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Abstract 

 

In this study, we obtain differential equations of spacelike curves according to components of light-cone 

frame in light cone 𝐿0
3  in Minkowski 5-space. We find some relations between curvatures of the spacelike 

curves. 
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1. Introduction 

 

To study differential geometry of curves, we know that is 

required moving frames along curves. By helping of the 

frames, many mathematicians are studied differential 

geometry of curves in many spaces, especially such as 

associated curves and quaternionic curves [4,6,7]. 

 

As known, one of the popular studies of differential 

geometry and physics is curves on light cones and semi-

Riemanian manifolds. However, since the metric is 

degenerate on light cone in Minkowski spaces. In the 

light of [1,2,3,5], a new type of frame has established by 

Wang and He and is called as light-cone frame, then, 

using the light-cone frame, they have been studied 

singularities of hypersurfaces along spacelike curves in 

light cone in Minkowski 5-space [12]. 

 

For theory of general relativity, one of the right 

constructions is five-dimensional space [10]. Einstein 

and Bergmann said that “… It is much more satisfactory 

to introduce the fifth dimension not only formally, but to 

assign it some physical meaning. Nevertheless, there is 

no contradiction with the empirical four-dimensional 

character of physical space” [10]. Therefore, studies in 

five dimensional spaces continue to increase recently. 

 

Dannon showed that spherical curves in can be 

constructed by Frenet formulae. Then, integral 

characterizations of spherical curves in were given by her 

[9]. Kazaz et al. gave similar characterizations of timelike 

and spacelike spherical curves lying on Lorentzian 

sphere in the [6]. They have found the differential 

equation systems characterizing the spherical curves in. 

Sezer has found the differential equations and integral 

characterizations of spherical curves in by using 

differential equation system given by Dannon [8]. 

 

In this paper, we study differential equations of spacelike 

curves in light cone in Minkowski 5-space. Besides, we 

have relations of differential equations of the curves for 

some special conditions. 

 

2. Materials and Methods 

 

Minkowski 5-space 𝐼𝑅1
5 is provided with the standart 

lorentz metric given by  

 ⟨ , ⟩ = −𝑑𝑥1
2 + 𝑑𝑥2

2 + 𝑑𝑥3
2 + 𝑑𝑥4

2 + 𝑑𝑥5
2 

where (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) is a rectangular coordinate 

system of 𝐼𝑅1
5. According to this metric, an arbitrary 

vector 𝑣⃗ = (𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5) in 𝐼𝑅1
5 have one of three 

Lorentzian causal characters; it can be spacelike if 

⟨𝑣⃗, 𝑣⃗⟩ > 0 or 𝑣⃗ = 0, timelike if ⟨𝑣⃗, 𝑣⃗⟩ < 0 and 

null(lightlike) if ⟨𝑣⃗, 𝑣⃗⟩ = 0 and 𝑣⃗ ≠ 0Similarly, an 

arbitrary curve 𝛾 = 𝛾(𝑠) can be spacelike, timelike or 

null (lightlike), if all its velocity vectors 𝛾 ′(𝑠) are 

spacelike, timelike or null (lightlike), respectively. We 

say that a timelike vector is future pointing or past 
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pointing if the first compound of the vector is positive or 

negative, respectively.  

In the Minkowski 5-space, there exists the pseudo-inner 

product ⟨𝑥, 𝑦⟩ = −𝑥1𝑦1 + 𝑥2𝑦2 + 𝑥3𝑦3 + 𝑥4𝑦4 + 𝑥5𝑦5 

of any vectors 𝑥 = (𝑥1 𝑥2, 𝑥3, 𝑥4, 𝑥5) and  

𝑦 = (𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5), and the pseudo vector product is 

defined by 

𝑥 ∧ 𝑦 ∧ 𝑧 ∧ 𝑤 = |
|

−𝑒1 𝑒2 𝑒3 𝑒4 𝑒5

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦1 𝑦2 𝑦3 𝑦4 𝑦5

𝑧1 𝑧2 𝑧3 𝑧4 𝑧5

𝑤1 𝑤2 𝑤3 𝑤4 𝑤5

|
|, 

where vectors 𝑥, 𝑦, 𝑧, 𝑤 are in Minkowski 5-space and 

(𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5) is the canonical basis of Minkowski 5-

space [5,12]. 

 

A pseudo sphere whose vertex is at origin is defined as 

follows; 

𝑆1
4 = {𝑥 ∈ 𝐼𝑅1

5: −𝑥1
2 + 𝑥2

2 + 𝑥3
2 + 𝑥4

2 + 𝑥5
2 = 1}. 

 

The four-dimensional open light cone is defined as 

𝐿𝐶∗
4 = {𝑥 ∈ 𝐼𝑅1

5: −𝑥1
2 + 𝑥2

2 + 𝑥3
2 + 𝑥4

2 + 𝑥5
2 = 0}\{0}. 

 

The three-dimensional open light cone 𝐿0
3  in 𝐿𝐶∗

4 is 

defined as 

𝐿0
3 = {𝑥 ∈ 𝐿𝐶∗

4: 𝑥2 = 0,−𝑥1
2 + 𝑥3

2 + 𝑥4
2 + 𝑥5

2 = 0}\{0}. 
 

Let 𝛾: 𝐼 → 𝐿0
3  be a unit speed spacelike curve in light cone 

in Minkowski 5-space. The moving Frénet frame along 

the curve 𝛾 is denoted by {𝛾(𝑠), 𝛾𝐿(𝑠), 𝑡(𝑠), 𝑏(𝑠), 𝑒2}and 

is called the light-cone frame. Differential formulae 

according to the light-cone frame is given as follows 

 

𝛾 ′(𝑠) = 𝑡(𝑠) 

𝛾𝐿
′ (𝑠) = 𝑘(𝑠)𝑡(𝑠) + 𝜏(𝑠)𝑏(𝑠) 

𝑡 ′(𝑠) =
𝑘(𝑠)

2
𝛾(𝑠) +

1

2
𝛾𝐿(𝑠) 

𝑏′(𝑠) =
𝜏(𝑠)

2
𝛾(𝑠), 

where 

⟨𝑡(𝑠), 𝑡(𝑠)⟩ = ⟨𝑏(𝑠), 𝑏(𝑠)⟩ = ⟨𝑒2, 𝑒2⟩ = 1,  

⟨𝛾(𝑠), 𝛾𝐿(𝑠)⟩ = −2,  

⟨𝛾(𝑠), 𝛾(𝑠)⟩ = ⟨𝛾𝐿(𝑠), 𝛾𝐿(𝑠)⟩ = ⟨𝑡(𝑠), 𝛾(𝑠)⟩ = ⟨𝑡(𝑠), 𝛾𝐿(𝑠)⟩ 

= ⟨𝑡(𝑠), 𝑏(𝑠)⟩ = ⟨𝑡(𝑠), 𝑒2⟩ = 0,  

⟨𝑏(𝑠), 𝛾(𝑠)⟩ = ⟨𝑏(𝑠), 𝛾𝐿(𝑠)⟩ 

= ⟨𝑒2, 𝛾(𝑠)⟩ = ⟨𝑒2, 𝛾𝐿(𝑠)⟩ = ⟨𝑒2, 𝑏(𝑠)⟩ = 0,  

and light-cone curvature 𝑘(𝑠) and light-cone torsion 𝜏(𝑠) 

are given by 

𝑘(𝑠) = −⟨𝛾″(𝑠), 𝛾″(𝑠)⟩ , 

𝜏(𝑠) = −2𝑑𝑒𝑡(𝛾(𝑠), 𝛾 ′(𝑠), 𝛾″(𝑠), 𝛾‴(𝑠), 𝑒2) 

respectively [12]. 

 

Suppose that 𝛾(𝜑) be another parametrization of the 

curve with parameter 𝜑 = ∫𝑘(𝑠)𝑑𝑠. Then, light-cone 

formulae can be written as follows 

[
 
 
 
 
 
 

𝑑𝛾

𝑑𝜑

𝑑𝛾𝐿

𝑑𝜑

𝑑𝑡

𝑑𝜑

𝑑𝑏

𝑑𝜑 ]
 
 
 
 
 
 

=

[
 
 
 
 

0 0 𝑓(𝜑) 0
0 0 1 𝑔(𝜑)
1

2

1

2
𝑓(𝜑) 0 0

1

2
𝑔(𝜑) 0 0 0 ]

 
 
 
 

[

𝛾
𝛾𝐿

𝑡
𝑏

]   (1) 

where 𝑓(𝜑) =
1

𝑘(𝜑)
 and 𝑔(𝜑) =

𝜏(𝜑)

𝑘(𝜑)
. Each derivative 

equations given by the Light-cone formulae is 

expressed with the equations (11), (12), (13) and (14) 

respectively. 

In following section, we obtain differential equations 

of spacelike curves according to components of light-

cone frame in light cone 𝐿0
3  in Minkowski 5-space. 

 

3. Differential Equations of Spacelike Curves 

according to Light-Cone Frame 

 

Theorem 1. Let 𝛾(𝑠) be a spacelike curve 

parametrized by arclength 𝑠 in light cone 𝐿0
3  in 

Minkowski 5-space. Suppose that 𝛾(𝜑) be another 

parametrization of the curve with parameter 𝜑 =

∫𝑘(𝑠)𝑑𝑠. Then,𝛾(𝑠) satisfies differential equation of 

fourth order according to Light-cone frame 𝛾(𝑠) 

given by 

 

𝑑

𝑑𝜑
[

2

𝑓2𝑔

𝑑3𝛾

𝑑𝜑3 −
6

𝑓3𝑔

𝑑𝑓

𝑑𝜑

𝑑2𝛾

𝑑𝜑2 + (
6

𝑓4𝑔
(

𝑑𝑓

𝑑𝜑
)

2

−
2

𝑓𝑔
−

2

𝑓3𝑔

𝑑2𝑓

𝑑𝜑2)
𝑑𝛾

𝑑𝜑
+

1

𝑓2𝑔

𝑑𝑓

𝑑𝜑
𝛾] =

1

2
𝑔𝛾.      (2) 

Proof. Let 𝛾(𝜑) be a spacelike curve parametrized by 

arclength 𝜑 in light cone 𝐿0
3 . Then, taking derivation 

of equality (11) twice, we obtain 
𝑑2𝛾

𝑑𝜑2 =
1

2
𝑓𝛾 +

𝑑𝑓

𝑑𝜑
𝑡 +

1

2
𝑓2𝛾𝐿         (3) 

and 

𝑑3𝛾

𝑑𝜑3
=

𝑑𝑓

𝑑𝜑
𝛾 +

1

2
𝑓

𝑑𝛾

𝑑𝜑
+

3

2
𝑓

𝑑𝑓

𝑑𝜑
𝛾𝐿 + (

𝑑2𝑓

𝑑𝜑2
+

1

2
𝑓2) 𝑡 

+
1

2
𝑓2𝑔𝑏       (4) 

respectively. 

 

If equality (11) is arranged and is derivatived, we get 

𝑑𝑡

𝑑𝜑
=

−1

𝑓2

𝑑𝑓

𝑑𝜑

𝑑𝛾

𝑑𝜑
+

1

𝑓

𝑑2𝛾

𝑑𝜑2.        (5) 

By substituting (5) into (13), we obtain 

𝛾𝐿 =
−1

𝑓
𝛾 −

2

𝑓3

𝑑𝑓

𝑑𝜑

𝑑𝛾

𝑑𝜑
+

2

𝑓2

𝑑2𝛾

𝑑𝜑2.      (6) 

Then, by substituting (13) and (6) into (4), we have 

𝑏 =
2

𝑓2𝑔

𝑑3𝛾

𝑑𝜑3 −
6

𝑓2𝑔

𝑑𝑓

𝑑𝜑

𝑑2𝛾

𝑑𝜑2 + (
6

𝑓4𝑔
(

𝑑𝑓

𝑑𝜑
)

2

−
2

𝑓𝑔
−

2

𝑓3𝑔

𝑑2𝑓

𝑑𝜑2)
𝑑𝛾

𝑑𝜑
+

1

𝑓2𝑔

𝑑𝑓

𝑑𝜑
𝛾.        (7) 
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Using the equations (14) and (7), we obtain desired 

equation (2). 

 

Corollary 1. Let 𝛾(𝜑) be a spacelike curve in light cone 

𝐿0
3 . If the function 𝑓 of 𝛾(𝜑) is constant, then following 

equation is satisfied: 

2

𝑓2𝑔

𝑑4𝛾

𝑑𝜑4 −
2𝑔′

𝑓2𝑔2

𝑑3𝛾

𝑑𝜑3 −
2

𝑓𝑔

𝑑2𝛾

𝑑𝜑2 +
2𝑔′

𝑓𝑔2

𝑑𝛾

𝑑𝜑
−

1

2
𝑔𝛾 = 0. 

 

Theorem 2. Let 𝛾(𝜑(𝑠)) be a spacelike curve 

parametrized by 𝜑 = ∫𝑘(𝑠)𝑑𝑠 in light cone 𝐿0
3  in 

Minkowski 5-space. Then,𝛾(𝜑) satisfies differential 

equation of fourth order according to Light-cone frame 𝑏 

given by 

𝑑4𝑏

𝑑𝜑4
=

3

𝑓𝑔

𝑑(𝑓𝑔)

𝑑𝜑

𝑑3𝑏

𝑑𝜑3

+ [
3

𝑔

𝑑2𝑔

𝑑𝜑2
+ 𝑓 +

9

𝑓𝑔

𝑑𝑓

𝑑𝜑

𝑑𝑔

𝑑𝜑
+

1

𝑓

𝑑2𝑓

𝑑𝜑2

+
6

𝑔2
(
𝑑𝑔

𝑑𝜑
)
2

+
3

𝑓2
(
𝑑𝑓

𝑑𝜑
)
2

+
3

𝑓𝑔

𝑑𝑓

𝑑𝜑

𝑑𝑔

𝑑𝜑
]
𝑑2𝑏

𝑑𝜑2
 

+

[
 
 
 
 3

𝑓2𝑔
(
𝑑𝑓

𝑑𝜑
)
2 𝑑𝑔

𝑑𝜑
+

6

𝑓𝑔2

𝑑𝑓

𝑑𝜑
(
𝑑𝑔

𝑑𝜑
)
2

+
6

𝑔3
(
𝑑𝑔

𝑑𝜑
)
3

−
3

𝑓𝑔

𝑑𝑓

𝑑𝜑

𝑑2𝑔

𝑑𝜑2
−

3

𝑔2

𝑑𝑔

𝑑𝜑
(1 +

𝑑2𝑔

𝑑𝜑2
) −

𝑓

𝑔

𝑑𝑔

𝑑𝜑
−

1

𝑓𝑔

𝑑𝑔

𝑑𝜑

𝑑2𝑓

𝑑𝜑2]
 
 
 
 
𝑑𝑏

𝑑𝜑
 

+
1

4
𝑓2𝑔2𝑏 . 

         (8) 

Proof. Let 𝛾(𝜑) be a spacelike curve parametrized by 

arclength 𝜑 in light cone 𝐿0
3 . Then, taking derivation of 

equality (14) three times, we obtain 
𝑑2𝑏

𝑑𝜑2 =
1

2

𝑑𝑔

𝑑𝜑
𝛾 +

1

2
𝑓𝑔𝑡,          (9) 

𝑑3𝑏

𝑑𝜑3 = (
1

2

𝑑2𝑔

𝑑𝜑2 +
1

4
𝑓𝑔) 𝛾 +

1

4
𝑓2𝑔𝛾𝐿 + (

𝑑𝑔

𝑑𝜑
𝑓 +

1

2
𝑔

𝑑𝑓

𝑑𝜑
)       (10) 

and 

𝑑4𝑏

𝑑𝜑4
= (

1

2

𝑑3𝑔

𝑑𝜑3
+

3

4
𝑓

𝑑𝑔

𝑑𝜑
+

1

2

𝑑𝑓

𝑑𝜑
𝑔) 𝛾 + (

3

4
𝑓𝑔

𝑑𝑓

𝑑𝜑
+

3

4
𝑓2

𝑑𝑔

𝑑𝜑
)𝛾𝐿 

+(
3

2
𝑓

𝑑2𝑔

𝑑𝜑2 +
1

2
𝑓2𝑔 +

3

2

𝑑𝑓

𝑑𝜑

𝑑𝑔

𝑑𝜑
+

1

2
𝑔

𝑑2𝑓

𝑑𝜑2) 𝑡 + (
1

4
𝑓2𝑔2) 𝑏.     (11) 

Using the equations (11) and (14), we have 

𝑡 =
−2

𝑓𝑔2

𝑑𝑔

𝑑𝜑

𝑑𝑏

𝑑𝜑
+

2

𝑓𝑔

𝑑2𝑏

𝑑𝜑2.            (12) 

By substituting (14) into (13), we get 

2
𝑑𝑡

𝑑𝜑
=

2

𝑔

𝑑𝑏

𝑑𝜑
+ 𝑓𝛾𝐿             (13) 

and, by substituting (12) into (13), we obtain 

𝛾𝐿 =
2

𝑓

𝑑

𝑑𝜑
(

−2

𝑓𝑔2

𝑑𝑔

𝑑𝜑

𝑑𝑏

𝑑𝜑
+

2

𝑓𝑔

𝑑2𝑏

𝑑𝜑2) −
2

𝑓𝑔

𝑑𝑏

𝑑𝜑
.         (14) 

By using the equations (14), (12) and (14) into (11), the 

equation (8) is obtained. 

 

Corollary 2.  Let 𝛾(𝜑) be a spacelike curve in light cone 

𝐿0
3 . If the function 𝑓 of 𝛾(𝜑) is constant, then following 

equation is obtained.  

𝑑4𝑏

𝑑𝜑4
−

3

𝑔

𝑑𝑔

𝑑𝜑

𝑑3𝑏

𝑑𝜑3
− [

3

𝑔

𝑑2𝑔

𝑑𝜑2
+ 𝑓 +

6

𝑔2
(
𝑑𝑔

𝑑𝜑
)
2

]
𝑑2𝑏

𝑑𝜑2

− [
6

𝑔3
(
𝑑𝑔

𝑑𝜑
)
2

−
3

𝑔2
−

3

𝑔2

𝑑2𝑔

𝑑𝜑2
−

𝑓

𝑔
]
𝑑𝑔

𝑑𝜑

𝑑𝑏

𝑑𝜑

−
1

4
𝑓2𝑔2𝑏 = 0 

 

Corollary 3.  Let 𝛾(𝜑) be a spacelike curve in light cone 

𝐿0
3 . If the function 𝑔 of 𝛾(𝜑) is constant, then following 

differential equation is satisfied: 

𝑑4𝑏

𝑑𝜑4
−

3

𝑓

𝑑𝑓

𝑑𝜑

𝑑3𝑏

𝑑𝜑3
− [𝑓 +

1

𝑓

𝑑2𝑓

𝑑𝜑2
+

3

𝑓2
(
𝑑𝑓

𝑑𝜑
)

2

]
𝑑2𝑏

𝑑𝜑2
−

1

4
𝑓2𝑔2𝑏 = 0 

 

Theorem 3. Let 𝛾(𝜑(𝑠)) be a spacelike curve 

parametrized by 𝜑 = ∫𝑘(𝑠)𝑑𝑠 in light cone 𝐿0
3  in 

Minkowski 5-space. Then,𝛾(𝜑) satisfies differential 

equation of fourth order according to Light-cone frame 𝑡 

given by 

𝑑

𝑑𝜑

[
 
 
 
 (

4𝑓2𝑔

𝑓3𝑔3 + 4𝑔𝑓 ′2 + 2𝑓𝑓 ′𝑔′ − 2𝑓𝑔𝑓″
)

𝑑3𝑡

𝑑𝜑3
− (

8𝑓𝑔𝑓 ′ + 4𝑓2𝑔′

𝑓3𝑔3 + 4𝑔𝑓 ′2 + 2𝑓𝑓 ′𝑔′ − 2𝑓𝑔𝑓″
)

𝑑2𝑡

𝑑𝜑2

+(
8𝑔𝑓 ′2 + 4𝑓𝑓 ′𝑔′ − 4𝑓𝑔𝑓″ − 4𝑓3𝑔

𝑓3𝑔3 + 4𝑔𝑓 ′2 + 2𝑓𝑓 ′𝑔′ − 2𝑓𝑔𝑓″
)

𝑑𝑡

𝑑𝜑
+ (

2𝑓2𝑔𝑓 ′ + 4𝑓3𝑔′

𝑓3𝑔3 + 4𝑔𝑓 ′2 + 2𝑓𝑓 ′𝑔′ − 2𝑓𝑔𝑓″
) 𝑡

]
 
 
 
 

 

−𝑓𝑡 = 0.      (15) 

Proof. Let 𝛾(𝜑) be a spacelike curve parametrized by 

arclength 𝜑 in light cone 𝐿0
3 . Then, by editing equation 

(13), we can write 

𝛾𝐿 =
2

𝑓

𝑑𝑡

𝑑𝜑
−

1

𝑓
𝛾.              (16) 

Using the equations (16) and (12), we have 

𝑏 =
−2

𝑓2

𝑑𝑓

𝑑𝜑

𝑑𝑡

𝑑𝜑
+

2

𝑓𝑔

𝑑2𝑡

𝑑𝜑2
+

1

𝑓2𝑔

𝑑𝑓

𝑑𝜑
𝛾 −

2

𝑔
𝑡.          (17) 

By taking derivation of (17) and using the (14), we get 

(
𝑔

2
+

2𝑓 ′2

𝑓3𝑔
+

𝑓 ′𝑔′

𝑓2𝑔2
−

𝑓″

𝑓2𝑔
)𝛾 = (

2

𝑓𝑔
)

𝑑3𝑡

𝑑𝜑3
− (

4𝑓 ′

𝑓2𝑔
+

2𝑔′

𝑓𝑔2
)

𝑑2𝑡

𝑑𝜑2
 

+(
4𝑓′2

𝑓3𝑔
+

2𝑓′𝑔′

𝑓2𝑔2 −
2𝑓″

𝑓2𝑔
−

2

𝑔
)

𝑑𝑡

𝑑𝜑
+ (

𝑓′

𝑓𝑔
+

2𝑔′

𝑔2) 𝑡      (18) 

and by taking derivation of (18) again, we obtain desired 

result. 

 

Corollary 4.  Let 𝛾(𝜑) be a spacelike curve in light cone 

𝐿0
3 . If the function 𝑓 of 𝛾(𝜑) is constant, then following 

differential equation is given by 

4

𝑓𝑔2

𝑑4𝑡

𝑑𝜑4
−

12𝑔′

𝑓𝑔3

𝑑3𝑡

𝑑𝜑3
− (

4𝑔″

𝑓𝑔3
−

12𝑔′2

𝑓𝑔4
+

4

𝑔2
)

𝑑2𝑡

𝑑𝜑2

+ (
8𝑔′

𝑔3
+

4𝑔′

𝑔6
)

𝑑𝑡

𝑑𝜑
+ (

4𝑔″

𝑔6
−

12𝑔′2

𝑔4
− 𝑓) 𝑡

= 0 

 

Corollary 5.  Let 𝛾(𝜑) be a spacelike curve in light cone 

𝐿0
3 . If the function 𝑔 of 𝛾(𝜑) is constant, then following 

differential equation is given by 
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 (
𝟒𝒇𝟐

𝒇𝟑𝒈𝟐+𝟐𝒇′𝟐−𝒇𝒇″
)

𝒅𝟒𝒕

𝒅𝝋𝟒
+ [

−𝟏𝟐𝒇𝟒𝒈𝟐𝒇′−𝟏𝟐𝒇𝟐𝒇′𝒇″+𝟒𝒇𝟑𝒇‴

(𝒇𝟑𝒈𝟐+𝟐𝒇′𝟐−𝒇𝒇″)𝟐
]

𝒅𝟑𝒕

𝒅𝝋𝟑
 

−(
𝟖𝒇′𝟐 + 𝟖𝒇𝒇″

𝒇𝟑𝒈𝟐 + 𝟐𝒇′𝟐 − 𝒇𝒇″
−

𝟖𝒇𝒇′(𝟑𝒇𝟐𝒈𝟐𝒇′ + 𝟑𝒇′𝒇″ − 𝒇𝒇‴)

(𝒇𝟑𝒈𝟐 + 𝟐𝒇′𝟐 − 𝒇𝒇″)𝟐

−
𝟖𝒇′𝟐 − 𝟒𝒇𝒇″ − 𝟐𝒇𝟑

𝒇𝟑𝒈𝟐 + 𝟐𝒇′𝟐 − 𝒇𝒇″
)

𝒅𝟐𝒕

𝒅𝝋𝟐
 

+[
𝒅

𝒅𝝋
(

𝟖𝒇′𝟐 − 𝟒𝒇𝒇″ − 𝟒𝒇𝟑

𝒇𝟑𝒈𝟐 + 𝟒𝒇′𝟐 − 𝟐𝒇𝒇″
) +

𝟐𝒇𝟐

𝒇𝟑𝒈𝟐 + 𝟒𝒇′𝟐 − 𝟐𝒇𝒇″
]

𝒅𝒕

𝒅𝝋
 

+ [
𝒅

𝒅𝝋
(

𝟐𝒇𝟐

𝒇𝟑𝒈𝟐+𝟒𝒇′𝟐−𝟐𝒇𝒇″
) − 𝒇] 𝒕 = 𝟎. 
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