) to m = n = «, we therefore
get self-distributivity in view of (1) and (2), which proves Proposition 3.1. O

Lemma 3.2. For any finite quandle (X, <) and for any Z CY C X we have

Zl(QY)ZZQ =21 <]Z 29

for any z1,20 € Z.

Proof. It is clear that o divides o, and we have for any z;, 2, € Z:

aZ

Y\ oy

21(<¥)2 29 = (R?2 ) 2 = 21 <% 2. O

Let X be any finite set and Qx = span(X, <) the vector space of quandles in
X. We define the external coproduct A by:

A:Qx — (QeQx= P Qs

YUuZ=X
(X, <) — > (V,a)e(2Z,<9), (4)
YUZ=X
and we define an associative product m in Q by m : Qx, ®Qx, — Qx,ux,, defined
for all Q1 = (X1,<1) € Qx,, Q2 = (X2,<02) € Qx,, m(Q1 ® Q2) = (X1 U Xy, ),
where
e adb=a< b, forall a,bc X,
e adb=a<yb, forall a,bc X,
e adb=a, forall ac Xi,be X5, i # 7.
The product m endows the disjoint union with a quandle structure. Indeed:
(i) For any a € X; LI X5, we obviously have a<la = a.
(i) Let © € X;,i = 1,2, then R, (2') = ' for all 2’ € X, j # ¢ and furthermore,
for every z € X;, there exists a unique 2’ € X; such that z = R, (z’) (because R,
is a bijection from X; on itself). Hence R, is a bijection from X; LI X5 on itself.

(iii) Let z,y, 2z € X; U Xa. Four possible cases may arise:

e Either z,y,2 € X;, it is obvious that (z<y)<z = (x<12)<(y<z).
e Orz e X;,y,2z € Xj,i# j, we have;

(x<1y)<z = 1<z = z and (2<2)<A(y<z) = <y = .

Or z,y € Xj,z € Xj,1 # j, we have;

(x<y)<z = 2<y = x <; y and (2<2)<A(y<z) = 2y = x <; Y.

Or z,z € X;,y € X;,1 # j, we have;

(x<y)<z = 2<z = x <; z and (2<92)<(y<z) = (2 <; 2)<AY =2 <; 2
The self-distributivity

(x<y) <z = (2<2)<(y<2)
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is therefore always verified, hence (X7 U X3, <) is a quandle.

Example 3.3.
(¢ ¢ ¢ ¢
c ¢ ¢ e d d d d
a b
m e d d®b b] =|d e e e ¢,
d e e a a a a b
b b b b
([a b a a a
c e d a b b b b
a b
m [ Qle d c =|lec ¢ ¢ e dl,
¢ d ¢ e d d e d ¢
le e c e
a a a a a a a a a
A b b = c b b ®1+1®|c b b
c c b ¢ ¢ b ¢ ¢
b b a a a a
+ o] @ +[o] + [ e
c c c b b
b b a a a a
+ ®M+ ®[b]+ ®H7
c c c ¢ b b
a ¢ b a ¢ b a ¢ b
A c a = c b a|l®14+1® |c b a
a c b a c b a c
b b a a
el Y+ [el° +M®bbl
b b
| ®M+ o ®[b]+ - ®H.

Theorem 3.4. (Q,m, A u,¢) is a commutative cocommutative connected twisted

bialgebra.

Proof. Here the unit u is given by u(1) = 1 where 1 is the empty quandle, and
the counit ¢ is given by €(1) = 1 and €(Q, <) = 0 for any nonempty finite quandle.
We start by showing associativity of the disjoint union product m. Let Q1 =
(X1,<1) € Qx,, Q2 = (X2,<2) € Qx, and Q3 = (X3,<3) € Qx,, we have
m(m @ Id)(Q1 ® Q2 ® Q3) = (X1 U Xo U X3, <), where:
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e aldb=a<yb, forall a,be Xy,

e aldb=a<gyb, forall a,be Xy,

e a1b=0>b, forall a€ X1,b€e Xo,

e alb=a, forall a € X5,be Xy,

e alb=a<3b, forall a,be X3,

e adb=0>b, forall a € X;UX5,be X3,

e a<db=oa, forall a € X3,be X; U Xs.
On the other hand,
m(m @ Id)(Q1 ® Q2 ® Q3) = (X1 U Xs Ll X3,<), where:

e adb=a<b, forall a,be X,

e adb=a<sb, forall a,be X,

e adb=a<g3b, for all a,b € X3,

e a<db=a, forall a € X5,b€ X3,

e alb=nua, forall a€ X3,b€ Xo,

e adb=0>b, forall a € Xi,be X5 X3,

e adb=a, forall a € XoU X3,b€ Xj.
So, m(m @ Id)(Q1 ® Q2 ® Q3) = (X1 U Xo U X3,<) = (X1 UXe U X3,9) =
m(m @ 1d)(Q1 ® Q2 @ Q3).

Cocommutativity of the coproduct is clear, let us look at coassociativity. We

have for any finite quandle Q = (X, <):

ABIAX, <) = S (AP @ (B, (<AP)P) o (C,<O).
X=AUBUC
On the other hand, we have
M AAX, )= Y (49 e (B, (<)) e (C («P9)7).
X=AUBUC
From Lemma 3.2 we therefore get
(AQINAX, <) = ([ AAX, <) = Y (4 <N)eB,<P) e (<9,
X=AUBUC

which proves coassociativity of A. Finally, we show immediately that
Aom((X1, <) ® (Xa, <2)) = m*? (A(X1, <) @ A(Xy, <12)). a
The following result is a topological version of Proposition 3.1:

Proposition 3.5. For any finite topological quandle (X,T,<1) and for any subset
Y C X, the triple (Y, ‘.T| ,<1Y) is a topological quandle.
Y
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Proof. Let y1,y1,y2,y5 € Y with y1 <5 y; and y2 <5 y5. From compatibility
between the topology and the quandle structure, we have Ry y; <7 R;Z yy for any

nonnegative integer n. In particular,
y1 <9 yo = Ry vy <7 RZéyll =y1 <" yh. O

Theorem 3.6. Let X be any finite set and QT x = span(X, T, <), where (X, <) is
a quandle and T is a topology compatible with (X, <1). Let m the product defined in
QT by

m((X1,T1,<1) @ (X2,T2,<2)) = (X1 U X2, T1T2, <)
and let A the coproduct defined by

AX,T,<) =) (X\Y,CF| ,<1X\Y> ® <Y,ir| ,<1Y> .
X\Y Y
yeT

Then (QT, m, A, u,€) is a commutative connected twisted bialgebra.
Proof. It suffices to show the coassociativity of coproduct A in the species of

topological quandles QT. Let X be a finite set and Q = (X, 7, <) € QT x, we have

in view of Lemma 3.2:

(A@Id)A(X,“T,Q) = Z (X\Yvr‘T\X\Y7<]X\Y)®(Y\Zvr‘T\Y\Zan\Z)®(Zv{‘T|Zv<]Z)
ZY€ET, ZCY
and
(Id ® A)A(X, T, <) = > X\, Tx\y, <XV) @ (Y\Z, Tz, < V) @ (2,72, <7),
ZY€eT, ZCY

which proves Theorem 3.6. The unit and counit axioms, as well as the compatibility

with the disjoint union product, are straightforward. (Il

Remark 3.7. Note that this coproduct on the species of finite topological quandles
is not cocommutative, contrarily to the coproduct defined by (4) on the species of

finite quandles.

Lemma 3.8. [7, Proposition 2.7] Let T and T” be two topologies on X. If 71T,
then T —— T'/T" is a bijection from the set of topologies T' on X such that
T"'xT'xT , onto the set of topologies U on X such that UK T/T".

Theorem 3.9. Let Q = (X, <) be a finite quandle and let T be a topology on X.
For any T7'& T we have:

(1) 4f T and T' are Q-compatible, then T/T" is Q-compatible,

(2) if T and T/T" are Q-compatible, then T is Q-compatible.
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Proof. Let Q = (X, <) be a finite quandle and let 7/& 7.

(1) If T and 7" are Q-compatible, then: for z,2',y,y" € X,  <g,5 2’ and y <g /9
y' imply that there exist t1,...,¢,,51,...,8m € X, such that zRt;Ris ... Rt,, Ry
and #'Rs1Rsg ... Rs,, Ry'. Recall that aRb means (a <g b or a > b). First, we
prove that x << yRt; < s1 or z QyRx < s1Rt; < s1. For xRty, and yRsy, we have

four possible cases:

e First case; x <7 t1, and y < s1. Since T is Q-compatible, we have z <y <
t1 < s1, hence x < yRt; < s1.

e Second case; ¥ >g t1, and y >7/ s1. Since T’ is Q-compatible, we have
xr<dy >q t1 <81, hence x < yRt; < s1.

e Third case; z <g t1, and y >9v s1. Since Ry, is continuous, we have
R, (z) <7 R, (t1), so < s1Rt; < 1 and since L is continuous, L, (y) >q
L.(s1),80 x <y >q: x <1 s1. Therefore (z < y)R(x < s1)R(t1 < s1).

e Fourth case; x >9v t1, and y <g s1. Since R,, is continuous, we have
R, (z) > Ry, (t1), so x 9 s1Rty < s1 and since L, is continuous, L, (y) <g
L,(s1), so (x Qy)R(x < s1). Therefore (z < y)R(x < s1)R(t1 < s1). By

induction we find that:

(1‘ < y)R(I < Sl)iR(tl < Sl)fR(tl < Sz)fR(tQ < SQ)R(tQ < Sg)iR. ..

Rt < S 1)R(tn—1 < sp)R(tn < 80)R(E, <y )R(2' <9)).

Therefore T/T’ is Q-compatible.

(2) If T and T/T" are Q-compatible, then: for z,z’,y,y € X, using that T'& T,
we get that (x <3 2’ and y <3 y') implies (z <5 2z’ and y <7 y’). Using that
T is Q-compatible, then z <y <5 2’ <y’. On the other hand, (x <3 2’ and
y <gr y') implies (z ~g,5» 2’ and y ~g,5 y'). Using that T/T" is Q-compatible,
then z <1y ~5,9 2’ <y'. So x <y and 2’ <y’ are in the same connected component
for the topology 77, then: x <y < 2’ <y’ implies that z <y ~g 2’ <y’ (because
‘J‘l’y = T}y for any subset Y C X connected for the topology J”). This proves that
T’ is Q-compatible. O

We define the internal coproduct I' for all (X, T, <) € QT by:

N(X,7,<) = > (X, 7, <) @ (X, T/T,<).

T'xT
T’ is Q-compatible

Theorem 3.10. (QT,m,T") is a commutative twisted bialgebra of the second kind.
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Proof. Let X be a finite set, for (X,7, <) € QTy, we have

T QI)I(X,T,<) = > (X, 7", <)@ (X, T/7T", <)@ (X,T/T, ).

T'T'IT
T T' are Q-compatible

On the other hand, we have
(IdeD)I'(X,T7,<) = Z (X,77,9) @ (X, U, <) ® (X, (T/T")/U,<).

T T, Uk T/T!
T U are Q-compatible

The result then comes from Lemma 3.8 and Theorem 3.9. Hence, (I' ® Id)I" =

(Id ® I')T', and consequently T' is coassociative. Finally we have directly:

T((X1,T1, <1)(Xg, Tz, <2)) = D(X1, T1, <90)0(Xy, Tz, <) O

a

a a a
Example 3.11. For (X, <) = |c¢ b b| and T = , then (X, 7, <) is
b

c c
a topological quandle and

F():(} ® + ®.

a a a a
b b b b pc
For (X, <) = Z and T = N.d , (X,7,<) is a topological quandle
c ¢ c
d d d
and

I( bed ):i\/fd ®C£ +21-C-d ®

b

¢ abcd by ¢
—+ (I,Iobod X + e oo e X (Lv'd

Theorem 3.12. For any finite set X, let

£:QTx ® (QT®QT)x — QTx ® (QAT® QT)x
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be the map defined by:

(X,7,2) @ (Y, T1, <1) ® (X\Y, T2, <2)
(X, 7, <)@ (Y, T1,<1) @ (X\Y, T2, <2)) = 3 if T is q-compatible, (5)

0 else,

where the quandle (X, <) is the disjoint union product of the two quandles (Y, <11)
and (X\Y, <2). The following diagram commutes:

QTx 2 QTx ® QT
(1d®A)s 1d®A
QTx ® (QT ® QT)x QTy ® (QT ® QT)x
13
rasrer QTx ® (QT ® QT)x
O, UTx 9 QTy ®QTy ©Qlxyy @ Qlxyy —— QTx ® QTx ® (QT ® QT)x

i.e.
fo(ld@A)oT =mom?*o(Id@T ®@T)o(Id® A) o,

where § is the diagonal map (X, T, <) — (X,7T,<) ® (X,7T,<), and where 7 is a

linear map which will be described below.
Proof. Let X be a finite set and (X, T, <) € TQx, we have

Eo(Id®A)oT(X,T,<)=Eo(Id® A) > (X,7,<)® (X,T/T,<)

TaT
T is <-compatible

=¢ T@T;@ X, ToQe (KW@ ) e (v /T <)
yeg/g
= 2 XTAeEW@T) L) e (/7)) <),

T'& T, T’ <-compatible
YE(.T/‘J", T’ a»compatible
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On the other hand,

m'? o (T ®T)oA(X,T, <)

m3o (I ®T) Z(X\Y,‘J'| ,<X\Y)®(Y,‘I| ,<Y)
YeT X\Y Y

o S @rmee
YeT, T’ 7‘}/, T2 ‘T‘X\Y

T is <1Y—comp,72 is <]X\Y-comp4
X\ /T2, XVY) © (Y, T1,2") @ (V.7 /‘.Tmy))
X\Y Y

— Y XTNT, e (X\Y, 7| [To, V)@ (Y, 7] /T1,<)
YET,T1aT| [ T2a T, | Y v
T is <1Y—c0mp,']'2 is <]X\y-comp.
= Y (X7, (X\Y, T/7) <) e (Y (T/T)) <)
YeT,T'x ‘I‘Yu‘le\Y X\Y Y
T is 2]—comp

- Y X7, 9e(X\Y, /T <XV @ (Y, T/ <¥).
TaT X\Y Y
YE“T/'J'/, T’ J-compatible

Theorem 3.12 is therefore verified with 7 defined by

m ((X, 7,9 (X, 7,9 ® (X\Y, (ir/fr’)| , <V @ (Y, (‘.T/T’)|Y, <1Y)) =

X\Y
<) @ (Y (T/T) . <Y)
Y

(X,7,Q)® (X \Y, (T/‘T’)|X\Y

if 7 is <-compatible,

0 else. 0

We therefore notice that I' and A are not compatible, i.e. we do not get a double

twisted bialgebra. The maps £ and 7 above precisely account for the defect.
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