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New Characterizations for the Timelike Curve by the help
of Spherical Representations in Minkowski 3-Space

Mihriban KULAHCI!

ABSTRACT: In this paper, some new characterizations have been obtained by using arc length and harmonic
curvature function of spherical represantations for the timelike curve in Minkowski 3-space.
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Minkowski 3-Uzayinda Kiiresel Temsiller Yardimiyla Timelike
Egri icin Yeni Karakterizasyonlar
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OZET: Bu makalede, Minkowski 3-uzayinda bir timelike egrisi icin kiiresel temsillerinin yay uzunlugunu ve har
monik egrilik fonksiyonunu kullanarak bazi yeni karakterizasyonlar elde edildi.
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INTRODUCTION

Let ]Rl3 denote the 3-dimensional Lorentz space,
i.e. the usual vector space [, R13 with the Lorentz scalar
product of x and y is given by

<an’> =N T XY, H XY

where y — (xl’ X, x3) and y = (yl,yz’%) are two

vectors in IR>.

IR13 is called three-dimensional Lorentz space or
Minkowski 3-space. We denote L* as IR,

Recall that a vector x in L’ can have one of three
casual characters: it can be spacelike if <x,x>>0,
timelike (x,x) <0, and null. (x, x) = 0, x #0. For

the norm of a vector x

[l =[x )

Similarly, an arbitrary curve o (¢) can be locally
spacelike, timelike or null (lightlike), if all of its velocity

xel’, is given by

and x is called a unit vector if ||x|| =1.

vectors a'(t) are spacelike, timelike or null (lightlike),
respectively. (O’neill, 1983).

Let’s give the definition of Darboux vector. Vectors

t, n, b change while a point P on the curve drawing
the curve. Hence these vectors constitute of spherical

images of curve. Suppose that Frenet vectors {¢, n,

b} of the curve makes an abrupt helix motion about
an axis at each s time. This axis is called Darboux axis

corresponding s parameter at o.(s) point. The vector
obtained oriented and direction of this axis is called

Darboux vector at point o.(s) of the curve (Yiicesan
et al., 2004).

In differential geometry of curves in Euclidean
space and Lorentzian space, helix is a well-known
concept. Harmonic curvatures have an important role
in the characterizations of helices. Many studies on
harmonic curvatures and helices have been done by
many mathematicians (Sakomato, 1982; Barros, 1997,
Arslan et al.;2000; Ekmekei, 2000; Iyigiin and Arslan,
2005; Kiilahcr et al.,2009). Furthermore, in recent years,
many important and intensive studies have been seen
about inclined curves (Hacisalihoglu, 2009; Ghadami,
2012).

The aim of this paper is to implement the results
which were given in (Ogrenmis et al., 2014) to
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arc lengths of spherical representations of T, N, B
for a timelike space curve in Minkowski 3-space.
Furthermore, by considering Darboux vector as given
in (Yiicesan et al., 2004), we give the arc lengths of

spherical representations of the vector field C = 1.

w

MATERIAL AND METHODS

Let {t, n, b} be the Frenet vectors of the
differentiable timelike space curve in Minkowski space.
Then the Frenet equations are

I'=xKn,

L
n'=xt+7tbh, (1)
b'= —n,

where Kk and are curvature and torsion, respectively
(Yiicesan et al., 2004).

In addition, Darboux vector can be given as follows
(Yiicesan et al., 2004):

w=—-tt—Kb.
Definition 2.1. In n-dimensional Lorentzian space,

H, : I — R function for a time-like curve is defined
as follows:

0 ,i=0
H.(s)= K Q=1 (2)

{I/I[Hi_1]+sOHi_2ki}% JA<i<n-2

is called i order harmonic curvature function of the
curve.

-1
g, = {

where v, is

LV, time — like
V. space — like
vector field and

unit tangent

K;,K,,....K, (K, # 0) is a curvature function of the

curve (Soylu, et al., 1999).
RESULTS AND DISCUSSION

Theorem 3.1. & C L is an ordinary helix if and
only if

s, =tHs+c.
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Proof. Let 7 =1#(s) be the tangent vector field of

the curve

oa:IcR->TI

s —>a(s)

The spherical curve o, =7 on S§? is called first
spherical representation of the tangent of (.

Let sbe the arc length parameter of ¢ . If we indicate

the arc length of the curve o by s then one can write

a (s)=1(s).

da,

. — 1y ds_
Letting —-*- = tt, we have f, =Kn dssr - Hence one
t

can get % =K. Thus we give the following result.

If K is the first curvature of the curve o : 7 — L°,
then the arc length S/ of the tangentian representation

Qa,of a is

s1=J-de +c. (3)

If the harmonic curvature of ¢, is H = 'f— , one can have

s =|tHds+c 4)
where ¢ is an integral constant.

Theorem 3.2. @ < L’is an ordinary helix if and
only if

SHZ‘E\/1+H2S+C.

Proof. Let 7 = Z(S) be the principal normal vector

field of the curve

oa:IcR>TL

s —>ao(s)

—

The spherical curve @, =7 on S? is called
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second spherical representation for ¢ or is called the
spherical representation of the principal normals of o

Let sel be the arc length parameter of . If we
denote the arc length of the curve a.. by S, one can

write o, (s,) = n(s).

da,
ds"

Furthermore letting =T , one can obtain

7;1:(K;+tg)j—ss- )

Thus, one can have

dsn _ /K2+Tz. (6)

ds

[ 2 2 . .
Note that VK~ +T "~ is the total curvature function
of o. Moreover one can get the following result:

sn=I\/K2+rzds+c (7)
or in terms of H =%,

s, = [t N1+ Hds +c. (8)

Theorem 3.3. 0. C L’ is an ordinary helix if and
only if

Proof. Let b = b(s) be the binormal vector field of

the curve

oa:IcR->I

s —>o(s)

The spherical curve 0., =b on S? is called third

spherical representation for ¢ or is called the spherical
representation of the binormal of ¢,

Let s € I be the arc length parameter of o.. If we
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denote the arc length parameter of the curve a, by

s, one can write

a (s)=b(s).

. da .
Moreover letting -~ =1 , one can obtain
b

- ds
l‘b——Tl’ld—Sb' (9)

ds .
Hence one can have —*>=T and 5,= deS +¢ orin

terms of the harmonic curvature of o one can get

k
s, :l[ﬁds+c. (10)

Theorem 3.4. The curve o0 C L’ is an ordinary
helix if and only if

s, =in;ds+c.

Proof, 0 L’ Let w=—t t —k b be the Darboux

vector field of the curve

a:IcR->L
s —>a(s).
Let us define the curve a , =C on § 2 by the help

of the vector field Z = ﬁ This curve is called IV. th

spherical representation of ¢ or is called the Darboux

representation of . Let s, be the arc length of O .

=

Then one can have o, = c(s,) = 1. Let us denote the

=

hyperbolic angle between w and ? by .

Hence
(11)

K :HVV“sinhcp and T ZHJHCOSh(p.
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Therefore, one can write

¢ = cosho? +sinhqb. (12)
From this last equality one can obtain
de _dc ds 5
ds. ds ds, (13)
or
ds, _ dc (13)
ds |ds
or
de _ (coshq) '+ (sinhq) 'h
ds
-
=\sinhg? +coshpb) —-
@ @ ds
Hence one can have
del_di _ds.
ds ds ds’
(16)

Considering these equations and (11), one can obtain

Eztanhcp. (17)
T

Therefore, differentiating with respect to s, one can
have

(Ej __ 1 de "

t) coth’ ¢ ds (18)
) | L |de

SRl

From (17), one can get

do (%) 0

7|

m_cy
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. K .
and since H ==, one can obtain

T H ’
, cgr, (23)
d_cp = i 21) the equation(23) implies that
ds H°
"
Hence from (16), one can have 5, = I_2 ds+c. (24)
H
ds, H
ds H’ (22)
or hence
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