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ABSTRACT. In this paper, we collect some recent results on the approximation properties of generalized sampling
operators and Kantorovich operators, focusing on pointwise and uniform convergence, rate of convergence, and
Voronovskaya-type theorems in weighted spaces of functions. In the second part of the paper, we introduce a new
generalization of sampling Durrmeyer operators including a special function p which satisfies certain assumptions.
For the family of newly constructed operators, we obtain pointwise convergence, uniform convergence and rate of
convergence for functions belonging to weighted spaces of functions.
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1. INTRODUCTION

The reconstruction of a function from its sample values is an extensively studied problem in
approximation theory. Butzer and his school extended the approximation to the entire real axis
(see [9, 10, 11, 12]) by defining the family of generalized sampling operators:

(1.1) (S 1)t Zf( > (wt — k), zeR,w>0,

kEZ
where ¢ : R — R is a kernel that meets specific approximate identities, and f : R — Risa
bounded, continuous function on R.

The series given by (1.1) is meaningful for functions that make the series converge and pro-
vides an approximation method in the case, where the function f is continuous. However,
the reconstruction problem of functions that do not need to be continuous was solved in [7],
by replacmg the data (sample) points £, for k € Z and w > 0, with the integral mean value
w f u) du and defining the generalized sampling Kantorovich operators, which are the L'

w,

version of the generalized sampling operators

w

(1.2) (KXf)(x) = Z {w/ f(u) du} x(wz —k), xeR.
keZ w

Here, f : R — R is a locally integrable function and x : R — R is a kernel satisfying certain
suitable conditions.
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The generalized sampling Kantorovich operators, represented by (1.2), have been effectively
utilized in the engineering fields. Significant numerical results have been obtained, particularly
in the study of thermal bridges and the behavior of buildings under seismic actions using
thermographic images (see, [6, 13, 18]).

While the sampling Kantorovich series offers an approximation for functions belonging to
the L' space, it does not provide an approximation for functions in L? spaces. To solve this
problem, C. Bardaro and I. Mantellini [14] introduced the sampling Durrmeyer series, mean-
ingful for L?, 1 < p < oo, by taking the convolution of function f with a kernel function instead
of the mean values of f. This is given by

(1.3) (SEY ) () == Z(p(wz - k)w/Rw(wu —k)f(u)du, z€R, w>D0.

keZ

For more recent papers about sampling type series see [16, 17].

2. PRELIMINARIES

Throughout this paper, we denote the sets of all positive integers, integers, and real num-
bers by N, Z, and R, respectively. The space of all continuous functions on R (not necessarily
bounded) is represented by C(R). The space of all bounded continuous functions on R, de-
noted by Cg(R), is equipped with the norm || f|| := sup,cg |f(z)|. Additionally, UC(R) refers
to the subspace of Cz(R) that includes all uniformly continuous functions and for r € R, we
denote the space of C"(R) which consists of all r-times continuously differentiable functions
on R.

A function x : R — R is called a kernel function if it satisfies the following assumptions:

(x1) x is continuous on R.
(x2) The discrete algebraic moment of order 0

mo(x,u) = Z x(u—k)=1 foreveryuecR.
keZ

(x3) There exists 5 > 0 such that the discrete absolute moment of order (3 is finite, i.e.,

Mp(x) =sup »_ |x(u—k)[ju— k|’ < +oc.
u€eR keZ

Lemma 2.1 ([7]). Let x be a kernel satisfying (x1) and (x3). For every 6 > 0 there holds:
lim Z [x(wz — k)| =0

w—+00
|k—wz|>wd

uniformly with respect to x € R.

From [15, Lemma 2.1 (i)], if x satisfies the assumptions (x1) and (x3), it follows that

My (x) =sup > [x(u—k)|lu— k|7 < 400
ueR ez

forevery 0 < v < 6.
Now, we recall the weighted spaces of continuous functions. A function w is said to be
a weight function if it is a positive continuous function on the whole real axis R. Here, we
consider the weight function
1

w(x)
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By B.,(R), we denote the space
B,(R) = {f :R = R:supw(z)|f(z)| € R} .
z€R
The following natural subspaces of B,,(R) will be used in the rest of the paper

C.,(R) := C(R) N B, (R),

Ci(R) = {f € Cy(R) : wglinocw(x)f(m) € R} ,

U,(R) :={f € Cy(R) : wf is uniformly continuous}.
The linear space of functions B,,(R), and its above subspaces are normed spaces with the norm

[flles := supw(z)[ f ()]
z€R

(see[3,4,5,8,19,20]).
The weighted modulus of continuity, considered in [22] and denoted by Q(f;-) is defined
for f € C,(R) by
[f(z+h) = f@)|
2.4 Q(f;0) = su for 6 > 0.
ey FO = e G a2)

Some elementary properties of (f; ) are collected in the following lemma.
Lemma 2.2 ([22]). Let § > 0, z € R. Then,
(i) Q(f;9) is an increasing function of 9,

(ii) limgs_,o+ Q(f;0) = 0 when f € C:(R),
(iii) Foreach A > 0and f € C,(R),

(2.5) Q(f;A6) <2(1+A) (1+6%) Q(f;6).

Remark 2.1 ([1]). Using the inequality (2.5) with A = “’g'”', z,y € R, 6 > 0and choosing 0 < § <1,
we get

)~ )] <160+ o) (1+ L)
for every f € C,(R), z,y € R.

In a very recent paper [23], Turgay and Acar introduced a new generalization of generalized
sampling operators (1.1) by considering a special function p.
Let p : R — R be a strictly increasing function that satisfies the following conditions:

(p1) p€CR);
(p2) p(0) =0, limy_ 1o p(z) = Lo0.
Let 7 € C(R) and ¢ € L'(R) be functions such that for every u,z € R,
(2.6) mf(r,z) =Y _t(p(x) —k) =1, mo(p,u) = / o(u)du = 1.
kEL R
For any 8 € Ny, let us define the p-algebraic moment of order 8 of 7 and algebric moment of
order S5 of ¢, respectively, by

mf(r,2) = Y 7(p(x) = k) (k — p(x))°

kEZ

M (9, 1) = / o (w)uPdu
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and for a > 0 the p-absolute moment of order o of 7 and absolute moment of order « of ¢,
respectively, by

—SupZ\T R)[|(k = p(2))|*

TR ez

o) = / (a0 | .

From now on, 7 will be called a p-kernel and ¢ will be called a kernel, if they satisfy the condi-
tion (2.6) such that there exists 7, > 0 with M (1) < 400 and M, () < +o0.
Lemma 2.3 ([1]). Let 7 be a kernel satisfying the conditions

(1) T is continuous on R,
(2) there exists o > 0, such that

—supZ\T B[k — p(u)]”
u€R keZ
is finite.
For every 6 > 0 there holds:

Bm Y [rwp() — k) =0
|k—wp(z)|>wd

uniformly with respect to x € R.
Now, we introduce the modified Durrmeyer type sampling operators as follows
@) (557 D)) = 3 rlwpla) = byw [ plwu—k)(fop™)(wdu
k€EZ

Remark 2.2. The operator (2.7) is well-defined if, for example, f is bounded. Indeed, if | f(x)| < L for
every x € R, then fop~! is also bounded function. Then

((Su? ) (@) =) |m(wp(x) — k)|w | |e(wu —k)[|(fop™")(u)|du
kezz P /IR ' 14
<L |T(wp(z) — K)|lw | |p(wu — k)|du
k% p /Rw

<LML(r)Mo(p) < .

Remark 2.3. In the special case of p(x) = x (it is clear that (p1) and (p2) are satisfied), the operators
(2.7) reduce to the classical sampling Durrmeyer operators

(537 Pla) = 3 rlwa = Ry [ pln =) f(u)du

keZ

which was introduced in [14].

3. RECENT RESULTS

In this section, we present some recent results on the convergence theorems of generalized
sampling operators and Kantorovich forms in weighted spaces of continuous functions. The
proofs of these theorems are omitted here. For further details, readers are referred to the origi-
nal sources (see [1, 2]).
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3.1. Pointwise and uniform convergences of G and K in weighted spaces.
Theorem 3.1 ([1]). Let x be a kernel satisfying the assumptions (x1), (x2), and (x3) for § = 2.
Moreover, let f € C,,(R) be fixed. Then,
Jim (G3f)(2) = f(x)
holds for every « € R. Moreover, if f € U, (R), then
Jim [ GEf  fll =0,

Theorem 3.2 ([2]). Let x be a kernel satisfying (x1), (x2), and (x3) for 8 = 2and f € C,,(R) be fixed.
Then,
im (K3f)(x) = f(2)

holds for every x € R. Moreover, if f € U, (R), then

X
i KNS Sl =0.

3.2. Rate of convergences of G and K in weighted spaces.

Theorem 3.3 ([1]). Let x be a kernel satisfying the assumptions (x1), (x2), and (x3) for 8 = 3. Then,
for f € C:(R), we have
IGYf = fllo < 16Q(f3w™ ) (Mo(x) + Ms(x)), forw > 1.

Theorem 3.4 ([2]). Let x be a kernel satisfying the assumptions (x1), (x2) and (x3) with 8 = 3. For
f € C:(R), we have

1B f = fll < 32Q(f; 0 ™) [Mo(x) + 2Ms5(x)]
for every w > 1.
3.3. Voronovskaja type formulae for G, and KX.
A quantitative form of Voronovskaja theorem for the operators (1.1) was obtained as
following.

Theorem 3.5 ([1]). Let x be a kernel satisfying the assumptions (x1), (x2) and (xs) for 8 =
Furthermore, we assume in addition that the first-order algebraic moment of  is constant, i.e.:

mi(x,z) =mi(x) € R\ {0} for every z € R.
If f € CX(R), then we have for x € R that
[w(GY (@) = flz) = f(2)mi ()] < 16(1 +2*)Q(f 5w ) (Mi(x) + Ma(x)) -

If we suppose in addition m;(x,x) = 0, forevery x € R, for j = 1,...,r — 1, r € N, that (x3)
is satisfied for § = r + 3, and m,(x,x) = m,(x) € R\ {0}, for every = € R, then we have for
) € C*(R) that

m(x)

W (GEN@) — f@) = [ @)™

Theorem 3.6 ([2]). Let x be a kernel satisfying the assumptions (x1), (x2), and (x3) for 8 = r + 3,
r € N. Then, for f € C"(R) such that ") € C*(R), there holds

< %(1 +2?)Q(F50 ™) (M (x) + Mrts(X)) -

iz f) zf.wﬁ?;(')m\

r+3
27 (14 z?)Q (f(r)’w—1> l:Mr(X) + ]\f(j: 1) 8 Mo (x)

r+4

+ 8Mr+3( ) +

— wrr!
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4. NEW RESULTS

In [23], Turgay and Acar studied the approximation properties of the modified generalized
sampling operators in weighted spaces of continuous functions. In this section, we present
the approximation properties of the modified Durrmeyer type sampling operators in weighted
spaces of continuous functions. For the weight function ¢ : R — R, defined by ¢(z) = 1+p?(z),
we consider the following classes of functions:

By (R) = {f ‘R — R | for every z € R, iii;' < Mf},

Cy(R) = C(R) N By (R),

vo®) = { 1 < e | 1

where My is a constant depending only on f. These spaces are normed linear spaces with the

nom ()]
X
£l =SUP )

is uniformly continuous on R} ,

The weighted modulus of continuity, defined in [21], is given by

|f(t) = f(2)]
-5) = YRy
wy(f59) x,teR,\p?}fl)Izp(w)lfﬁ »(t) + ()

for each f € Cy(R) and for every 6 > 0. We observe that
wy (f;0) =0

for every f € Cy(R), and the function wy(f; ) is nonnegative and nondecreasing with respect
to ¢ for f € C,(R). Additionally,

lim wy (f;0) =0
6—0
for every f € Uy(R) (for more details, see [21]).
We recall the following auxiliary lemma to obtain an estimate for | f(u) — f(z)].

Lemma 4.4 ([21]). Forevery f € Cy(R) and § >0

“8) ) = 1)1 < ) + v (24 L2 o 5.5)
holds for all z,u € R.
Remark 4.4 ([23]). If we consider inequality (4.8), since
) + (@) < 8+ 20%(2) + 2|p(2)|5 whenever |p(u) — pla)| < 4,
and
V() + (0) < (52 +20(0) + 2p()l0)

by choosing § < 1, it turns out that

whenever  |p(u) — p(z)| > 4,

lp(w) — p(a)]\*
)

53

As a first main result of this section, we present the well-definiteness of the family of oper-
ators (S7:¥) in weighted spaces of continuous functions. To prove this, we need the following
proposition.

(4.9) |F(u) = f(@)] <91+ |p(2)]) 2w, (f30) (1 + IMWW”) ,
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Lemma 4.5. Let 7 be a p- kernel and o be a kernel with 8 = 2. Further we denote by v(x) := 1+ p?(x),
x € Rand for any fixed w > 0. Then the following inequality holds:

@10)  |(STe0)(@)] M) (2 Molp) + —5 Ma(g) + 4% (@) Mo(g)) + 5 ME(r) Mo().

Proof. By using the definition and linearity of the operators, we get

(SE#0)@)] < 3 Irlwpta) =Bl | ptwu =R+ 6 ()
keZ

§Z|T(wp |w/|<p wu — k |du+Z|T wp — k) |w/|g0 wu — k) |udu

kEZ keZ

<3 r(wp(z) — k) / (e — k)| du

kEZ

+$ Z |T(wp(z) — k)| /]R lo(wu — k)| (wu — k + k)*du

kEZ

<ML (T)Mo(p) + %Z |T(wp(z) — k)| /R lo(wu — k)| (Jwu — k]* + k*)du

kEZ
<ME( |7 (w — k)| | Je(wu — k)| (wu — k)*du
0 kZEZ p(x /R 2
+§ S~ Irtwp(o) ~ B [ lptwu = Ik - wple) + wp(z)*du
kEZ

<ME(T)Mo(e )+—M”( YJMa ()

+%(Z|T(w0(w)— (k —wp(z /|%0w“— )du

keZ

) 3 [rlwpta) =) [ lptwu = b)ldu)

kEZ

<M (r) Mol(p) + 25 ME(T) M () + —5 ME (7)Mo () + 492 () MG (7)Mo )

<M () (Molg) + 5 Ma(0) + 4% (1) Mo(9) ) + —g ME(T) Mo(s).

This completes the proof.
a

Now, we give the well definiteness of modified sampling Durrmeyer type operator and some conver-
gence results.

Theorem 4.7. Let 7 be a p- kernel and o be a kernel with 5 = 2. For any fixed w > 0 the operator S7;%¢
is a linear operator from By (R) to By, (R) and the inequality

2 4
155 Al 1oy < ME(T) (Mol9) + —5 Ma(e) + 4Mo(9)) + — ME(T) Mo ()
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holds.

Proof. By using the Lemma (4.5), we can easily obtain the inequality

(S50) @) < 3 rwpla) = Bl [ o= 1)1 ()i

k€EZ
S ) F(o~ () T
=3 Irtwpta) =B [ letwn =B S (£ 67 w)e
<fllo S r(wpla) — k) / [o(wu — k)|(1+ o (w))du

keZ R

< flho [ME () (Mol) + 5 Ma () + 49 (@) Mo(9)) + —5 ME(T) Mol

Now if we multiply both sides with , we get

R
1+ 72(@)

|(S5#f) ()]

DAL < 1l [MEr) (Moli) + 5 Malie) + 4Mo()) + 25 ME (7)Mol

for every x € R. By assumptions, we conclude that ||S7;? f||, < 4o thatis S};¥ € By (R). Now
taking supremum over z € R and the supremum with respect to f € By (R) with ||f|| < 1, it
turns out

2 4
1S5 o+ Bury < MET) (M) + —5 Ma() +4Mo() ) + — ME(r) M),

Theorem 4.8. Let 7 be a p- kernel and o be a kernel with 8 = 2. and f € Cy(R). Then, we have

(4.11) lim (S5%f)(z) = f(z).

w—r 00

Proof. By straightforward calculations, we have

(S5)) = 1@ < 3 [r(wpla) =Bl | Te(wn =B [(Fop™)w = Fe)]du

kEZ
“H(w)|

<3 Ir(wp(o) ~ ko | '90(7”“—’“)'{&*1)@

keZ
(oo™l _ f@)),

VO o~ g}
(412) 2211 + IQ.

|(Wop™")(u) — ¥ (x)]

Let’s first estimate I;. Since f € Cy(R), we have
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1 <l S r(wp(@) — ) Iw/\w wu— k)|[u? — p?())du

kEZ

<Iflly Y Ir(wp(a Iw/\w wu —k Iu— z)|lu+ p(x)]| du

keZ

<0 5™ rwp(o) - 0] [ lotwn = Bllwu - wplo)lfuu + wp(e)lau

kEZ

I 57 —kl/\wwu— (= K+ ks — wp(a))(jwu — b + I + wp(x)) b

k€EZ

§7||f||¢ Z\T(w |/ lo(wu — k |wu—k|2+|wu—k\|k+wp( )|
w

kEZ

k= wp(@)|Jwu — k| + [k —wp<x>||k+wp<x>|}du

<MV TS rwpte) ~ 1) [ fotwn = k) - kP

keZ

+ 30 Irtwp(e) = )k +wpta)] | Tetwn =Bl ki
keZ

+ 30 Irtwp(e) = k)l = wpla)] | Te(wn Bl ki
kEZ

+ 3 Ir(wp(w) - B)IIk — wp(a)]k + wple |/|<ﬂ wu — k)| du
keZ

(4.13)

=ha+hLao+Liz+ 14

Since |k + wp(x)| = |k — wp(x) + 2wp(x)|] < |k — wp(x)| + |2p(x)|, it is clear to see that the
following statements hold

1 =10 [ )Mo ) + 2hup (@)1 () Mo )]
If we substitute I 1, [1 2, 1.3 and I; 4 in (4.13), we can get
1 <M [hig ) Mo 0) + MP(PIMu(9) + 2000 M (1) M1 ) + ME(TIM () + ME(r) Mol)

+2u]p(2)| M (1) Mo(y )}

||f||¢ [ )+ 2MP ()M () + 2w|p(:17)|<M6)(T)M1(80) + M{’(T)Mo(s0>)
+M”( )Moy ))
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Now lets consider I,. Let z € R and € > 0 be fixed. Then there exists § > 0 such that

‘ (fop~'(u)
(op=t(u)

when |p~1(u) — x| < 6. Hence we can write

0 -1 u X
0 Y Irtwpta) — ko [ fetwn =1L - S

(x;‘<e

kEZ _I(U) (x
=wi(x T(wp(x) — wu — ( P (u) - f(x) U
—wi( )[lkw%‘)wl (wp@) =R | 90 )“( vop~(u) zp(z)‘d
T(wp(x) — wu — k op 1(u f(x u
+ Y Ir(wple) — k) ] 5 [ |‘ (Wop—L(u)  (z ‘d

[k—wp(x)| <5

fX ) -] [ et l| S T

wd
|k—wp(z)|> 45>

=wy(x) {12.1 + 122+ 12.3} :
wd wo
For |k —wp(z)| < > if |lwu — k| < - we have

lu—p(z )|<|u—*|+|*—p z)| <6
Since f € Cy(R), we get
Iy < eMg(T)Mo(p).
Taking supremum for u € R, we can write

La<2fle Y Ir(wple) K [p(wu — )ldu

_ ws
[k—wp(a)|< %2 frou=kl>%

123

and ﬁwu%bﬂ lo(wu — k)|du = fltbﬂ lo(t)|dt — 0 as w — oo for sufficiently large w. Hence,
2 2

we get
2
Lo < EHwaMop(T)@
Finally, by Lemma (2.3), since

lim > Ir(wp(z) = k) =0,

w—+00 5
k—wp(z)|> %2

then we get
2
Irs < EHfHd)MO(SO)ﬁ
for sufficiently large w. Combining the above estimates, we have

|(Susef)(@) = f(@)| <h + Ioa + 2o+ Ias
<o [aspr ot + 3000 (7101 () + @) MM ()]

(4.14) () [e(ME () Mo(9) + 20/l ME(T) + 21l Mo(9)) |-

By taking limit as w — oo, we get the desired result.
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fop™!

Theorem 4.9. Let 7 be a p- kernel and ¢ be a kernel with 8 = 2 and — € Uy(R). Then
pop

1 TP f _ —
Jim [ISEEf = flly =0
holds.

Proof. For functions f € Uy(R), let us follow the same steps with the proof of Theorem (4.11)
fop™*
bop~!

and replace § with corresponding parameter of the uniform continuity of € Uy(R) also

considering the inequality (4.14), we have

(525 @) = F@ _ Tlle [y ’ ,
e w20 [ME M) +3MY () M1 (o) + Hp@)| MY (7)Ma )

e (ME(r) Mo () + 21 £l ME(T) + 2] Fls Mo())
and taking supremum over x € R we obtain the desired result. O
Theorem 4.10. Let 7 be a p- kernel and ¢ be a kernel with § = 3. Then for f € Cy(R), we get
(572 ) (@)= F(@)] < 91+ |p()]) 2w (Fop™ 5 w™) (ME(7) Mo(i)+4(ME (7) M ()M (1) Mo() )

Proof. Using the definition of the operators S;;¥ and (4.9), we have

(5% ) 2)] <) r(wp(x) = k)w [ |p(wu —k)|(fop™ (u) — f(z)|du
> Ir(upla) =0 | I = |
<9uw(1 + |p(@)]) 2w, (£6) Y lwp(x) k|/|¢, wu — k \(1+| 53(x)| )du
kEZ
=9w(1 + |p(z)|)*we (f;9) lwp(x) — k| [ |o(wu —k)|du
pla [kZEZ pla /Rso

+5%Z|wp<x>fk\ [ tetwu=h)lu= plo)au

kez
=9w(1 + |p(x)])we (fop™ ' 0) (11 + I2).
It can be easily seen that
I < MEMo().
Now, we need to estimate /5. By elementary calculations, we have

B <5 3 lwp(o) = H| [ Tp(wu =) (ju= |+ = p(o)]) du

keZ

4
<y S lupla) — k1 [ Tt~ 1) (o P+ [k = (o)) du
kEZ

zﬁ (M) Ms(0) + ME(TMol)).

Substituting I; and I and choosing § = w™!, we immediately obtain the result.
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