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ABSTRACT: In this paper, we define the concepts of weighted lacunary []-statistical convergence or S (R.0) ( I)

!
-convergence and [ R, Dr, 0 ] -summability, and investigate some inclusion relations.
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INTRODUCTION

The concept of statistical convergence was formally
introduced by Fast (1951), Steinhaus (1951) and later
on by Schoenberg (1959). Many years later, it has been
discussed in the theory of Fourier analysis, ergodic
theory and number theory under different names.

The notion of I-convergence was studied at initial
stage by Kostyrko et al. (2000-2001) as a generalization
of statistical convergence which was further studied in
topological spaces (Lahiri et al., 2005). Kostyrko et al.
(2005) gave some of basic properties of I-convergence
and dealt with extremal I-limit points. Later on it was
studied by Salat et al. (2004), Hazarika and Savag
(2011), Tripathy and Hazarika (2011) and many others.
More applications of ideals can be seen in (Lahiri et al.,
2005; Tripathy et al., 2009; Das et al., 2011; Hazarika
and Savas, 2011; Kumar et al., 2013; Altundag and
Sozbir, 2015)

Recently, Basarir and Konca (2014) have obtained
a new lacunary sequence and a new

concept of statistical convergence which is called
weighted lacunary statistical convergence by combining
both of the definitions of lacunary sequence and Riesz

mean.

In this paper, we define the concepts of weighted
lacunary []-statistical convergence or § (70) ( I )
-convergence and [R, D, e][—summability; and

investigate some inclusion relations.

MATERIAL AND METHODS
Definitions and Preliminaries

In this section, we present some definitions and

notations needed throughout the paper.

Let (pk) be a sequence of positive real numbers
and B, =P+ D+ 4D, for nell (the set of all

natural numbers ).

Then the Riesz transformation of X = (xk) is
defined as Z, = ]/ F, sz PiXy . If the transformation
sequence (tn) has a finite limit L then the sequence *
is said to be Riesz convergent to L . We denote the set of
all Riesz convergent sequences by (R, D, ) Let us note
that if Pn —> ©as #n —> o then Riesz mean is regular
summable method. Throughout the paper, let P,, —> ®©
asn® [ and By =p, =0

A lacunary sequence is an increasing integer
0 = (k) k,=0 and
hr Zkr—kr# —> 0 as y —> 00,

sequence such that

The intervals determined by 0 will be defined by
I = (kr_ . kr] and the ratio :—’ will be defined by ¢,
(for details on lacunary sequenéél see (Fridy and Orhan,

1993)).

Let O = (kr) be a lacunary sequence, (pk) be a sequence of positive real numbers such that

P

d, ':Zkel,, b= Z P B = Z 9 :Pi’ F,=0, I;:(PH:E(,] tis easy to

ke(0,k,]

ke(0.k,,]

kr—I

seethat H, = P, Dﬂ_ul If we take p, =1 forall k€[] then H, B(r, ]%H, Q and I; reduceto ., k. k, , q,

and Ir respectively. Throughout the paper by li m, X, wemean / im, X, forbrevity, we assume that Pn —> ©

as n— suchthatHr —>00as r-—ow.

The sequence x = (xk ) is said to be (R, D. 9)—summable to Lin [ im_, o, (x) = L .In this case, we write

x, —>L (R, D 9) (Bagarir and Konca, 2014).
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Definition 2.1. (Fast, 1951) Recall that a number
sequence x = (x, ) is said to be statistically convergent

to a number L (denoted by S —/im, x, = L) provided
that for every & > ()

limi|{k <n .'|xk —L| > 8}|: 0

n—o N

where the vertical bars denote the cardinality of the
enclosed set. Let S denotes the set of all statistically

convergent sequences of numbers.

Definition 2.2. (Fridy and Orhan, 1993) Let

0= (kr) be alacunary sequence. A sequence x = (xk)

of numbers is said to be lacunary statistically convergent

to a number L (denoted by S, —/im, x, = L) if for

each € > (),

limi|{k el, :|xk —L| 28}|= 0

r—o f
»

and Se denotes the set of all lacunary statistically

convergent sequences of numbers.

Definition 2.3. (Fast, 1951) Recall that a number
sequence x — (xk) is said to be weighted statistically

convergent to a number L (denoted by S, —/im, x, = L)

provided that for every £ > ()

.1
l{zlg?HkSPn .'|x,c —L|28}|: 0.

n

By S r» we denote the set of all statistically

convergent sequences of numbers. Moricz and

Orhan (2004) have defined the concept of statistical
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summability ( R, pn) as follows:

A sequence x:(xk) is statistically summable

to L by the weighted mean method determined by
the sequence ( pk) or briefly statistically summable
(R, p") toLif S—/im ¢ (x):L. In this case, we
write S - limx =1L

Definition 2.4. (Bagsarir and Konca, 2014) A

sequence x = (xk) is said to be weighted lacunary

statistically convergent to L if for every € >0,

{l_}lg}%HkGIr .'pk|xk —L|28}|= 0.

In this case, we write S(R’e)-limk x, =L.We

denote the set of all weighted lacunary statistically

convergent sequences by S (R.0)"
Definition 2.5. (Kostyrko et al., 2000-2001) For
any non-empty set X, P( X ) denotes the power set

of X .A family of sets [ = 2% = P(X) is called an

ideal in X if and only if
) DeF
2) Foreach 4, Be [ wehave AU B e,

3) Fordel, B Awehave Be [,

A non-empty family of sets /' < P( X) is called a

filter in X if and only if

1 DeF
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2) Foreach 4, Be [ wehave AU B e,

3) Fordel, Bc A wehave Be [.

It immediately implies that [ C P( X)

is a non-trivial ideal if and only if the class
F :F([):{ X—A: Ael} is a filter on X . The
filter F = F ( I) is called the filter associated with
the ideal []. An ideal [] is called non-trivial ideal if

000 and X [][J. Also, a non-trivial ideal []is called

an admissible ideal in X if and only if it contains

{{x} xeX } Throughout the paper, I and ware
considered as a non-trivial admissible ideal and the

spaces of all sequences, respectively, unless otherwise

stated. By [ fin» W€ MEAN the ideal of all subsets of [].

Definition 2.6. (Kostyrko et al., 2000-2001) Given

[
Ic2 isanontrivial ideal in []. The sequence (Xn )neD

in w is said to be [J-convergent to the number L , if

for each g > (Q the set A(g): {n c |:| _~|xn —L|Zg }
belongs to []. We write I —/im, x, = L.

Recently, Das et al. (2011) unified the ideas of
statistical convergence and ideal convergence to
introduce new concepts of I-statistical convergence and

I-lacunary statistical convergence as follows.
Definition 2.7. (Das et al., 2011) A sequence
x:(xk) of numbers is said to be []-statistical

convergent or S(I)—convergent to L, if for every

€>0 and 6 >0

270

1
{n eN:;Hk <n .'lxk —L|2 8}|26}EI. In this
case, we write x, _)L(S(I)) orS(I)—limk x, =L.
LetS (I) denotes the set of all []-statistically convergent

sequences of numbers. For [ =1 i I -statistical

convergence coincides with statistical convergence.

Definition 2.8. (Das et al., 2011) Let @ = (kr) be

a lacunary sequence. A sequence x = (xk) of numbers

is said to be [J-lacunary statistically convergent or

Sy (I)—convergent to L ,if forevery € >Qand d >0

{re D:hir|{k61r _-|xk—L|28}|28}eI, In this

case, we write x, _>L(Se (I)) orS, (I)—limx =L

The set of all []-lacunary statistically convergent
sequences will be denoted by § 6 (I)

Definition 2.9. (Altundag and Sozbir, 2015) A
sequence x = (xk ) is said to be weighted [J-statistically

convergent or S, (I)—convergent to L, if for every

€>0 and 6>0

1
{n e[l ?,,Hk <P :p |xk —L| 28}|28}€I
In this case, we write x — L(SR (I)) or

Se(I)—limx=L. Let S, (I) denotes the set of

all weighted [J-statistically convergent sequences

coincides with §' R
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RESULTS AND DISCUSSION
In this case, we write S(R'e) (I)—Zim x=1L or

Main Results

X, —> L( (R )( 1)) The class of weighted lacunary

Let ] be an admissible ideal of [. A sequence I-statistical convergent sequences will be denoted

x=(x, ) is said to be [R. pr,G]]— summable to L, by S(R’e)(l). For I=1,, S(R’e)(]) convergence

If p, =1 for all ke[l then

} coincides with S(R,e)'
el

1
if for any € > 0,{1” € D?Z Dy |xk _L| =&
r kel, S (Ra) (I) convergence reduces to Sq (I)—convergence.
In this case, we write [R, P,,e]l —limx=1L or

Theorem 3.2. Let [ P (D) be an admissible
X, —)Lq:R, pr,G]l)-

ideal, O beadoublelacunary sequence and |j [ [J .Then
Now, we give a new concept which will be called

weighted lacunary [J-statistical convergence. Let us ;
implies .
investigate some relations related with this notion. X L ([R’ B 6] ) implies x, — L (S(R-G) (I ))

Definition 3.1. A sequence x = (xk) is said to be

Proof. S ") and let
weighted lacunary I-statistical convergent (or S (Ra) ( 1) roof. Suppose y, — L ([R, . 9] ) and le

-convergent to L), if for every €>0 and & > 0, K (8 {ke L' p |x L|>8}
e | X

3.1)

1
{re D.‘FereI’r.'pk|xk—L|28}|28}eI.

Then we have

—Zpk|xk _L|>_Zpk|xk L|

r kel, r kel’,

which 1mphesi? Z Pr |Xk L| 2 —| {k el. " p |Xk L| e }| Thus forany § > () we have the following

r kel

{reN—|{keI pk|xk L|>8}|>8} {reN?Zp,Jxk L|>86}

r kel
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Since x, > L G:R’ 2.0 ]1), it follows that the
latter set belongs to [] and hence the result is obtained.

In order to establish that the inclusion is strict; for
I=1, letO= (kr ) be given and x = (xk ) be defined
as 1,2,....\/h.at the first Jhr integers in ]r and

x, = 0 for all other k € N. Let (pk)=12,22,32,...,/;

for k € I and p, = 0 otherwise. Since I, 'C1,, we

can see that x € S(qu) (I) but X & [R, P, ]I.

Theorem 33. Let px, —L|<M for all

kel and I L7 1f %L(S(R,q)(l)) then

1
X, —>L([R, 2.0] )
Proof. Suppose that Py |Xk —L| <M forall kel

and I I;.Let X, —>L(S(R'e)(1)) and K (g) be

defined as in (3.1). For each £ > () we have

1 1
?Zpk |xk _L|S?Zl’k |xk _L|

r kel, r kel’,

1
<—
H, kel

14
keK,(e)

1
Py |xk _L|+F Z Py |xk _L‘

r kel
kK, (e)

< MHLV|Kr(8)|+s.

Consequently, we obtain

1 1
{re N?Z D |xk—L|Zg}g{re N.‘EerIr’ :pk|xk—L|Za }|ZiM}.

r kel,

Since x, > L (S(R,e)

latter set belongs to [], which immediately implies

(I)) , it follows that the

1
{r € N:—Z Pl L= 3} €1, This shows that

r kel,

X, —>L([R, g,e]f).

If anyone wants to show that the converse of the

previous theorem is strict, then for I = 1 in» e =]

272

can be taken for all kK €[] and 0= (kr ): 2" for all
7 > (). Consider the sequence x = (xk )= (I, 010, )
of course the inequality Py |X k —L| < M holds

Vi
for all fe[]. The sequence X € [R, pr,e] but

xéS(Rye)(I).

Definition 3.4. A sequence y = (x k) is said to be

(R pr,G)I summable to L, if I-/im o, (x)— L
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i.e forany £> (), {r e |:| -'|C°r (x)— L| > g}el where
o, (x).: I/H, Zkel p,x,. In this case we write
(R, D, G)I-Zimx =/ or x, > L ((R D. 9)1 ) For
I=1 > the ideal of all finite subsets of [J, (R, 2.0 )1

summability becomes (R, D, 9) summability. In the

following theorem, we examine the relation between

S (%) (I)—convergence and (R, .0 )I -summability.

|(°r _L| Z pi(x L
r kel,
— Z )2 |xk L|+

kel,

Weighted Lacunary I-Statistical Convergence

Theorem 3.5. Let P, [x, —L|< M for all kel
and I C 1" If a sequence x = (xk) is S(R,e)(l)
-convergent to L ,thenitis (R, D 9)1— summable to L .

Proof. Let p, |xk —L|SM for all kell and
I. I’ Suppose that x, = L (S(R,e) (I)) .

Then we have the following, where K, (g) is
defined as in (3.1)

X,
erl pk(k #

Zpk |xk L|

r kel,

1
= MEHk el’: p, |xk —L| >g }|+8.

1 , €
If we take A(S)Z{FEN"FHICEL -'pk|xk_L|28}|2ﬁ} then for FE(A(S))C

we take

|0)r —L| < 2Ze . Hence {’” eN -'|(0,~ - L| > 2 }C A(g ) and belongs to [J. This shows that I—/im w, =L

hence x, = L ((R, D 6)[ )

Theorem 3.6. The following statements are true:

D If p, <1 forall kell and x, > L(S, (1))

then _>L( o) (1)) .

H
2) Let h_r be upper bounded. If p, =1 for all

7

Cilt/ Volume: 7, Say1/ Issue: 1,2017

k €ll andx, —)L( .0) (I)) then x, —)L(S9 (I))

Proof. 1) If p, <1 forall k €[l then H, < A for

all rell. So, there exist M] and

M , constants such that 0<M, <
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forall »€ll . Let x, > L (Sq (I )) then for an arbitrary ¢ > () we have

HLV|{keI’ ’;pklxk —L|Z£}|=é‘{f)k” <k< Pk ..pk|xk —L|28}‘

|xk—L|28}{

:Mihi|{k <k <k, :p,~L|>¢]
1
=Mihi|{kel —L|>g} .

Thus for a given & > (),

HLerIV'.'pk|xk—L|28}|28:}]Z —LIZS}|Z M3,

Hence

{reD:HLereIr ’.'pk|xk—L|Z gd> S}C{I’E |:| .'ér|{kelr .1xk—L|2 e}|2 MJS} Since

x, > L (Se (I)), the set on the right hand side for all 7€l It D, 21 for all k €l then we have

belongs to []and so it follows that x — (S(R 5 (I)) H,2h, for all r ell. Assume that y = (xk)

converges to the limit L in (S(R,(-)) (I)) , then for an

H
2) Let h_r be upper bounded, so there exist M /  arbitary €> () we have

¥

H
and M, constants such that /< M, < hr <M, <o

”
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hir|{kelr ,-|xk —L| 28}|=hir|{k"1 <k<k, -‘|xk—L|Zs }|

<M, ., <P, <k<k <P, : pk|xk—L|zs}{

=M,

h], {p, <k<PB |y -1=¢]

1

=M2H,

|{keIr ’.'pk|xk —L|28}|.

Thus for a given 3 > (),

/
Hr

1 T e S
h—r|{kelr.|xk L|ze )28 = —{kel, " plx, L|zg}|zM2.

Hence
}"ED'LHkEI -|x _L|>g}|>8 C VED 'L|{k61 "p|x _L|>8}|>i
h R By H /A

Since X, > L (S(R,e) (I)) ,the set on the right-hand Proof. Suppose that /iminf, Q. >1. Then there

i h th >1+y f fficientl
side belongs to []and so it follows that X, = L(Se (I)) exists 2y > () such that O, ¥ for sufficiently

Theorem 3.7. For any lacunary sequence if %

H
large values of ¥, which implies that —~ 2> ——. Let
£ 14y

liminfy Q. >1and X, _)L(SR (I)),then
x=(x,)eS, (1) with S, (1)—limx =L, then for

every € > () and for sufficiently large 7, we have
x, L (S(Rye) (1)).

{p, <k<P :ply-Lze}

PéHk <P, :plx,-L|>e }‘z ;’Tr

- 1;, (%‘{Pk <k<P :plx —L|28}U
k. r
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>—[—|{kel ’pk|xk L|>8}|J

I+y

_|{kel " pfe—L]2 }|>8:>_‘{1(<P P L|>8}‘ ]+y

Hence
1 1
{r € |:| Fr|{ke L' p, |xk —L| >¢€ }| >0 } c {r € DE‘{]{S E :p |39( - L| >g }{2 %6 }Sinee
x, =L (SR (1 )) , the set on the right-hand side belongs to []and so it follows that x, — L (S(R' 0 (1 )) .

Theorem 3.8. Let = (k, ) be a lacunary sequence with /imsup , Q, <0 and

x, L (S(Rye) (I)) then x, — L (S, (1))

Proof. If /imsup , O, < oo, then there is a K > 0 such that Q. < K for all 7" Let

x, > L (S(Rye) (I)) and

=[{fkel, " plx - L]z &} (32)

N,
By (3.2),given € >0 ,thereisa 7, € [ such that F’<8 forall 7 > 1, .Now,let M = max {Nr.'] <r< Ig,}

7

and let 7 be any integer satisfying k. ;<1 <k, then we can write

éHkSPn"pk |xk _L|28}|S$+8K. So for a given 8 > ()

-1

{neD.‘%|{k£Pn:pk|xk—L|28}|26}C{re|:| e/ K>6}

CONCLUSION
positive linear operators from C/a;b] into C[a;b]

There we might also be interested in an analogue

lim T — f(x)Il =0, for all feClab],

of the classical Korovkin Theorem (Korovkin,

1960) which states that for a sequence (7:1 ) of if and only if ]imnHTn (fix)—f (I =0 for
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i =012 where f,(x) =1 f,(x) =x and f(x) =x’
by using the concept of (R, p,, 6)1—summability. All
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