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Abstract

In this study, we obtain differential equations of spacelike curves according to components of light-cone
frame in light cone L3 in Minkowski 5-space. We find some relations between curvatures of the spacelike

curves.
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1. Introduction

To study differential geometry of curves, we know that is
required moving frames along curves. By helping of the
frames, many mathematicians are studied differential
geometry of curves in many spaces, especially such as
associated curves and quaternionic curves [4,6,7].

As known, one of the popular studies of differential
geometry and physics is curves on light cones and semi-
Riemanian manifolds. However, since the metric is
degenerate on light cone in Minkowski spaces. In the
light of [1,2,3,5], a new type of frame has established by
Wang and He and is called as light-cone frame, then,
using the light-cone frame, they have been studied
singularities of hypersurfaces along spacelike curves in
light cone in Minkowski 5-space [12].

For theory of general relativity, one of the right
constructions is five-dimensional space [10]. Einstein
and Bergmann said that “... It is much more satisfactory
to introduce the fifth dimension not only formally, but to
assign it some physical meaning. Nevertheless, there is
no contradiction with the empirical four-dimensional
character of physical space” [10]. Therefore, studies in
five dimensional spaces continue to increase recently.

Dannon showed that spherical curves in can be
constructed by Frenet formulae. Then, integral
characterizations of spherical curves in were given by her

24

[9]. Kazaz et al. gave similar characterizations of timelike
and spacelike spherical curves lying on Lorentzian
sphere in the [6]. They have found the differential
equation systems characterizing the spherical curves in.
Sezer has found the differential equations and integral
characterizations of spherical curves in by using
differential equation system given by Dannon [8].

In this paper, we study differential equations of spacelike
curves in light cone in Minkowski 5-space. Besides, we
have relations of differential equations of the curves for
some special conditions.

2. Materials and Methods

Minkowski 5-space IR; is provided with the standart
lorentz metric given by
(,)=—dx?+dx2 + dx? + dx? + dx?

where (x4, x,,X3,%4,Xs) IS @ rectangular coordinate
system of IR;. According to this metric, an arbitrary
vector U = (vy,V,, V3, Uy, V) in IRS have one of three
Lorentzian causal characters; it can be spacelike if
($,9) >0 or =0, timelike if (#,¥)<0 and
null(lightlike) if (#,¥) =0 and ¥ # OSimilarly, an
arbitrary curve y = y(s) can be spacelike, timelike or
null (lightlike), if all its velocity vectors y'(s) are
spacelike, timelike or null (lightlike), respectively. We
say that a timelike vector is future pointing or past
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pointing if the first compound of the vector is positive or
negative, respectively.

In the Minkowski 5-space, there exists the pseudo-inner
product (x,y) = —x1y1 + X2¥2 + X3¥3 + X4Vs + Xs5¥s
of any vectors x = (x; x,, x3, x4, x5) and

y = (Y2 Y3 Y Vs), and the pseudo vector product is
defined by

|—el (%) €3 €y €5 |
X, Xy X3 X4 Xg
XAYANzZAwW=|Y1 Y2 Y3 Y4 DYs|,
Zi  Zy Z3 Z4 Zs
Wy W, Wz W, Wsg

where vectors x,y,z,w are in Minkowski 5-space and
(e1, €3, €3, €4, €5) Is the canonical basis of Minkowski 5-
space [5,12].

A pseudo sphere whose vertex is at origin is defined as
follows;
St={x €IR}: —x? + x2 + x2 + xZ +x2 = 1}.

The four-dimensional open light cone is defined as
LCY = {x € IR}: —x? + x% + x2 + x? + x2 = 0}\{0}.

The three-dimensional open light cone L3 in LC! is

defined as
L3 ={x €LCY:x, =0,—x%+ x2 + xZ + xZ = 0}\{0}.

Lety:I — L3 be aunit speed spacelike curve in light cone
in Minkowski 5-space. The moving Frénet frame along
the curve y is denoted by {y(s), y.(s), t(s), b(s), e;}and
is called the light-cone frame. Differential formulae
according to the light-cone frame is given as follows

Y'(s) = t(s)
y.(s) = k(s)t(s) + t(s)b(s)

t'(s) = Q}/(S) +5 )/L(S)

b'(s) = "2y (s),

where

(t(s),t(s)) = (b(s),b(s)) =
() y(s) =—
(r(s),7(s)) = {y.(s),y.(s)) =

(er,e0) =1,

(t(s),7(s)) = (t(s),y.(s))

= (t(s),b(s)) = (t(s),e;) = 0,
(b(s),y(s)) = (b(s),y.(s))
= (e, v(5)) = (ex,v.(s)) = {ez,b(s)) = 0,

and light-cone curvature k(s) and light-cone torsion t(s)
are given by

k(s) ==(r"(),y' ()

‘['(S) =-2 det(y(s), ]/'(S), ]/”(S), y”'(s)‘ 62)

respectively [12].
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Suppose that y(¢) be another parametrization of the
curve with parameter ¢ = [ k(s)ds. Then, light-cone
formulae can be written as follows

dy

= [ © 0 fl» 0]

d“ | o o 1 g0y

l«1=| 3 @ o ol (1)
o | [;g(«p) o 0 0 J b

ld¢J

where f(¢) = —and g(¢) = (‘p) . Each derivative

k(o)
equations given by the nght cone formulae is

expressed with the equations (11), (12), (13) and (14)
respectively.

In following section, we obtain differential equations
of spacelike curves according to components of light-
cone frame in light cone L3 in Minkowski 5-space.

3. Differential Equations of Spacelike Curves
according to Light-Cone Frame

Theorem 1. Let y(s) be a spacelike curve
parametrized by arclength s in light cone L3 in
Minkowski 5-space. Suppose that y(¢) be another
parametrization of the curve with parameter ¢ =
[ k(s)ds. Then,y(s) satisfies differential equation of
fourth order according to Light-cone frame y(s)
given by

i[iﬁ_iﬁﬂ+< 6 (df) 2 _
do |f2gde® f3gdede? f*g fg
2 dzf) 1 df ]
= 2
f3gd<p +f2gd(py gy ( )

Proof. Let y(¢) be a spacelike curve parametrized by
arclength ¢ in light cone L3. Then, taking derivation
of equality (11) twice, we obtain

——-f +Z t+ ~fn 3)

and

d3y df 1 dy 3 df d?*f

W -— f f_L+<d(p +2f>t
+;f29b 4)

respectively.

If equality (1,) is arranged and is derivatived, we get
dr _ -1df dy 1d2y

dp ~ fZdpdp ' fdg? ®)
By substituting (5) into (13), we obtain
i, _2dfdy , 2d%
YL = f f3dede f2 d(pz' (6)
Then, by substituting (13) and (6) into (4), we have
_ 2 &y _ 6 ardly (6 A\ 2 _
f2gde3  f2gde de? + f* ( ) fg
2 dzf) dy 1 df
——— =+ =——v. 7
f3gde?)de = f2gde )
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Using the equations (14) and (7), we obtain desired d*h 3dgd’b Fdz—g+f +£<d_g)z]ﬂ
equation (2). de* gdede® |[gde? 9*\do/ |de?
6 (dg\* 3 3d%g fldgdb
Corollary 1. Let y(¢) be a spacelike curve in light cone - [E (%) g gPdg? 5]@@
L3. If the function f of y(¢) is constant, then following - %fzgzb =0

equation is satisfied:
29 d3y 2 d?y

f2g2de®  fgde?

1

2

24y 1
fg?%de v =0
Theorem 2. Let y(@(s)) be a spacelike curve
parametrized by ¢ = [k(s)ds in light cone L} in
Minkowski 5-space. Then,y(¢) satisfies differential
equation of fourth order according to Light-cone frame b

given by
d*b 3 d(fg) d®b
de*  fg do dg?
3d%g 9 dfdg 1d>
[ 49 ;249 1477
gde? fgdpde " fde?
d d 3 df dg]d?b
)
f*\de fgdedelde
3 (df) L0 6 df(dg) (dg)
f’9 de ' fg?dp \de do db
3 df d%g 3dg<1+d2 ) fdg 1dgd2de<p
fgdode? g*do de?) gde fgdede?
+f29%b.

®)
Proof. Let y(¢) be a spacelike curve parametrized by
arclength ¢ in light cone L3. Then, taking derivation of
equality (14) three times, we obtain

@b _1dg 1
w7 = 3a,Y T2fat )
d’b _ (1d%*g |1 1 ag 1_df
d—qjg—(;d—q,z"‘;fg))/"‘;fzgh"'(@f"‘;g@) (10)
and
d*b _(1d%g 3 _dg  1df 3_df )
= (G 1 g g0V (g 3 )
3,.d%g |1 3df dg
TR R vt o) L AT LA Y
Using the equations (11) and (14), we have
—zdgdb 2 d%
f9?dpde = fgde? (12)
By substituting (14) into (13), we get
dt 2 db
0 gdo +fre (13)
and, by substituting (12) into (13), we obtain
_24d(-2dgdb  2d’\ _ 2db
=5 (fyz awap  Fgae ) fgde’ (14)

By using the equations (14), (12) and (14) into (11), the
equation (8) is obtained.

Corollary 2. Lety(¢) be a spacelike curve in light cone
L3. If the function f of y(¢) is constant, then following
equation is obtained.
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Corollary 3. Lety(¢) be a spacelike curve in light cone
L3. If the function g of y(¢) is constant, then following
differential equation is satisfied:

d*h 3df d®b 1d%f

d 2
&b _3dfd’b [, 147 f
do* fde?

+3()d2b 122b—0
Fi\dg) |agz ~a/ 9P

Theorem 3. Let y(¢(s)) be a spacelike curve
parametrized by ¢ = [k(s)ds in light cone L} in
Minkowski 5-space. Then,y(¢) satisfies differential
equation of fourth order according to Light-cone frame t

given by
)ie

)|

(15)

)ﬂ7< 8fgf +4f*g’
de* \f3¢°+4gf* +2ff'g' - 2fgf"
>E+< 2f%9f +4f°g’

do  \f39*+49f*+2ff'g - 2fgf"

( 4f’g

i[ f29® +4gf* +2ff'g' = 2fgf"

dtﬂl (89}"2 +4ff'g' —4faf —4f°g
f9° +4g9f* +2ff'g' - 2fgf"

—ft=0.

Proof. Let y(¢) be a spacelike curve parametrized by
arclength ¢ in light cone L3. Then, by editing equation

(1s), we can write
2 dt 1

VL=7a 7Y (16)
Using the equations (16) and (1,), we have
_2dfat  24d%  Ldf 2 (17)
ftdpde = fgde? = f2gde g

By taking derivation of (17) and using the (14) we get

<g Zf2 f'g f”) _(2)d3 <4f >d2
fia f2 NE v fg/de®* \f?g fg*
af? | 2f g’ 2f" dt ' 2g
(f3g 2% fig 5) do (fg gz) t (18)

and by taking derivation of (18) again, we obtain desired
result.

Corollary 4. Lety(¢p) be a spacelike curve in light cone
L3. If the function f of y(¢) is constant, then following
differential equation is given by

4 d*t 12g d3t <4g" 12g'2 )dz
fo*de* fg*de® \fg® fg* dg?
< ) dt <4g 12972 f)
g¢ g*

O

Corollary 5. Lety(¢) be a spacelike curve in light cone
L3. If the function g of y(¢) is constant, then following
differential equation is given by
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(ot ) putgrprrarr s
og*+2?-ff") dgt ot 17 ldgd
_( 8f2 + 8ff" _8ff'(3f292f'+3f'f”—ff"')
Pa+2f7=ff (P +2f [ )
8f” —4ff" - 2f*\ d’t
d 8f’2_4_ff"_4f3 2f2 dt
[@ <f ‘gt 4 - 2ff ) TP Tart- fo"] dg

+ e (i) e = 0.
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