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Some Curvature Characterizations for Hessian Manifolds with
Constant Hessian Sectional Curvature
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ABSTRACT: Let N be a compact hypersurface in the Hessian manifold F ( (4)) We firstly introduce
Hessian manifold concept then using second fundamental tensor, we obtain some curvature characterizations which
are new for Hessian manifolds with constant Hessian sectional curvature.
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C
OZET: N ,F (_ {1)) Hessian manifoldunun kompakt bir hiperyiizeyi olsun. Once Hessian manifold konsepti
hakkinda bilgi verecegiz sonra ikinci temel tensorii kullanarak sabit Hessian kesit egrilikli Hessian manifoldlar:
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INTRODUCTION

The rigidity results of submanifolds are very useful
tools because of containing conditions under which
submanifolds of a space can differ only by a location
in this space. In (Li, 1997), generalized Cheng-Yau’s
works and obtain some nice results about hypersurfaces
in real spaceforms in a Lorentzian space form. In the
light of this brilliant work, many authors interested the
rigidity conditions in numerous aspects. (Camargoa et

al., 2008; Caminha, 2006; Colares and De Lima, 2002;
Ho, 2015).

On the other hand a Riemannian metric g on M
defines a Hessian metric if g can be written g=D,2f
with a local function f. The pair of this type (D,, g=
D Azf ) defines a Hessian structure on the manifold and
(N,D,, g=D Azf ) structure called a Hessian manifold
where N is a manifold with a flat affine connection
(Shima, 1986; Shima, 1995; Shima , 2007). A Hessian
manifold may be regarded as a real number version of
a Kaehler manifold. Thus many authors are examined
the similarity between Kaehlerian and Hessian ones. In
the framework of these studies, (Bektas,2006; Yilmaz ,
2008) obtained some curvarture conditions, results and
integral inequalities on this type of manifolds.

In the present work, we consider a compact
n-dimensional hypersurface in the Hessian manifold
Fn-1 (_ < ) , we calculate rigidity characterizations

which are new for space forms of Hessian
manifolds.

MATERIAL AND METHOD

In this section we will focus on Hessian manifold
concept and give some basic remarks for manifolds
with Hessian sectional curvature. Let N #+p be a
Hessian manifold equipped  with Hessian pair
(DA,g: DAZH). We present technical tools for the

Hessian pair (D 4. g=D A2u) by using affine coordinate
system {x], o XTP } according to D

Roughly speaking, one may define Hessian metric

in the following way ;
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gjj (1)
Letus define a tensor field in terms of J (Riemannian

connection ) and D, as follows

vXY)=U0Y+D Y

where [J is the Riemannian connection for g .Then
using Cristoffel’s symbols of []
i i1 i %8y
Vi =Th==-8g (3)
Jk kT ok
102 1 &
Vik =3y “)
v 2ok 2 oxloxTank
Yik =Y jie =Y ki &)

Using this (/. 2) type tensor field Y one may define
a (1,3) type tensor field S by flat affine connection

S =Dy (6)

and name it the Hessian curvature tensor

(D 4 g=D A2u) . This curvature has following properties

. 6yi.
!
Sy =—2 ©)
Jki axk
P AL A I S A ) A
i =S ad 38 ik agadas (8
Ox"Ox’ Ox™ Ox ox'ox"ox"  Ox’/ox Ox
Sijki = Sitkj = Skjit =S jitk = Skiij- &)

The relations between Riemannian curvature tensor
for J and Hessian curvature tensor can be written in
the following way;

i _ i, T
Rigg =Y ¥ 1 =Y ¥ k-

1
Rijir =~ (Sjikl - Sijkl) (10)

(Shima 2007)
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Definition 1.1 Let us define an endomorphism by
a symmetric operator ¢, by using Hessian curvature

tensor of a Hessian manifold (N, D,, g= Dy 2 f ) as

follows

o(e)* =5 Fel (Shima 1995)

Definition 1.2 The Hessian sectional curvature by
direction ¢y can be define in the following way by

using a contravariant symmetric tensor ¢y at x

<G (Qx)€x>

G(Qx) <€x’9x>

(12)
(Shima 1995)

Theorem 1.1. Let us define a Hessian manifold of
dimension []2 (N P Dy g =DA2f) , if the Hessian
sectional curvature S Gx) is subject to x, then
(N”+ ? Dy, g:DAZf) is a manifold with constant
(N”*p, Dy g= DAZf) has

iff the Hessian

Hessian sectional curvature .
constant Hessian sectional curvature c¢

sectional curvature tensor satisfies the following

equation

Sﬁmz’%(gygm-+gﬂgb)- (1)

(Shima 1995)

Remark 1.1 If (N”*p, Dy, g=DA2f) has constant
Hessian sectional curvature € , then Riemannian
manifold (N'”p, g) has constant sectional curvature

—% . (Shima 1995)

In the following , let us establish Hessian space
forms for each constant ¢ where ¢ denotes Hessian
sectional curvature. We know due to (Shima and Yagi
1997) that if (N”*P,DA,g=DA2f) Hessian manifold

is simply connected Hessian and metric is complete,

then (N"ﬂ{ Dy g=Dj /-) is isomorphic to (e, D 52a)

where 6 isconvex in R”TP, 5 isaflat connection

on R""P Here o isa C* function (convex )on 0.
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I. First case( ¢ = 0)

Euclidean

n+p
ntp 5 (1732 AV
IR ,D, g= 5 D X
A=I

is a Hessian manifold with

space
zero Hessian sectional

curvature and also it is simply connected (Shima 2007).
I1. Second case (¢ > 0)

Theorem 1.2. Define a O domain in R”*7 by the

help of a positive constant ¢ as follows

n+p—1
xn+p >

> ()

and for a smooth function ¢ on 0 we establish O as
follows

14)

n+p—1

(p=—ilog xn+p— ( )
c

(15)

Then (6,5,520t) Hessian manifold with positive
constant Hessian sectional curvature and also it is
simply connected. Then (0,2) is isometric to the
(H(,%)g) hyperbolic space with constant sectional

curvature —c/4;

H= {(il’m’én’grﬁp)eRn-%—p én+p > 0}’
iyl Sy

(Shima 2007)

(16)

III. Third case (c<0)
Theorem 1.3. Defining & as a smooth function

on R"*P in the following way by using a negative

constant c,
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n+p

I A
oa=——V\o e +17 ,
2oz 2.

A=I

a7

Hence (IR”*P, D, 5201) is Hessian manifold with
negative constant Hessian sectional curvature and also
it is simply connected. Then (R n+p’g) Riemannian

manifold is isometric a domain of the sphere

n+p+1

Z G4 =—§ defined by ¢, > 0,0 A (Shima 2007).
The proofs of the theorems above and detailed

information can be found in (Shima 2007).

RESULTS AND DISCUSSION

Theorem 2.1 Let N be a compact hypersurface in a

Hessian manifold F"*/(-<) 1f
4

Vsl = n|va’ (18)
and
ni? <|s|” <-nS+ w2 J4H4 (-n)’Hc
- 4 2(-1) (
(19)
one of the following conditions holds
() [s?]=ni? 0)

and )V is a totally umbilical hypersurface

2])\/n4H4 + Q— n)nZHZC

2D
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N has two distinct principal curvatures as follows ,

nH+\/n2H2 +4k(c—n)c/4
2k
nH—\/nZHZ +4k(k—n)c/4
2(n—k) (22)

A=y =

Ml =y =

for 1 <k<n
Proof.

We choose a local field of orthonormal frames

e epy) in Fn+]@) such that restricted to N,

ey, -+ e, are tangent to N". Let wy,---w,,; be its dual

frame field. The range of indices are as follows

I<SABC<n+l; 1<i, jk<n.

Then the structure equations of gn+ (ch) are given

by

dWA:_zWAB/\WB WAB+WBA=0 (23)

I i
dw g :—ZWAC AWCEB +EZRABCD we Awp (24)

n
Restricting these to )y we find

Wt =0,
0=dwy= an+]i/\wi (25)
Wm+1—z ijWj , hij:hji'
The second fundamental tensor of N is given by

S = Zhl]wl @w; .

tensor of N, the Gauss equation can be written as

Using the Riemannian curvature

oo
hiy hjk)

(26)

R ijkl= *%(Bilﬁjl —8d k) Z(h;}ch;xl
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n(n 1)(1{ +%j —n?H? - |5, 27)

here we denote R for the normalized scalar

curvature, H :(I\n)Zh,-i is the mean curvature and

Is]” = @1 W

i,
fundamentallform of N respectively.

i
is the norm square of the second

The Codazzi equation can be written as

and the derivative of the second fundamental tensor is

introduced by the following equation

(29)

Zhijkwk = dhij + Zhlg'wki + Zhikwkj'
k k k

One may define Codazzi tensor on N by ¢ :Z

ij

o;w; ®w;  and Gjj = Aidjj. Taking into account of

compactness of N, one may write

(30)

I[lwl Ao 23 R er-2)=0

M LJ
(Li 1997)

Recall that ;; =h;j and h = Ad;;, equation (30) can

l]’

be written in the following way

G

j [WS'Z ) nzWHﬂ " .[ éZij (-2, =0

M M LJ
Using (26) we find
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+n2H2%—|S|4 +nHZ7»,3.

i

53 Ry (=l
iJ

(32)
Taking x =21;,—H and ’Z|2 =Zci2~ We set
i

D=0, |7 =[s| - ntt?

’ ) (33)
fo = Zxﬁ +3H|Z|" + nH?,

i i
Realising (33) in (26) we conclude lez = 132,

i
where B =const>0. Then

ZRUU(k )= 7 ( +nH? 7] j+nHZX3

(34)
Realising X as real numbers by > x;=0 and
i
ZXiZZBZJ where B =const>0. Then
i
n-2 3 w3« - 2 3
35
n(n l Z 1/n(n ]) (33)

and conclude that equality holds iff (,—;) of the ¥;
are equal (Li 1997).

From (35) we obtain

ZR,J,J(k 3;)%> (|S| nsz[ v onm? - |sf?
7”(” 2)|H|,/s| “h?)

(36)
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Using (6) into (31) we arise the following condition

| {|vs|2 2wl +(fost - ni?)
M

[— n% + 20k -5’ —%WHMZ —nH? ] ]
mvsf —n?|vh| ] +

M
[(|S|2 —nHz)(,I|S|2 —nH’ +§(n—2)‘/n’11|H|

n3H2 nc
i —4(n_1)‘7)

’ 2 2 1 n n3H2 nc
B e _E(H_Zl\/n—1|H|+\/4(n—1)_7]
<0

(37)

(D) |S|2 =nH’ and M is totally umbilical, or

Obseve that n2H2 +(I-n)c=0 if ¢>0. This is the

desired result.

Remark 2.1 Let J compact hypersurface of a

pr+l (—%) with constant mean

curvature /. If (18) satisfies then one of the following

Hessian manifold

conditions holdsO

(s’ =nH? and N is totally umbilical

VS| = -n&+n’H2 /2 -1)- (o N 4 (-2 He /2 1)
(38)
Proof. As we know if #rhy; = const then

Vs|? =[vers) (39)

Using (18)-(22) (Th. 2.1) it follows that one of the
conditions given below is satisfied

) |S|2 = —n%+ n3H2/2(n —])— (n - 2)\/n41—14 + (]— n)nZHzc /2(n —1)

Remark 2.2. Let N be a compact hypersurface with

constant normalized scalar curvature g inan (,+/)-
dimensional Hessian manifold £ ””(— %). Assume
(l)§ER+%20 (41)

and the norm square |S|2 holds the following

inequality
_ —2 _ 5
(Z)nR§|S|2§ nfn(n—1)R +(l—n)Rc+nc /16] 42)
(n-2) (nR - %)
Then either
S =k w
264

(40)
and N is totally umbilical or
|S|2 - n[n(n—I)EZ+(I—n)§c+ncz/16] (44)
(= 2)(nR - %)
and (40) holds iff ¢<O0.
Proof.Let ¢;; =h; and using Gauss equation
n’ H? —|S|2 = n(n—I)E >0
2 a2 (45)
|VS|” = n°|VH]|
Using (27) we get that (19) is equivalent to

(42) recall that - % <0 does not valid because of the
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compactness of N .Hence we get Remark 2.2.
Theorem 2.2 Assumethat N be compact hypersurface

in a Hessian manifold Fn”(—%).

(/) If Hessian sectional curvature of N is positive

and (18) satisfied then N is totally umbilical.

(2) IfHessiansectional curvature of N isnonnegative
and (18) satisfied then one of the conditions below is

valid
a) N is totally umbilical or

b) N has two different principal curvatures

indicated below

nH+ﬁn2H2+k(k—n)c
A==

2k

= nH—\[nZHZ-kk(k—n)c

Mg = g = STy

(46)

where 1 <k <n.

We give the following lemma before proving the

theorem

Lemma 2.3 Denoting Codazzi tensor on a

Riemannian manifold N by ¢ :Z bjjw; ®w; we can
LJ

assume the following conditions hold

Vo’ > V() @7)

(]) If the sectional curvature of N is positive, then
all eigenvalues of Codazzi tensor are equal to each

other on N

(2) If the sectional curvature of N is nonnegative,
2 2 .
then |V =|V(W ¢)| , Rjjjj =0, when eigenvalues of

Codazzi tensor on JV is different from each other.
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Proof. Establish ¢;; =h;; [ =hy=ld ij in Lemma
2.3 and recalling that Ry =—%+l,~lj we obtain the

proof.

CONCLUSION

The curvature equations and estimates are have
great importance in order to develop the geometry of
manifolds with boundary.
to obtain rigidity characterizations which are new for

The aim of this study is

Hessian spaceforms. Using the results obtained on second
fundamental form, we also get eigenvalue estimates for

Hessian manifolds with nonnegative sectional curvature.
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