
ABSTRACT: In this paper, we consider an initial boundary value problem for a two-dimensional nonlinear 
Schrödinger equation. We prove by using Galerkin’s method that the solution of the initial boundary value problem 
exists and it has a unique solution. Also, we get an estimation for the solution of the initial boundary value problem.
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ÖZET: Bu çalışmada iki boyutlu lineer olmayan bir Schrödinger denklemi için bir başlangıç sınır değer problemi 
göz önüne alırız. Galerkin metodunu kullanarak başlangıç sınır değer probleminin çözümünün var ve tek olduğunu 
ispatlarız. Ayrıca, başlangıç sınır değer probleminin çözümü için bir değerlendirme elde ederiz.

Anahtar kelimeler: Başlangıç sınır değer problemi, Galerkin metodu, Schrödinger denklemi
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INTRODUCTION

The nonlinear Schrödinger equation is a nonlinear 

mathematical equation that describes the evolution over 

time of a physical system. It arises in nonlinear optics 

(Kelley, 1965; Talanov, 1965), the evolution of water 

waves (Hashimoto and Ono, 1972), hydromagnetic 

and plasma waves (Schimizu and Ichikawa, 1972), 

nonlinear instability problems (Stewartson and Stuart, 

1971).

In the present paper, we study a nonlinear 

Schrödinger equation that usually arises in the 

dispersion of light beams (waves) in a nonlinear 

medium. We investigate the existence and uniqueness 

of the solutions of nonlinear Schrödinger equation. For  

purpose, we use Galerkin’s method and constitute the 

approximate solutions of the initial boundary value 

problem. By means of the approximate solutions, we 

prove that the solution of initial the boundary value 

problem exists and it has a unique solution.

The nonlinear Schrödinger equation and boundary 

value problems for Schrödinger equation were 

previously studied in (Tsutsumi, 1991; Bu, 1994; 

Strauss and Bu, 2001; Bu et al., 2005; Holmer, 2005; 

Iskenderov and Yagubov, 2007; Mahmudov, 2007; 

Kaikina, 2013; Yildirim Aksoy et al., 2016). The 

Schrödinger equation considered in the literature is 

usually one-dimensional. But, in the paper (Iskenderov 

and Yagubov, 2007), an initial boundary value problem 

for a multi-dimensional (except for two-dimensional) 

Schrödinger equation is examined. 

MATERIAL AND METHODS

The basic of Galerkin’s Method is based on finding 

an approximate solution in a finite-dimensional space 

spanned by a set of basis functions. To obtain the 

approximate solution, we project the partial differential 

equation onto a finite-dimensional subspace. This 

gives a system of ordinary differential equations for 

the approximate solutions, which has a solution with 

standart ordinary differential equations theory. Each 

approximate solution satisfies an estimation called as a 

priori estimation for solutions of the partial differential 

equation. These estimations allow to obtain a solution 

of the partial differential equation.

We formulate the initial boundary value problem 

as follows:  

2 
 

Bu et al., 2005; Holmer, 2005; Iskenderov and Yagubov, 2007; Mahmudov, 2007; 28 

Kaikina, 2013; Yildirim Aksoy et al., 2016). The Schrödinger equation considered in 29 

the literature is usually one-dimensional. But, in the paper (Iskenderov and Yagubov, 30 

2007), an initial boundary value problem for a multi-dimensional (except for two-31 

dimensional) Schrödinger equation is examined.  32 

MATERIAL AND METHODS 33 

The basic of Galerkin’s Method is based on finding an approximate solution in a finite-34 

dimensional space spanned by a set of basis functions. To obtain the approximate 35 

solution, we project the partial differential equation onto a finite-dimensional subspace. 36 

This gives a system of ordinary differential equations for the approximate solutions, 37 

which has a solution with standart ordinary differential equations theory. Each 38 

approximate solution satisfies an estimation called as a priori estimation for solutions of 39 

the partial differential equation. These estimations allow to obtain a solution of the 40 

partial differential equation. 41 

We formulate the initial boundary value problem as follows: 42 

 2
0 1( ) ( ) ( , ),   ( , )i a a x v x a f x t x t

t
     
      


 (1) 43 

 ( ,0) ( ),   x x x D    (2) 44 

 ( , ) 0,   ( , )
S

t t S    , (3) 45 

where, 2D R  is a bounded domain,   is the sufficiently smooth boundary of domain 46 

D , 0,  0T a   are given number, 1 2( , )x x x D   is an arbitrary point,  0,D T  , 47 

 0,t D t   ,  0 ,  0,t T S T    is the lateral surface of cylinder  ,   is the 48 

Laplace operator such that 
2 2

2 2
1 2x x
   

  
 

 and 
1 2

,
x x
 

  
     

,   indicates the 49 

unit outward normal vector to  , 1a  is a complex number such that  50 

 1 1 1 1Im 0,   Re 0,   Im 2 Rea a a a   , (4) 51 

( )a x  and ( )v x  are the measurable functions satisfying the conditions 52 

 0 00 ( ) ,      ,   . 0a x for almost all x D const       (5) 53 

 (1)

 ( ,0) ( ),   x x xψ ϕ= ∈ D (2)

 ( , ) 0,   ( , )
S

t t Sψ ξ ξ= ∈ , (3)

where, 
2D R⊂  is a bounded domain,  is the sufficiently smooth boundary of domain D , 0,  0T a >  are given 

number, 1 2( , )x x x D= ∈  is an arbitrary point, ( )0,D TΩ = x , ( )0,t D tΩ= x , ( )0 ,  0,t T S T≤ ≤ = Γ  is the 

lateral surface of cylinder ,  is the Laplace operator such that Δ = +
2 2

2 2
1 2x x

ψ ψ
ψ

∂

∂ ∂

∂
 and 

1 2

,
x x

ψ ∂
∂ ∂

∂ψ ψ
, 

υ  indicates the unit outward normal vector to , 1a  is a complex number such that 
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1 1 1 1Im 0,   Re 0,   Im 2 Rea a a a> < ≥ , (4)

( )a x  and ( )v x  are the measurable functions satisfying the conditions
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 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

, (6)

respectively.  

Definition 1: The function 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 in the space 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 

is called as a generalized solution of the problem (1)-(3), if it satisfies the equation (1) 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 

and 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 the condition (2) 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 and the condition (3) 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 where 

the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016).

RESULTS AND DISCUSSION

In this section, under given conditions, we prove the following theorem which shows the existence and 

uniqueness of the solutions of the problem (1)-(3).

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively and 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 are given functions. Then, the problem (1)-(3) has a unique solution 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 satisfying 

the estimation

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 (7)

where 1 0c >  is a constant independent from t .

Here, 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73 

 are the Sobolev spaces and these spaces are defined 

in (Ladyzhenskaya, 1985) widely.

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to Galerkin’s method, the 

eigenfunctions ( ),   1, 2,...k ku u x k= = corresponding to the eigenvalues 

3 
 

 2 0 0( ) ( ),   ( )     ,  . 0v x L D v x b for almost all x D b const     , (6) 54 

respectively.   55 

Definition 1: The function ( , ) ( , ; )x t x t v   in the space 56 

 
0

0 2 1
0 2 2[0, ], ( ) [0, ], ( )B C T W D C T L D 
  

 
 is called as a generalized solution of the 57 

problem (1)-(3), if it satisfies the equation (1)    for almost all x D and   0,any t T , 58 

the condition (2)    for almost all x D and the condition (3)     ,for almost all t S  , 59 

where the space 0B  is a Banach space defined as in (Yildirim Aksoy et al., 2016). 60 

RESULTS AND DISCUSSION 61 

In this section, under given conditions, we prove the following theorem which shows 62 

the existence and uniqueness of the solutions of the problem (1)-(3). 63 

Theorem 1: Assume that 1a , ( ),  ( )a x v x  satisfy the conditions (4), (5), (6), respectively 64 

and 
0

2 0,1
2 2(D),   ( )W f W    are given functions. Then, the problem (1)-(3) has a 65 

unique solution 0B   satisfying the estimation 66 

 
0 0 00,1

2 2 12
2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

1 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


 (7) 67 

where 1 0c   is a constant independent from t . 68 

Here, 
0 0

1 1 2 2 0,1
2 2 2 2 2( ),  ( ),  ( ),  ( ) and  ( )W D W D W D W D W   are the Sobolev spaces and these 69 

spaces are defined in (Ladyzhenskaya, 1985) widely. 70 

Proof: As a fundamental system of functions in the space 
0

2
2 ( )W D  according to 71 

Galerkin’s method, the eigenfunctions ( ),   1,2,...k ku u x k  corresponding to the 72 

eigenvalues k  of the following spectral problem are taken:  73  of the following spectral problem 



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.228

Nigar YILDIRIM AKSOY

are taken: 

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

As known, the eigenvalues 

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

 are real and nonnegative. Also, the eigenfunctions ( )k ku u x=  are real and 

satisfy the ortogonality condition in the spaces 
0 0

1 2
2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions 

( ),   1, 2,...k ku u x k= =  are an orthonormal basis in the space 2 ( )L D  and satisfy the inequality 

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

where 0 for 1, 2,...kd k> =  are constants.

The approximate solutions of the problem (1)-(3) with Galerkin’s method are investigated in the form:

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

where the coefficients 

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

 are solutions of Cauchy problem: 

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

        (8)

4 
 

 

2

0 2

( )( ) ( ) ( ) ( ),   

( ) 0,   1,2,...

k
k k k k

k

d u xLu x a a x u x u x x D
dx

u x k





    

 
  74 

As known, the eigenvalues k  are real and nonnegative. Also, the eigenfunctions 75 

( )k ku u x  are real and satisfy the ortogonality condition in the spaces 76 

0 0
1 2

2 2 2( ),   ( ),   ( ) L D W D W D . Assume that the eigenfunctions ( ),   1,2,...k ku u x k   are 77 

an orthonormal basis in the space 2 ( )L D  and satisfy the inequality  78 

 0
2

2 ( )
,   1,2,...k kW D

u d k    79 

where 0 for 1,2,...kd k   are constants. 80 

The approximate solutions of the problem (1)-(3) with Galerkin's method are 81 

investigated in the form: 82 

1
( , ) ( ) ( )

N
N N

k k
k

x t C t u x


  83 

where the coefficients    
2 ( )

( ) (., ), ,N N N
k k kL D

C t t u u    are solutions of Cauchy 84 

problem:85 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , (., ), (., ),

(., ), (., ) (., ), , ,   1,

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a t u a t u
t

v t u a t t u f u k N

  

  

 
      

   

       (8) 86 

    
22

( )( )
(0) (.,0), , ,   1, .N N

k k k kL DL D
C u u k N       (9) 87 

Since the coefficients of the system of first-order nonlinear ordinary differential 88 

equations (8) is continuous, as known from (Pontryagin, 1962), the problem (8)-(9) has 89 

locally at least one solution on [0, ]T . To show the existence of global solution on [0, ]T90 

of the problem (8)-(9), we prove the following lemma, which show the uniformly 91 

boundedness on [0, ]T  of all possible solutions of the problem (8)-(9). 92 

Lemma 1: The solution of Cauchy problem (8)-(9) satisfies the estimation 93 

 (9)

Since the coefficients of the system of first-

order nonlinear ordinary differential equations (8) is 

continuous, as known from (Pontryagin, 1962), the 

problem (8)-(9) has locally at least one solution on 

[0, ]T . To show the existence of global solution on 

[0, ]T of the problem (8)-(9), we prove the following 

lemma, which show the uniformly boundedness on 

[0, ]T  of all possible solutions of the problem (8)-(9).

Lemma 1: The solution of Cauchy problem (8)-(9) 

satisfies the estimation



 Cilt / Volume: 7, Sayı / Issue: 2, 2017 229

Solution of a Nonlinear Schrödinger Equation with Galerkin’s Method

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

 (10)

for 

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

 and 1, 2,...N = , where 2 0c >  is a constant independent from N  and  t .

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained equalities on k  from 1 

to N , and later integrate over the region 

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

, we get

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

     (11)

Subtracting the complex conjugate of (11) from itself and using the inequality

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

 (12)

we obtain

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

and then by Young’s inequality it is written that

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

Thus, in inequality above, using Gronwall’s lemma, we get   

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

 (13)

for any 

5 
 

 

0
2

2
2

0 0 0 00,1 0,1
2 1 2 12 2

2 2 2 2

2 2
2 2

( )
( )1 1

2 2 6 6 6 18
2 ( ) ( )

( ) ( ) ( ) ( )

( ) (., )( ) (., )

,

N N N N
N Nk
k W D

L Dk k

W W
W D W D W D W D

dC t tC t t
dt t

c f f



   

 

 


   



       
 

 
 (10)         94 

for   0,any t T  and 1,2,...N  , where 2 0c   is a constant independent from N  and  95 

t . 96 

Proof: If we multiply the k-th equation in system (8) by ( )N
kC t  and sum the obtained 97 

equalities on k  from 1 to N , and later integrate over the region t , we get 98 

 
2 2 2 4

0 1( ) ( )  .
t t

N
N N N N N Ni a a x v x a dxd f dxd

t
        

 

 
             (11) 99 

Subtracting the complex conjugate of (11) from itself and using the inequality                100 

                            
22

2 2 2 2

( )( )
1 1

(.,0) (0) (0)
N

N N N
k k L DL D

k k

C C 


 

     (12) 101 

we obtain 102 

 
2 2

2

2 4 2

1( ) ( )

2

( )

(., ) 2 Im (.,0) 2

2

t t

t

N N N N

L D L D

N
L D

t a dxd f dxd

f dxd

     

  

 



  

 

 


  103 

and then by Young's inequality it is written that 104 

 
2 22 4 2

2 4 22 2
1 ( ) ( )( ) ( ) ( )

0

(., ) 2Im (., )
t

t

N N N
L D LL D L L D

t a f d     


     .  105 

Thus, in inequality above, using Gronwall's lemma, we get    106 

   
2 22 4

2 4 2 2
1 3 ( ) ( )( ) ( )

0

(., ) 2Im (., )
t

N N
L D LL D L D

t a d c f    


                                (13) 107 

for any  0,t T . 108 

As similar to obtaining the equality (11), if we take the derivative of the system (8) in 109 

variable t  and multiply the obtained system with ( )N
kdC t
dt

, we get  110 

.



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.230

Nigar YILDIRIM AKSOY

 As similar to obtaining the equality (11), if we take the derivative of the system (8) in variable t  and multiply 

the obtained system with 
( )N

kdC t

dt
, we get 

6 
 

 

 

2 222

02

2

1

( ) ( )

.

t

t

N N N N
N

N N
N N

i a a x v x
t t t t t

fa dxd dxd
t t t t

   

    





         
     

   
    




                                     (14) 111 

Let’s subtract the complex conjugate of (14) from itself. Thus, we have112 

   

   

2
2 2

1

2 2

1

Im

Re

2 Im .

t t

t

t

N N N
N N N N

N N
N N N N

N

i dxd i a dxd
t t t t t t

a dxd
t t t t

fi dxd
t t

       

     

 

 





                    

    
       

  
    

 





        (15) 113 

It is clear that 114 

     

       

2 2
2 2 2 2

2 2
2 22 2

2
N N N

N N N N N N

N N N N
N N N N N N

t t t t t t

t t t t t t

       

        

                

        
             

, 115 

since  116 

  
2 2

2 2 22 ( ) .
N N N

N N N N

t t t t
     

    
       

 117 

Using above two equalities in equation (15), we obtain  118 

 
2

2

2 2 2
2 2

1 1
( )

2 2
2

1
( )

(., ) 2 Im Im

(.,0)2 Re 2 .

t t

t t

N N
N N

L D

N N N
N

L D

t a dxd a dxd
t t t

fa dxd dxd
t t t t

    

    

 

 

         

   
  

   

 

 
 119 

Here, if we take into account the condition (4) and apply Young’s inequality, we get120 

 
22 2

2

2 2 2 2
2

( )( ) ( )

2

( )0

(., ) (.,0)

(., )

t

N N N
N

LL D L D

t N

L D

t fa dxd
t t t t

d
t

   

  



   
  

   









       (16) 121 

 (14)

Let’s subtract the complex conjugate of (14) from itself. Thus, we have

6 
 

 

 

2 222

02

2

1

( ) ( )

.

t

t

N N N N
N

N N
N N

i a a x v x
t t t t t

fa dxd dxd
t t t t

   

    





         
     

   
    




                                     (14) 111 

Let’s subtract the complex conjugate of (14) from itself. Thus, we have112 

   

   

2
2 2

1

2 2

1

Im

Re

2 Im .

t t

t

t

N N N
N N N N

N N
N N N N

N

i dxd i a dxd
t t t t t t

a dxd
t t t t

fi dxd
t t

       

     

 

 





                    

    
       

  
    

 





        (15) 113 

It is clear that 114 

     

       

2 2
2 2 2 2

2 2
2 22 2

2
N N N

N N N N N N

N N N N
N N N N N N

t t t t t t

t t t t t t

       

        

                

        
             

, 115 

since  116 

  
2 2

2 2 22 ( ) .
N N N

N N N N

t t t t
     

    
       

 117 

Using above two equalities in equation (15), we obtain  118 

 
2

2

2 2 2
2 2

1 1
( )

2 2
2

1
( )

(., ) 2 Im Im

(.,0)2 Re 2 .

t t

t t

N N
N N

L D

N N N
N

L D

t a dxd a dxd
t t t

fa dxd dxd
t t t t

    

    

 

 

         

   
  

   

 

 
 119 

Here, if we take into account the condition (4) and apply Young’s inequality, we get120 

 
22 2

2

2 2 2 2
2

( )( ) ( )

2

( )0

(., ) (.,0)

(., )

t

N N N
N

LL D L D

t N

L D

t fa dxd
t t t t

d
t

   

  



   
  

   









       (16) 121 

         (15)

It is clear that

6 
 

 

 

2 222

02

2

1

( ) ( )

.

t

t

N N N N
N

N N
N N

i a a x v x
t t t t t

fa dxd dxd
t t t t

   

    





         
     

   
    




                                     (14) 111 

Let’s subtract the complex conjugate of (14) from itself. Thus, we have112 

   

   

2
2 2

1

2 2

1

Im

Re

2 Im .

t t

t

t

N N N
N N N N

N N
N N N N

N

i dxd i a dxd
t t t t t t

a dxd
t t t t

fi dxd
t t

       

     

 

 





                    

    
       

  
    

 





        (15) 113 

It is clear that 114 

     

       

2 2
2 2 2 2

2 2
2 22 2

2
N N N

N N N N N N

N N N N
N N N N N N

t t t t t t

t t t t t t

       

        

                

        
             

, 115 

since  116 

  
2 2

2 2 22 ( ) .
N N N

N N N N

t t t t
     

    
       

 117 

Using above two equalities in equation (15), we obtain  118 

 
2

2

2 2 2
2 2

1 1
( )

2 2
2

1
( )

(., ) 2 Im Im

(.,0)2 Re 2 .

t t

t t

N N
N N

L D

N N N
N

L D

t a dxd a dxd
t t t

fa dxd dxd
t t t t

    

    

 

 

         

   
  

   

 

 
 119 

Here, if we take into account the condition (4) and apply Young’s inequality, we get120 

 
22 2

2

2 2 2 2
2

( )( ) ( )

2

( )0

(., ) (.,0)

(., )

t

N N N
N

LL D L D

t N

L D

t fa dxd
t t t t

d
t

   

  



   
  

   









       (16) 121 

since 

6 
 

 

 

2 222

02

2

1

( ) ( )

.

t

t

N N N N
N

N N
N N

i a a x v x
t t t t t

fa dxd dxd
t t t t

   

    





         
     

   
    




                                     (14) 111 

Let’s subtract the complex conjugate of (14) from itself. Thus, we have112 

   

   

2
2 2

1

2 2

1

Im

Re

2 Im .

t t

t

t

N N N
N N N N

N N
N N N N

N

i dxd i a dxd
t t t t t t

a dxd
t t t t

fi dxd
t t

       

     

 

 





                    

    
       

  
    

 





        (15) 113 

It is clear that 114 

     

       

2 2
2 2 2 2

2 2
2 22 2

2
N N N

N N N N N N

N N N N
N N N N N N

t t t t t t

t t t t t t

       

        

                

        
             

, 115 

since  116 

  
2 2

2 2 22 ( ) .
N N N

N N N N

t t t t
     

    
       

 117 

Using above two equalities in equation (15), we obtain  118 

 
2

2

2 2 2
2 2

1 1
( )

2 2
2

1
( )

(., ) 2 Im Im

(.,0)2 Re 2 .

t t

t t

N N
N N

L D

N N N
N

L D

t a dxd a dxd
t t t

fa dxd dxd
t t t t

    

    

 

 

         

   
  

   

 

 
 119 

Here, if we take into account the condition (4) and apply Young’s inequality, we get120 

 
22 2

2

2 2 2 2
2

( )( ) ( )

2

( )0

(., ) (.,0)

(., )

t

N N N
N

LL D L D

t N

L D

t fa dxd
t t t t

d
t

   

  



   
  

   









       (16) 121 

Using above two equalities in equation (15), we obtain 



 Cilt / Volume: 7, Sayı / Issue: 2, 2017 231

Solution of a Nonlinear Schrödinger Equation with Galerkin’s Method

 

6 
 

 

 

2 222

02

2

1

( ) ( )

.

t

t

N N N N
N

N N
N N

i a a x v x
t t t t t

fa dxd dxd
t t t t

   

    





         
     

   
    




                                     (14) 111 

Let’s subtract the complex conjugate of (14) from itself. Thus, we have112 

   

   

2
2 2

1

2 2

1

Im

Re

2 Im .

t t

t

t

N N N
N N N N

N N
N N N N

N

i dxd i a dxd
t t t t t t

a dxd
t t t t

fi dxd
t t

       

     

 

 





                    

    
       

  
    

 





        (15) 113 

It is clear that 114 

     

       

2 2
2 2 2 2

2 2
2 22 2

2
N N N

N N N N N N

N N N N
N N N N N N

t t t t t t

t t t t t t

       

        

                

        
             

, 115 

since  116 

  
2 2

2 2 22 ( ) .
N N N

N N N N

t t t t
     

    
       

 117 

Using above two equalities in equation (15), we obtain  118 

 
2

2

2 2 2
2 2

1 1
( )

2 2
2

1
( )

(., ) 2 Im Im

(.,0)2 Re 2 .

t t

t t

N N
N N

L D

N N N
N

L D

t a dxd a dxd
t t t

fa dxd dxd
t t t t

    

    

 

 

         

   
  

   

 

 
 119 

Here, if we take into account the condition (4) and apply Young’s inequality, we get120 

 
22 2

2

2 2 2 2
2

( )( ) ( )

2

( )0

(., ) (.,0)

(., )

t

N N N
N

LL D L D

t N

L D

t fa dxd
t t t t

d
t

   

  



   
  

   









       (16) 121 

Here, if we take into account the condition (4) and apply Young’s inequality, we get 

6 
 

 

 

2 222

02

2

1

( ) ( )

.

t

t

N N N N
N

N N
N N

i a a x v x
t t t t t

fa dxd dxd
t t t t

   

    





         
     

   
    




                                     (14) 111 

Let’s subtract the complex conjugate of (14) from itself. Thus, we have112 

   

   

2
2 2

1

2 2

1

Im

Re

2 Im .

t t

t

t

N N N
N N N N

N N
N N N N

N

i dxd i a dxd
t t t t t t

a dxd
t t t t

fi dxd
t t

       

     

 

 





                    

    
       

  
    

 





        (15) 113 

It is clear that 114 

     

       

2 2
2 2 2 2

2 2
2 22 2

2
N N N

N N N N N N

N N N N
N N N N N N

t t t t t t

t t t t t t

       

        

                

        
             

, 115 

since  116 

  
2 2

2 2 22 ( ) .
N N N

N N N N

t t t t
     

    
       

 117 

Using above two equalities in equation (15), we obtain  118 

 
2

2

2 2 2
2 2

1 1
( )

2 2
2

1
( )

(., ) 2 Im Im

(.,0)2 Re 2 .

t t

t t

N N
N N

L D

N N N
N

L D

t a dxd a dxd
t t t

fa dxd dxd
t t t t

    

    

 

 

         

   
  

   

 

 
 119 

Here, if we take into account the condition (4) and apply Young’s inequality, we get120 

 
22 2

2

2 2 2 2
2

( )( ) ( )

2

( )0

(., ) (.,0)

(., )

t

N N N
N

LL D L D

t N

L D

t fa dxd
t t t t

d
t

   

  



   
  

   









       (16) 121        (16)

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

 where 

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

To evaluate the term 

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

 in (16), let’s write the system (8) in the form:

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

 (17)

Let’s multiply the k -th equation by 
(0)N

kdC

dt
 taking 0t =  in the system (17). As similar to obtaining the 

equality (11) we obtain 

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

and by Young’s inequality and the condition (6)



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.232

Nigar YILDIRIM AKSOY

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

                      (18)

Since 

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

                                  (19)

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

 is a constant, we write 

the inequality

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 

   (20)

In inequality (18), if we use the estimation (13), the inequalities (20), 

7 
 

  [0, ]for any t T , where  1 1 12 Im Re 2 Re 0a a a a    . 122 

To evaluate the term 
2

2

( )

(.,0)N

L Dt



 in (16), let’s write the system (8) in the form: 123 

 
   

     

2 2
2

22 2

0 ( ) ( )
( )

2

1 ( )( ) ( )

(., ) , , (., ),

(., ), (., ) (., ), , ,   1, .

N
N N

k k kL D L D
L D

N N N
k k k L DL D L D

ti u a u a t u
t

v t u a t t u f u k N

  

  

 
     

   

 (17) 124 

Let’s multiply the k -th equation by (0)N
kdC
dt

 taking 0t   in the system (17). As similar 125 

to obtaining the equality (11) we obtain  126 

 

2

0

2

1

( ,0) ( ,0) ( ) ( ,0) ( ) ( ,0)

( ,0)( ,0) ( ,0) ( ,0)

N
N N N

D D
N

N N

xi dx a x a x x v x x
t

xa x x f x dx
t

   

 

     

   

 
 127 

and by Young's inequality and the condition (6) 128 

                 

 
2

2

2 2

26

2
22

( )
( )

62 2
1

2 22
0( ) ( )

62 2
1 ( )( )

(.,0) 4 (.,0) 4 ( ) ( ,0)

4 (.,0) 4 ( ,0)

4 (.,0) 4 (.,0)

4 (.,0) 4 (.,0) .

N
N N

L D
DL D

N

D D

N N

L D L D

N
L DL D

L v x x dx
t

a dx f x dx

L b

a f

  



 




 



 

 

 



                       (18) 129 

Since  130 

   
6 2 2

6 4 26

( ) ( ) ( )
(., ) (., ) (., )  for any 0,N N N

L D L D L D
t t t t T                                       (19) 131 

according to the known inequality in (Ladyzhenskaya, 1985 p.34), where 2 33 0    is 132 

a constant, we write the inequality 133 

  0
01

16 2 2 2
2

6 4 2 6 66
4 5( ) ( ) ( ) ( ) ( )

(.,0) (.,0) (.,0) (.,0) .N N N N

L D L D L D W D W D
c c           (20) 134 

In inequality (18), if we use the estimation (13), the inequalities (20),  135 

0
22

2

2 2
6( ) ( )

(.,0)N

L D W D
L c  , 136 ,

  

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

                                   (21)

we obtain

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

 (22)

where 0,  3,8jc j> =  are constants. Thus, if we use the inequality (22) in (16)

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

 (23)



 Cilt / Volume: 7, Sayı / Issue: 2, 2017 233

Solution of a Nonlinear Schrödinger Equation with Galerkin’s Method

and then apply Gronwall’s lemma, we get

 

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

 (24)

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

. If we apply the estimation (24) to (23), we get

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

                  (25)

for any [0, ]t T� , where 9 10 11, , 0c c c >  are the constants.

To evaluate the term 

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

, let’s multiply the k-th equation in the system (8) by 
( )N

kdC t

dt
, sum the obtained 

equalities on k  from 1 to N  and integrate over the region 

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

. Thus, summing the complex conjugate of obtained 

equality with itself, we get   

 

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 

 

Since 1Re 0a <  and 

 

8 
 

                                0,1
2 2

2 2
7( ) ( )

(., )  for any 0,
L D W

f t c f t T


  ,                                  (21) 137 

we obtain 138 

 0 00,1
2 12

2 2
2

2
2 2 6

8 ( )
( ) ( )( )

(.,0) ,
N

W
W D W DL D

c f
t

  


       
 (22) 139 

where 0,  3,8jc j   are constants. Thus, if we use the inequality (22) in (16) 140 

 2

0 00,1
2 12

2 2
2

2 2
2

( )

2
2 2 6

9 ( )
( ) ( ) ( )0

(., )

(., )

t

N N
N

L D

t N

W
W D W D L D

t a dxd
t t

c f d
t

  

   





 


 

       




 (23) 141 

and then apply Gronwall’s lemma, we get 142 

 0 00,1
2 12

2 2
2

2
2 2 6

10 ( )
( ) ( )( )

(., )N

W
W D W DL D

t c f
t

  


       
 (24) 143 

for any [0, ]t T . If we apply the estimation (24) to (23), we get 144 

0 00,1
2 12

2 2
2

2 2
2 2 2 6

11 ( )
( ) ( )( )

(., )

t

N N
N

W
W D W DL D

t a dxd c f
t t

    




                            (25) 145 

for any [0, ]t T , where 9 10 11, , 0c c c   are the constants. 146 

To evaluate the term N , let’s multiply the k-th equation in the system (8) by 147 

( )N
kdC t
dt

, sum the obtained equalities on k  from 1 to N  and integrate over the region 148 

t . Thus, summing the complex conjugate of obtained equality with itself, we get    149 

 

   2 2 2

0

2 2

1 1

( ) ( )

 + 2 Re .

t t t

t t

N N N

N N N
N N N N

a dxd a x dxd v x dxd
t t t

a a dxd f dxd
t t t

     

       

  

 

  
   

  

     
         

  

 
  150 

Since 1Re 0a   and  151 

  2 2 4 21
1 1 1

Re 2Im Im
2

N N N
N N N N N N Naa a a

t t t t
        

    
        

, 152 

 we obtain the inequality 153 
we obtain the inequality



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.234

Nigar YILDIRIM AKSOY

9 
 

 

2 4 2 2

4

2
2

2 4 2 21
0 0 0( ) ( ) ( ) ( )

4 2 2 21

( )

2
2 2 22

( )
( )

2

1

Re
(., ) (., ) (.,0) (.,0)

2
Re

(.,0) ( ) ( , ) ( ) ( ,0) ( ,0)
2

( , ) ( ,0) ( , )

2 Im

N N N N

L D L D L D L D

N N N

L D
D D D

N N N

L
LD D D

N

a
a t t a

a
v x x t dx v x x dx f x dx

ff x t dx x dx x t dx
t

a

    

  

  






    

   


    





  

  

2

2

0 ( )
(., ) .

t

N
N N

L D
dxd t

t
   








 154 

from the last equality. Here, using the Cauchy-Schwarz inequality, the inequalities (6), 155 

(21), 156 

0
12
2

2 2
12( ) ( )

(.,0)N

L D W D
c    157 

and the estimation (13), we obtain 158 

 
2 4 4

0 0,1
1 2
2

2 4 41 1
0 ( ) ( ) ( )

22 2
13 1( )

( )

Re Re
(., ) (., ) (.,0)

2 2

2Im .
t

N N N

L D L D L D

N
N N

W
W D

a a
a t t

c f a dxd
t

  

   




  

       
      (26) 159 

In (26), if we use the inequality 160 

0
214

2

4 6 2
14 15 ( )( ) ( )

(.,0)N
L DL D W D

c c     161 

from the known inequality in (Ladyzhenskaya, 1985 p.34), we get 162 

2 4

0 00,1
1 12
2 2

2 4 21
0 1( ) ( )

2 2 6
16 ( )

( ) ( )

Re
(., ) (., ) 2 Im

2

,

t

N
N N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

    

 






  



    
 


 163 

where the constant 0,  12 16jc j    are indepentent from N  and t . Here, since 164 

 

4

2 2

2
2 4 2

1 1 1( )
0

2
22 2

17 1( ) ( )

2 Im Im (., ) Im

Im

t t

t

tN N
N N N N

L D

N
N

L D L

a dxd a d a dxd
t t

c f a dxd
t

        

  

 





 
 

 


  



  


 165 

from the estimation (13), we have from the above inequality 166 

from the last equality. Here, using the Cauchy-Schwarz inequality, the inequalities (6), (21),

0
12
2

2 2

12( ) ( )
(.,0)N

L D W D
cy j� �

and the estimation (13), we obtain

9 
 

 

2 4 2 2

4

2
2

2 4 2 21
0 0 0( ) ( ) ( ) ( )

4 2 2 21

( )

2
2 2 22

( )
( )

2

1

Re
(., ) (., ) (.,0) (.,0)

2
Re

(.,0) ( ) ( , ) ( ) ( ,0) ( ,0)
2

( , ) ( ,0) ( , )

2 Im

N N N N

L D L D L D L D

N N N

L D
D D D

N N N

L
LD D D

N

a
a t t a

a
v x x t dx v x x dx f x dx

ff x t dx x dx x t dx
t

a

    

  

  






    

   


    





  

  

2

2

0 ( )
(., ) .

t

N
N N

L D
dxd t

t
   








 154 

from the last equality. Here, using the Cauchy-Schwarz inequality, the inequalities (6), 155 

(21), 156 

0
12
2

2 2
12( ) ( )

(.,0)N

L D W D
c    157 

and the estimation (13), we obtain 158 

 
2 4 4

0 0,1
1 2
2

2 4 41 1
0 ( ) ( ) ( )

22 2
13 1( )

( )

Re Re
(., ) (., ) (.,0)

2 2

2Im .
t

N N N

L D L D L D

N
N N

W
W D

a a
a t t

c f a dxd
t

  

   




  

       
      (26) 159 

In (26), if we use the inequality 160 

0
214

2

4 6 2
14 15 ( )( ) ( )

(.,0)N
L DL D W D

c c     161 

from the known inequality in (Ladyzhenskaya, 1985 p.34), we get 162 

2 4

0 00,1
1 12
2 2

2 4 21
0 1( ) ( )

2 2 6
16 ( )

( ) ( )

Re
(., ) (., ) 2 Im

2

,

t

N
N N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

    

 






  



    
 


 163 

where the constant 0,  12 16jc j    are indepentent from N  and t . Here, since 164 

 

4

2 2

2
2 4 2

1 1 1( )
0

2
22 2

17 1( ) ( )

2 Im Im (., ) Im

Im

t t

t

tN N
N N N N

L D

N
N

L D L

a dxd a d a dxd
t t

c f a dxd
t

        

  

 





 
 

 


  



  


 165 

from the estimation (13), we have from the above inequality 166 

       (26)

In (26), if we use the inequality

9 
 

 

2 4 2 2

4

2
2

2 4 2 21
0 0 0( ) ( ) ( ) ( )

4 2 2 21

( )

2
2 2 22

( )
( )

2

1

Re
(., ) (., ) (.,0) (.,0)

2
Re

(.,0) ( ) ( , ) ( ) ( ,0) ( ,0)
2

( , ) ( ,0) ( , )

2 Im

N N N N

L D L D L D L D

N N N

L D
D D D

N N N

L
LD D D

N

a
a t t a

a
v x x t dx v x x dx f x dx

ff x t dx x dx x t dx
t

a

    

  

  






    

   


    





  

  

2

2

0 ( )
(., ) .

t

N
N N

L D
dxd t

t
   








 154 

from the last equality. Here, using the Cauchy-Schwarz inequality, the inequalities (6), 155 

(21), 156 

0
12
2

2 2
12( ) ( )

(.,0)N

L D W D
c    157 

and the estimation (13), we obtain 158 

 
2 4 4

0 0,1
1 2
2

2 4 41 1
0 ( ) ( ) ( )

22 2
13 1( )

( )

Re Re
(., ) (., ) (.,0)

2 2

2Im .
t

N N N

L D L D L D

N
N N

W
W D

a a
a t t

c f a dxd
t

  

   




  

       
      (26) 159 

In (26), if we use the inequality 160 

0
214

2

4 6 2
14 15 ( )( ) ( )

(.,0)N
L DL D W D

c c     161 

from the known inequality in (Ladyzhenskaya, 1985 p.34), we get 162 

2 4

0 00,1
1 12
2 2

2 4 21
0 1( ) ( )

2 2 6
16 ( )

( ) ( )

Re
(., ) (., ) 2 Im

2

,

t

N
N N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

    

 






  



    
 


 163 

where the constant 0,  12 16jc j    are indepentent from N  and t . Here, since 164 

 

4

2 2

2
2 4 2

1 1 1( )
0

2
22 2

17 1( ) ( )

2 Im Im (., ) Im

Im

t t

t

tN N
N N N N

L D

N
N

L D L

a dxd a d a dxd
t t

c f a dxd
t

        

  

 





 
 

 


  



  


 165 

from the estimation (13), we have from the above inequality 166 

from the known inequality in (Ladyzhenskaya, 1985 p.34), we get

9 
 

 

2 4 2 2

4

2
2

2 4 2 21
0 0 0( ) ( ) ( ) ( )

4 2 2 21

( )

2
2 2 22

( )
( )

2

1

Re
(., ) (., ) (.,0) (.,0)

2
Re

(.,0) ( ) ( , ) ( ) ( ,0) ( ,0)
2

( , ) ( ,0) ( , )

2 Im

N N N N

L D L D L D L D

N N N

L D
D D D

N N N

L
LD D D

N

a
a t t a

a
v x x t dx v x x dx f x dx

ff x t dx x dx x t dx
t

a

    

  

  






    

   


    





  

  

2

2

0 ( )
(., ) .

t

N
N N

L D
dxd t

t
   








 154 

from the last equality. Here, using the Cauchy-Schwarz inequality, the inequalities (6), 155 

(21), 156 

0
12
2

2 2
12( ) ( )

(.,0)N

L D W D
c    157 

and the estimation (13), we obtain 158 

 
2 4 4

0 0,1
1 2
2

2 4 41 1
0 ( ) ( ) ( )

22 2
13 1( )

( )

Re Re
(., ) (., ) (.,0)

2 2

2Im .
t

N N N

L D L D L D

N
N N

W
W D

a a
a t t

c f a dxd
t

  

   




  

       
      (26) 159 

In (26), if we use the inequality 160 

0
214

2

4 6 2
14 15 ( )( ) ( )

(.,0)N
L DL D W D

c c     161 

from the known inequality in (Ladyzhenskaya, 1985 p.34), we get 162 

2 4

0 00,1
1 12
2 2

2 4 21
0 1( ) ( )

2 2 6
16 ( )

( ) ( )

Re
(., ) (., ) 2 Im

2

,

t

N
N N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

    

 






  



    
 


 163 

where the constant 0,  12 16jc j    are indepentent from N  and t . Here, since 164 

 

4

2 2

2
2 4 2

1 1 1( )
0

2
22 2

17 1( ) ( )

2 Im Im (., ) Im

Im

t t

t

tN N
N N N N

L D

N
N

L D L

a dxd a d a dxd
t t

c f a dxd
t

        

  

 





 
 

 


  



  


 165 

from the estimation (13), we have from the above inequality 166 

where the constant 0,  12 16jc j> = �  are indepentent from N  and t . Here, since



 Cilt / Volume: 7, Sayı / Issue: 2, 2017 235

Solution of a Nonlinear Schrödinger Equation with Galerkin’s Method

9 
 

 

2 4 2 2

4

2
2

2 4 2 21
0 0 0( ) ( ) ( ) ( )

4 2 2 21

( )

2
2 2 22

( )
( )

2

1

Re
(., ) (., ) (.,0) (.,0)

2
Re

(.,0) ( ) ( , ) ( ) ( ,0) ( ,0)
2

( , ) ( ,0) ( , )

2 Im

N N N N

L D L D L D L D

N N N

L D
D D D

N N N

L
LD D D

N

a
a t t a

a
v x x t dx v x x dx f x dx

ff x t dx x dx x t dx
t

a

    

  

  






    

   


    





  

  

2

2

0 ( )
(., ) .

t

N
N N

L D
dxd t

t
   








 154 

from the last equality. Here, using the Cauchy-Schwarz inequality, the inequalities (6), 155 

(21), 156 

0
12
2

2 2
12( ) ( )

(.,0)N

L D W D
c    157 

and the estimation (13), we obtain 158 

 
2 4 4

0 0,1
1 2
2

2 4 41 1
0 ( ) ( ) ( )

22 2
13 1( )

( )

Re Re
(., ) (., ) (.,0)

2 2

2Im .
t

N N N

L D L D L D

N
N N

W
W D

a a
a t t

c f a dxd
t

  

   




  

       
      (26) 159 

In (26), if we use the inequality 160 

0
214

2

4 6 2
14 15 ( )( ) ( )

(.,0)N
L DL D W D

c c     161 

from the known inequality in (Ladyzhenskaya, 1985 p.34), we get 162 

2 4

0 00,1
1 12
2 2

2 4 21
0 1( ) ( )

2 2 6
16 ( )

( ) ( )

Re
(., ) (., ) 2 Im

2

,

t

N
N N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

    

 






  



    
 


 163 

where the constant 0,  12 16jc j    are indepentent from N  and t . Here, since 164 

 

4

2 2

2
2 4 2

1 1 1( )
0

2
22 2

17 1( ) ( )

2 Im Im (., ) Im

Im

t t

t

tN N
N N N N

L D

N
N

L D L

a dxd a d a dxd
t t

c f a dxd
t

        

  

 





 
 

 


  



  


 165 

from the estimation (13), we have from the above inequality 166 
from the estimation (13), we have from the above inequality

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

                      (27)

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

 where 18 0c >  is independent from N  and t . Since 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

 using (25) 

in (27), we get

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

              (28)

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

, where 19 0c >  is a constant.

Finally, to evaluate the derivation 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

, multiplying the k-th equation in the system (17) by 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

, we 

have 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

and thus it is written that



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.236

Nigar YILDIRIM AKSOY

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

    (29)

If we use the inequality

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

 and the condition (5), the estimations (13), 

(24) in the (27), we get

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

 (30)

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

 For the term 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

 
in the (30), from (19),  it is written that 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184 

which implies that 

10 
 

          
2 4

0 00,1
1 12
2 2

2
2 4 21

0 1( ) ( )

2 2 6
18 ( )

( ) ( )

Re
(., ) (., ) Im

2

.

t

N
N N N

L D L D

W
W D W D

a
a t t a dxd

t

c f

   

 






  



    
 


                      (27) 167 

for any [0, ]t T , where 18 0c   is independent from N  and t . Since 168 

10 and Im 0a a  , using (25) in (27), we get 169 

0 00,1
2 122 4

2 2

2 4 2 2 61
0 19 ( )( ) ( ) ( ) ( )

Re
(., ) (., )

2
N N

WL D L D W D W D

a
a t t c f   



      
 

              (28) 170 

for any [0, ]t T , where 19 0c   is a constant. 171 

Finally, to evaluate the derivation N , multiplying the k-th equation in the system 172 

(17) by N
k kC , we have  173 

2 2

1( ) 0
N

N N N N N N N N

D

i L L v x L a L fL dx
t

        
 

        174 

and thus it is written that 175 

22 2 6
2

2
2 2 62 22

0 1 ( )( ) ( ) ( )
( )

(., )4 4 (., ) 4 (., ) 4 .
N

N N N
L DL D L D L D

L D

tL b t a t f
t

  
   


   (29) 176 

If we use the inequality 177 

2 2 2

22 2 20
( ) ( ) ( )

(., ) (., ) ( ) (., )
2

N N N

L D L D L D

aL t t a x t      and the condition (5), the 178 

estimations (13), (24) in the (27), we get 179 

0 00,1
2 122 6

2 2

2 62 2 6 22
0 20 1( )( ) ( )(0, ) (0, )

(., ) 4 (., ) .N N
WL D L DW l W l

a t c f a t   


      
 

 (30) 180 

for any [0, ]t T . For the term 
6

6

( )
(., )N

L D
t in the (30), from (19),  it is written that  181 

   0
1

6 2

6 66

( ) ( )
(., ) (., )  for any 0,N N

L D W D
t t t T     182 

which implies that  183 

0 0 0 00,1 0,1
2 1 2 12 26

2 2 2 2

6 2 2 6 6 6 18
21 ( ) ( )( ) ( ) ( ) ( ) ( )

(., )N
W WL D W D W D W D W D

t c f f    
 

       
 

      (31) 184        (31)

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

   (32)

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

                                         (33)



 Cilt / Volume: 7, Sayı / Issue: 2, 2017 237

Solution of a Nonlinear Schrödinger Equation with Galerkin’s Method

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 where 0 20,23jc j> =  are constants. Since

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

if we take 2 23c c=  in (33), it seem that the functions 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 satisfy the estimation (10), that is, Cauchy 

problem (8)-(9) has one global solution on [0,T].

Let’s define a family of functions 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 by means of the functions 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

. From (10), it follows that 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 and 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 are uniformly bounded on [0, ]T . Also, as similar 

to the paper (Yildirim Aksoy et al., 2016), the equicontinuity of the functions 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 and 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 for fixed k  

and 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

, , 1, 2,...k N =  is shown on [0, ]T . 

In this way, from Ascoli-Arzela’s theorem (Hsieh and Sibuya, 1999), we can extract the subsequences 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

 from sequences 

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

, respectively, such that

11 
 

from the estimations (13) and (28). If we apply the inequality (31)  to (30), we obtain 185 

0 0 0 00,1 0,1
2 1 2 12 22

2 2 2 2

2 2 2 6 6 6 18
22 ( ) ( )( ) ( ) ( ) ( ) ( )

(., ) .N
W WL D W D W D W D W D

t c f f    
 

        
 

  (32) 186 

Thus, combining the estimations (13), (24), (28) and (32), we can easily written that 187 

0 0 00,1
2 2 12

2 2 22

0 00,1
2 12

2 2

2
2 2 2 6

23 ( )
( ) ( ) ( )(D)

6 6 18

( )
( ) ( )

(., )(., )
W

W D W D W DL

W
W D W D

tt c f
t

f

  

 





     

   


                                        (33) 188 

for any [0, ]t T , where 0 20,23jc j   are constants. Since 189 

    0
2

2
2

2 2
2 2

( )
( )1 1

( ) (., )( ) (., )
N N N N

N Nk
k W D

L Dk k

dC t tC t t
dt t


 


  

   190 

if we take 2 23c c  in (33), it seem that the functions ( , )N x t  satisfy the estimation 191 

(10), that is, Cauchy problem (8)-(9) has one global solution on [0,T]. 192 

Let's define a family of functions  
2

, ( )
( ) (., ), ,   , 1,2,...N

N k k L D
t t u k N   by means of 193 

the functions ( , )N x t . From (10), it follows that , ( )N k t  and , ( )N kd t
dt

 are uniformly 194 

bounded on [0, ]T . Also, as similar to the paper (Yildirim Aksoy et al., 2016), the 195 

equicontinuity of the functions , ( )N k t  and , ( )N kd t
dt

 for fixed k  and N k , 196 

, 1,2,...k N   is shown on [0, ]T .  197 

In this way, from Ascoli-Arzela's theorem (Hsieh and Sibuya, 1999), we can extract the 198 

subsequences   ,
,

( )
( ) ,   ,   1,2,...m

m

N k
N k

d t
t m

dt
 

 
 

 from sequences 199 

  ,
,

( )
( ) ,   N k

N k

d t
t

dt
 
 
 

, respectively, such that 200 

 ,
,

( ) ( )( ) ( ),   on 0,m

m

N kuniformly uniformly k
N k k

d t d tt t T
dt dt

  . 201 

Now, let’s define the function 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 using the function 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 which implies that 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

. It is easily shown that the subsequences 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 are 

uniformly with respect to t  weakly converge to the functions 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 and  

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 in 
0

2
2 ( )W D  and 2 ( )L D , 

respectively, i.e., limit relations 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

                    (34)

is written. Thus, since 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

.



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.238

Nigar YILDIRIM AKSOY

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 satisfies the equation (1) 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

, the condition (2) 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 and the condition (3) 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

If we take the lower limit of inequality (10) for mN N=  and 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 by using the relations (34), we get 

that function 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 satisfies the estimation (7).

Finally, let’s prove the uniqueness of the solution of the problem (1)-(3) in 0B . For purpose, let’s take two different 

solutions of the problem (1)-(3) such as 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 and 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 in 0B . Then, the function 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 

holds the following boundary value problem:

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 (35)

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

 (36)

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x tw and integrate over t� . 

Thus, we obtain 

 

12 
 

Now, let’s define the function 
1

( , ) ( ) ( )k k
k

x t t u x




  using the function ( )k t  which 202 

implies that 
1

( )( , ) ( )k
k

k

d tx t u x
t dt

 






  . It is easily shown that the subsequences 203 

 ( , )mN x t  and ( , )mN x t
t

 
  

 are uniformly with respect to t  weakly converge to the 204 

functions ( , )x t  and  ( , )x t
t




 in 
0

2
2 ( )W D  and 2 ( )L D , respectively, i.e., limit relations 

 
205 

 
0

2
2 2

( , )( , ) in ( ),   in ( )
m

m

N
N weakly weakly x tx t W D L D

t t
  

  
    

                   (34) 206 

is written. Thus, since   0
mN B  ,    0 2 1

2 2[0, ], ( ) [0, ], ( )C T W D C T L D   . 207 

As similar to the paper (Yildirim Aksoy et al., 2016), it is shown that ( , )x t satisfies 208 

the equation (1)    for almost all x D and   0,any t T , the condition (2) 209 

   for almost all x D and the condition (3)     ,for almost all t S  .Thus, 0( , )x t B  . 210 

If we take the lower limit of inequality (10) for mN N  and m  by using the 211 

relations (34), we get that function ( , )x t satisfies the estimation (7). 212 

Finally, let's prove the uniqueness of the solution of the problem (1)-(3) in 0B . For 213 

purpose, let’s take two different solutions of the problem (1)-(3) such as ( , )x t  and 214 

( , )x t  in 0B . Then, the function ( , ) ( , ) ( , )x t x t x t     holds the following boundary 215 

value problem: 216 

  2 2
0 1 1( ) ( ) 0,   ( , )i a a x v x a a x t

t
       
        


 (35) 217 

 ( ,0) 0,   ,  ( , ) 0,   ( , ) .
S

x x D t t S        (36) 218 

To show the uniqueness of the solution, let’s multiply the equation (35) with ( , )x t and 219 

integrate over t . Thus,  we obtain  220 

  2 2 2 2 2 2 2
0 1 1( ) ( ) ( ) 0.

t

i a a x v x a a dxd
t
         



           (37) 221 

  

(37)

Subtracting the complex conjugate of (37) from itself and using the condition (36), we obtain 

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

which is equivalent to

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 



 Cilt / Volume: 7, Sayı / Issue: 2, 2017 239

Solution of a Nonlinear Schrödinger Equation with Galerkin’s Method

Since 

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

 and 

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

 it is written that

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

. Thus,

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

, which implies that 

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

. Hence, 

 

13 
 

Subtracting the complex conjugate of (37) from itself and using the condition (36), we 222 

obtain  223 

    
2

2 2 2 2 2
1 1( )

(., ) 2 Im 2 Im ( )
t t

L D
t a dxd a dxd       

 

       224 

which is equivalent to 225 

 
 

2

2 2 2 2 2
1 1( )

2 2 2
1

(., ) 2 Im 2

.
t t

t

L D
t a dxd a dxd

a dxd

        

   

 



  

 

 


 226 

Since 1 1 1 1 1Re Im Re Ima a a a a     and 1 1Im 2 Rea a  it is written that227 

1 1
3 Im
2

a a . Thus, 228 

 
2

2 2 2 2
1( )

1(., ) Im 0
2

t

L D
t a dxd    



    229 

for any [0, ]t T , which implies that
2

2

( )
(., ) 0 for any [0, ]

L D
t t T   . Hence,  230 

 ( , ) ( , ) for any [0, ],   almost all x t x t t T x D      231 

i.e., the problem (1)-(3) has a unique solution in 0B . 232 

CONCLUSION  233 

As a result, we obtained that the solution of the considered initial boundary value 234 

problem exists and it has a unique solution. Also, we shown that the solution of the 235 

partial differential equation satisfies a priori estimation. Different from the previous 236 

studies we studied a two-dimensional nonlinear Schrödinger equation. So, this study is 237 

more comprehensive than previous. 238 

REFERENCES 239 

Bu C, 1994. An initial-buondary value problem of the nonlinear Schröd inger equation, Appl. Anal. 53: 240 

241-254. 241 

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation with inhomogeneous Dirichlet-242 

Boundary data. J. Math. Phys., 46: 083504. 243 

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity Waves. J. Phys. Soc. Jpn., 33: 805-811. 244 

 

i.e., the problem (1)-(3) has a unique solution in 0B . 

REFERENCES

Bu C, 1994. An initial-buondary value problem of the nonlinear 
Schrödinger equation, Appl. Anal. 53: 241-254.

Bu C, Tsuyata K, Zhang C, 2005. Nonlinear Schrödinger equation 
with inhomogeneous Dirichlet-Boundary data. J. Math. Phys., 
46: 083504.

Hashimoto H, Ono H, 1972. H. Nonlinear modulation of Gravity 
Waves. J. Phys. Soc. Jpn., 33: 805-811.

Holmer J, 2005. The initial-boundary value problem for the 1-d 
nonlinear Schrödinger equation on the half-line. Diff. Integ. 
Equation, 18: 647-668.

Hsieh P F, Sibuya Y, 1999. Basic Theory of Ordinary Differential 
Equations, Springer Verlag, New York. 468p.

Iskenderov A D, Yagubov G Y, 2007. Optimal control Problem 
with unbounded potential for multidimensional, nonlinear 
and nonstationary Schrödinger equation. Proceedings of the 
Lankaran State University, Natural Sciences series. 3-56.

Kaikina E I, 2013. Inhomogeneous Neumann initial-boundary value 
problem for the nonlinear Schrödinger equation. Journal of 
Differential Equation, 255: 3338-3356.

Kelley P L,1965. Self-focusing of optical beams. Pyhsical Review 
Letters, 15: 1005-1008.

Ladyzhenskaya O A, 1985. The Boundary Value Problems of 
Mathematical Physics, Springer Verlag. 322p.

Mahmudov N M, 2007. Solvability of Boundary Value Problems for 
a Schrödinger Equation with Pure Imaginary Coefficient in the 
Nonlinear Part of This Equation. Proceedings of IMM of NAS 
of Azerbaijan, Vol.27, issue 35: 25-36.

Pontryagin L S, 1962. Ordinary Differential Equtions. Addison-
Wesley Publishing Comp., (translated from the Russian).

Schimizu K, Ichikawa Y H, 1972. Automodulation of Ion Oscillation 
Modes in Plasma. J. Phys. Soc. Jpn., 33: 789-792.

Stewartson K, Stuart J T, 1971. A Nonlinear Instability Theory for a 
Wave System in Plane Poiseuille Flow. J. of Fluid Mechanic, 
48(3): 529-545.

Strauss W, Bu C, 2001. An Inhomogeneous Boundary Value 
Problem for Nonlinear Schrödinger Equations. Journal of 
Differential Equations, 173: 79-91.

Talanov V I, 1965. Self-focusing of wave beams in nonlinear media. 
Soviet Physics-JETP Letters, 2:  138-141.

Tsutsumi M, 1991. On Global Solutions to the Initial Boundary 
Value Problem for Nonlinear Schrödinger Equation in Exterior 
Domain. Comm. Partial Diffential Equations, 6: 885-907.

Yildirim Aksoy N, Kocak Y, Ozeroglu Y, 2016. On the solvability of 
initial boundary value problems for nonlinear time-dependent 
Schrödinger equations. Quaestiones Mathematicae, 39(6): 
751-771.

CONCLUSION 

As a result, we obtained that the solution of the 

considered initial boundary value problem exists 

and it has a unique solution. Also, we shown that the 

solution of the partial differential equation satisfies a 

priori estimation. Different from the previous studies 

we studied a two-dimensional nonlinear Schrödinger 

equation. So, this study is more comprehensive than 

previous.  


