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New Characterizations for Pseudo Null and Partially
Null Curves in R;
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ABSTRACT: In this paper, pseudo-spherical pseudo null and partially null curves are defined by using curvature
functions in R; , respectively. Also, some new characterizations for pseudo null and partially null curves are

obtained in R; , respectively .
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R; de Pseudo Null ve Partially Null Egriler I¢cin Yeni
Karakterizasyonlar

OZET: Bu makalede, R; de egrilik fonksiyonlar1 kullanilarak sirasiyla pseudo-kiiresel pseudo null ve partially

null egriler tamimlandi. Ayrica, sirastyla R; de pseudo null ve partially null egriler i¢in yeni karakterizasyonlar
elde edildi.
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INTRODUCTION

A pseudo null or a partially null curves in R14
is defined as a spacelike curves along which the first

binormal B, is the null vector and the second binormal

B, is the null vector, respectively, in (Ilarslan , 2002).
The Frenet equations and Frenet frame for a pseudo

null or a partially null curve such that it lies fully in R14
are obtained (Walrave, 1995). Also, such curves had at

. 4
most two curvatures in R, .

Recently, M. Petrovic-Torgasev and et al. obtained
the Frenet equations of a pseudo null or a partially

null curve such that it lies fully in R; . Moreover, they
characterized all W-pseudo null and W-partially null

curves lying in R; (Petrovic-Torgasev et al. 2005). In
particular, when the Frenet frame along a spacelike or a
timelike curve contains a null vectors, such curve is said
to be a pseudo null or a partially null curve (Walrave,
1995.).

In this paper, we characterize the pseudo-spherical
pseudo null and partially null curves by using the

curvature functions in R, . Moreover, we obtain some
new characterizations of pseudo null and partially null

. 4 .
curves in R, , respectively.

MATERIAL AND METHODS

In this section, we construct the Frenet frames and
obtain the Frenet equations of pseudo null and partially

null curves, lying fully in R; . Hence, we consider the
following two cases.

The semi-Euclidean space R, is the standard
vector space R* equipped with an indefinite flat metric

<,> given by

<,> = —dx] —dx; +dx; +dx;,

where (xl,..., X 4) is rectangular coordinate system of R; . A tangent vector u to R; is spacelike, if <u,u> >0

or u=( timelike, if <u,u> <0 null,if <u,u> =0 andu ’ 0, (Synge, 1967). Arbitrary two vectors v and w

in R; are called be orthogonal, if <V, W> = (0. The norm of a vector u is given by ||v|| = Ku,u>‘

Case 1. Pseudo Null Curves

4 : L . .
Let & : I — R; be a spacelike or a timelike curve in R; , parametrized by the arclenght parameter s, such that

respectively hold <(x'(s),oc'(s)> = +]. Assume that <O€ (s),0” (S)> =0 and that 0. (s) # 0 for each s€7 C R.
Define the tangent and the principal normal vector fields by T'(s)=a (s), N(s) = (s), respectively. By

differentiation with respect to s of the relation

(o (). (9))==1,

we obtain

(o (5).00"(5)) = 0.

Taking the derivative with respect to s of the previous equation, it follows that

CRORGIE

Thus, the vector Ot (S) isorthogonal to both of vectors Ot ’ (S ) and O ’ (S ) Next, assume that<0€ (s),a (s )> =0

for each s. We define the first binormal vector field B, by
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a’ (s)

el

Then in the space R, there exists the unique null vector field B, such that
(T,B,)=(B,,B,)=(B,,B,)=0,(N,B,) =1,

and such that the orientation of the Frenet frame {T ,N,B,, Bz} is the same as the orientation of the space R; .

We call B, the second binormal vector field.

Then, let <T, T> =€, ==I, <BI,BI> =€, = =1, where by € €, = —1. By using the conditions as follows

(T.T)=e,,(B,,B))=e,,(N,B,)=1,(N,N)=(B,,B,)=0, 1)
(T,N)=(T,B,)=(T,B,)=(N,B,)=(B,,B,)=0.

Since <T ’,Bz> = <N ,Bz> =1 Tt follows that k,(s) =1 for each s. Thus, the first curvature k,(s) can only
take two values: k;, =0 if o is straight line, or k&, =1 in all other cases.

The following Frenet equations of a pseudo null curve are given by
T'(s)= N(s), )
N (s)= k,(s)B,(s)

Bly(s) =k (s)N(s) = €,k, (5)B, (s),

Bé (S)= —€T(s) - €,k (s)B, (S)

where are only two curvatures k,(s) and k,(s) (Petrovic-Torgasev et al. 2005).

Case 2. Partially Null Curves

4 . .. . .
o : I — R, be a spacelike or a timelike curve in R; , parametrized by the arclenght parameter s, such that

hold <Ol ’ (S),Oln (S)> <0 or <OL ' (S),Ot” (S)> >0 for each s& ] C R, respectively. Define the tangent and the

, o’ (s
principal normal vector fields respectively by T (S) = (S), N (S) = # Then {T, N } is the timelike plane
of index 1. ||0L (S)”

Since o is a partially null curve, B, is a null vector. Thus there exist the unique null vector field B, such that

(T.B,)=(N,B,)=(B,,B,)=0, (B,B,)=1,

. . . . . 4
and such that the orientation of the Frenet frame { T,N,B,, Bz} is the same as the orientation of the space R 5

We call B, the second binormal vector field.
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Moreover, let (T,T) =€, = =1, (N,N)=e, ==] whereby € €,= ~1. By using the conditions
(T,T)=¢,,(N,N)=¢,,(B,,B,)=1,(B,,B,) = (B,,B,) =0, 3)
(T,N)=(T,B,)=(T,B,)=(N,B)=(N,B,)=0.

The following Frenet equations of a partially null curve are given by:

T'(s)=k,(s)N(s), )
N (5)= k()T (5) + by () B, (5),

B, (s) = ky(5)B, (s),

By (s)=—&,k,(s)N(s) = ky(5)B, (s).

In the result, we prove that k;(s) =0 for each s, (Petrovic-Torgasev et al. 2005)¢

RESULTS AND DISCUSSION
Pseudo-spherical Pseudo Null Curves

In this section, we characterize pseudo-spherical . . .
P P The pseudo-sphere of radius 7 and center p, in R ; is

pseudo null curves by using curvature functions in R; . given by

S23 ={X€R; :<x—p0,x—p0>= r2}
(Duggal and Bejancu ,1996.). A pseudo null curve o () in R; is called pseudo-spherical if it lies on a pseudo

sphere. A Pseudo null curve o, (s) in R; parameterized by the Frenet curvatures {k1 , kz} and k,. =0 1<i<?2.

Teorem 3.1. Let 0L(S) be a pseudo null curve in R; parametrized by the pseudo-arc such that kl. # () and

{al,az,a3,a4} be differentiable functions.
o.(s) lies on a pseudo-sphere of radius 7 if and only if the following condition is satisfied
A(s) =77,
where A(s) = 2a,a,.

Proof. Assume that o (.s) lies on a pseudo-sphere of radius 7. That is, there exists a fixed point p, € R; such
that

<oc(s) —Py> OL(S)—p0>:I’2. (5)
Set

a(s) - p,=oyT +a,N +a,;B, +a,B,.
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From differentiation ( 5) and by using (2), we have
(a(s) = . T) =0,
and a, =0 From differentiation of (6 ), we have

(T,T)+k(o(s) - py, N) =0,

(@(s)0po-N) =T,

and a, = —€,. From differentiation of (7), we get
(T,N)+{a(s)- p,.k,B,) =0,

{cu(s) - py, B)) =0,
and a, =0 From differentiation of (8) , We obtain

<T,Bl>+<a (t)_pOak3N_ezszz>: 0,

()= py. B,) ok
k
<a(t)_poeBz> :_39
2

k
and a, =—, we have
2
o(s)- p,=0,N +0,B,,

and by (5),

_ .2
2a,a,=r",

and so we can write,
A(s) =2
Conversely, assume that
A(s) =7’
for some positive constant 7. Set

B(s)=a(s)-a,N -o,B,.

Then, using Frenet equations in (2) and the definition of {al}, we can obtain

B)=T-(2) N =2 (kB e (6T -€kB),
2

2
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5()=-C N,

by using the (2) we can easily show that HB H =0, and so we get B (S): D, for some fixed point p, € R;
Thus, we have

o(s)-p,=a,N +a,B,,

and using (1 0) , we find

2

(ou(s) = pp.a(s) = py) =77

Thus o () lies on a pseudo-sphere of radius 7.

Pseudo-spherical Partially Null Curves
In this section, we characterize pseudo-spherical The pseudo-sphere of radius » and center p, in

partially null curves in R; by using the curvature R; is given by
functions.

S5 Z%(IA R;:<x—p0,x—p0>=r2}

li -sph f radi if
(Duggal and Bejancu ,1996.). A partially null curve 0(s) lies on a pseudo-sphere of radius 7 if and
a(s) in R; is called pseudo-spherical if it lies on a only if €, $ 2 and the following condition

is satisfied
pseudo-sphere.

2
s)=r",
A Partially null curve /() in R; parametrized w(s)
by the Frenet curvatures {kl,kz} and kl. =0,1<i<?2. where W(s) = 022 +2a,a,.
Teorem 3.2 Let O (S) be a partially null curve Proof. Assume that o (s) lies on a pseudo-sphere

in in R; such that ki # 0 and {01,02503,614} be  ofradius r. That s, there exists a fixed point P, & R;

differentiable functions. such that

(0(5) = py, 0L(s) = py)= 17 (11)
Set

o(s)-p,=aT+a,N+a,B +a,B,.
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From differentiation of (1 1) and by using Frenet equations in (4), we obtain

<oc(s)—p0,T>=O, (12)

and a, =0 From differentiation of (1 2), we find

(T.T)+k(ou(s) - py,N) =0, (13)
<a<s>—po,N>=—%,

and g, = — 8—1 From differentiation of (13), we get
2 ’
1

(T,N)+(0u(s) = py, kT +k,B;) = (_%)

1

4 =L Le)
and “4 kz ( kl)-

From differentiation of a; = <OL (t) - p,, B, >, we have

<OL(S) —p0,32>' - <T:Bz>+<a(t) _p0>_82k2N>,

), = Slzzkz _ _llz_z’
1 1
k
a =—k—2a’s. (14)

Hence, we get
a(s)- p, =a,N +a,B, +a,B,,
and using (1 1), we obtain

2 _ 2
a, +2a;a,=r",

and so, we can write

w(s)=r’.

Conversely, assume that
w(s)=r?, (15)
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for some positive constant » . We can write

B(s)=o(s)-a,N -a,B, —a,B,.

Then, using Frenet equations in (4) and the definition of {al}, we can obtain

B(s)=T+(5 )N+ (5) (k,T + k,B, )+ EBI + (i (8—1)) B, + L (8—1) (-&,k,N).
1 ky k, ky \k, ky \k,
If we consider €, = -1 and €, = 1 at above equation, then we get

56)-(3)-f)) 2

by using (4), we can easily show that ”B” =0, and so we find B(s)= D, for some fixed point p, € R; )

Hence, we have

a(s)-p,=a,N +a,B +a,B,,
and by (1 5), we can write

2

((9)= po.u(s) = py) = 1.

Thus, o (s) lies on a pseudo-sphere of radius 7.

Synge J. L, 1967. Timelike Helices in Flat Space-time, Proc.
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