
ABSTRACT: The aim of this present study is to obtain the discrete fractional solutions of the radial Schrödinger 
equation by applying the nabla discrete fractional calculus (DFC) operator.
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ÖZET: Bu çalışmanın amacı, nabla ayrık kesirli hesap operatörünün uygulanmasıyla radyal Schrödinger 
denkleminin ayrık kesirli çözümlerini elde etmektir.
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An Application of Nabla Operator for the Radial Schrödinger 
Equation 

Radyal Schrödinger Denklemi İçin Nabla Operatörünün  
Bir Uygulaması

Reşat YILMAZER1
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INTRODUCTION

Two basic concepts of the ordinary calculus are 
derivative and integral operators and similarly, two 
basic concepts of the discrete calculus are sum and 
difference operators in mathematics. In the fractional 
calculus, orders of derivative and integral operators 
consist of arbitrary numbers and similarly, orders of sum 
and difference operators consist of arbitrary numbers 
in the discrete fractional calculus (DFC). Kuttner 
defined the difference operator with reel order in 1956 
(Kuttner, 1957). In 1974, Diaz and Osler studied on 
differences of fractional order (Diaz and Osler, 1974). 
Gray and Zhang developed a new concept for the 
fractional difference (Gray and Zhang, 1988). Miller 
and Ross introduced sum and difference operators with 
fractional order in 1989 (Miller and Ross, 1989). Thus, 
many scientific studies take part in literature related to 
fractional calculus and DFC at the present time.

Nabla DFC operator which is the basic subject of 
our paper has an important position in the DFC theory. 
Atici and Eloe mentioned the nabla derivative and, new 
identities of the gamma function were developed (Atici 

and Eloe, 2009). And, two definitions were defined for 
nabla discrete fractional sum operators (Abdeljawad 

and Atici, 2012). Nabla discrete Sumudu transform of 
Taylor monomials, fractional sums, and differences 
were studied and, this transform was used to obtain 
the solutions of some fractional difference equations 
with initial value problems (Jarad et al., 2012). Inc and 
Yilmazer exhibited some particular solutions of the 
Chebyshev’s equations via nabla DFC operator (Inc 
and Yilmazer, 2016). Sufficient conditions on global 
existence and uniqueness of solutions of nonlinear 
fractional nabla difference systems were introduced 
and, the dependence of solutions on initial conditions 
and parameters was studied (Jonnalagadda, 2015). 
A nabla DFC method was used to solve the confluent 
hypergeometric equation (Inc et al., 2016).  A study 
related to DFC operator was presented for the vibration 
equations (Ozturk, 2016).

In our present paper, we used nabla DFC 
operator for the radial Schrödinger equation and, we 
obtained the solutions both as fractional forms and 
as hypergeometric forms.   

MATERIALS AND METHODS
Definition 2.1. (Yilmazer and Ozturk, 2012) Fractional derivative and fractional integral definitions of 

Riemann-Liouville are as follows:

3 

 

𝐷𝐷𝑎𝑎 𝜏𝜏
𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]𝜔𝜔 = 1

Г(𝑘𝑘 − 𝜔𝜔)
𝑑𝑑𝑘𝑘
𝑑𝑑𝜏𝜏𝑘𝑘 ∫

𝜓𝜓(𝜌𝜌)
(𝜏𝜏 − 𝜌𝜌)𝜔𝜔+1−𝑘𝑘

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 

𝐷𝐷𝑎𝑎 𝜏𝜏
−𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]−𝜔𝜔 = 1

Г(𝜔𝜔)∫
𝜓𝜓(𝜌𝜌)

(𝜏𝜏 − 𝜌𝜌)1−𝜔𝜔

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑     (𝜏𝜏 > 𝑎𝑎, 𝜔𝜔 > 0). (2) 

 52 

Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 

[𝑎𝑎𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏(𝑧𝑧)]𝜔𝜔 = 𝑎𝑎𝜓𝜓𝜔𝜔(𝑧𝑧) + 𝑏𝑏𝜙𝜙𝜔𝜔(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (3) 

 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 

Lemma 2.2. If 𝜓𝜓(𝑧𝑧) is an analytic and single-valued function, index rule is 59 

 60 

[𝜓𝜓𝜈𝜈(𝑧𝑧)]𝜔𝜔 = 𝜓𝜓𝜈𝜈+𝜔𝜔(𝑧𝑧) = [𝜓𝜓𝜔𝜔(𝑧𝑧)]𝜈𝜈     (𝜈𝜈, 𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (4) 

 61 

where | Г(𝜈𝜈+𝜔𝜔+1)
Г(𝜈𝜈+1)Г(𝜔𝜔+1)| < ∞ (Yilmazer and Ozturk, 2013). 62 

 63 

3 

 

𝐷𝐷𝑎𝑎 𝜏𝜏
𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]𝜔𝜔 = 1

Г(𝑘𝑘 − 𝜔𝜔)
𝑑𝑑𝑘𝑘
𝑑𝑑𝜏𝜏𝑘𝑘 ∫

𝜓𝜓(𝜌𝜌)
(𝜏𝜏 − 𝜌𝜌)𝜔𝜔+1−𝑘𝑘

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 

𝐷𝐷𝑎𝑎 𝜏𝜏
−𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]−𝜔𝜔 = 1

Г(𝜔𝜔)∫
𝜓𝜓(𝜌𝜌)

(𝜏𝜏 − 𝜌𝜌)1−𝜔𝜔

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑     (𝜏𝜏 > 𝑎𝑎, 𝜔𝜔 > 0). (2) 

 52 

Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 

[𝑎𝑎𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏(𝑧𝑧)]𝜔𝜔 = 𝑎𝑎𝜓𝜓𝜔𝜔(𝑧𝑧) + 𝑏𝑏𝜙𝜙𝜔𝜔(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (3) 

 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 
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𝐷𝐷𝑎𝑎 𝜏𝜏
𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]𝜔𝜔 = 1

Г(𝑘𝑘 − 𝜔𝜔)
𝑑𝑑𝑘𝑘
𝑑𝑑𝜏𝜏𝑘𝑘 ∫

𝜓𝜓(𝜌𝜌)
(𝜏𝜏 − 𝜌𝜌)𝜔𝜔+1−𝑘𝑘

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 
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Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 
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 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 

Lemma 2.2. If 𝜓𝜓(𝑧𝑧) is an analytic and single-valued function, index rule is 59 

 60 

[𝜓𝜓𝜈𝜈(𝑧𝑧)]𝜔𝜔 = 𝜓𝜓𝜈𝜈+𝜔𝜔(𝑧𝑧) = [𝜓𝜓𝜔𝜔(𝑧𝑧)]𝜈𝜈     (𝜈𝜈, 𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (4) 

 61 

where | Г(𝜈𝜈+𝜔𝜔+1)
Г(𝜈𝜈+1)Г(𝜔𝜔+1)| < ∞ (Yilmazer and Ozturk, 2013). 62 

 63 

(2)

Lemma 2.1. When 
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𝐷𝐷𝑎𝑎 𝜏𝜏
𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]𝜔𝜔 = 1

Г(𝑘𝑘 − 𝜔𝜔)
𝑑𝑑𝑘𝑘
𝑑𝑑𝜏𝜏𝑘𝑘 ∫

𝜓𝜓(𝜌𝜌)
(𝜏𝜏 − 𝜌𝜌)𝜔𝜔+1−𝑘𝑘

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 

𝐷𝐷𝑎𝑎 𝜏𝜏
−𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]−𝜔𝜔 = 1

Г(𝜔𝜔)∫
𝜓𝜓(𝜌𝜌)

(𝜏𝜏 − 𝜌𝜌)1−𝜔𝜔

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑     (𝜏𝜏 > 𝑎𝑎, 𝜔𝜔 > 0). (2) 

 52 

Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 

[𝑎𝑎𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏(𝑧𝑧)]𝜔𝜔 = 𝑎𝑎𝜓𝜓𝜔𝜔(𝑧𝑧) + 𝑏𝑏𝜙𝜙𝜔𝜔(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (3) 

 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 

Lemma 2.2. If 𝜓𝜓(𝑧𝑧) is an analytic and single-valued function, index rule is 59 

 60 

[𝜓𝜓𝜈𝜈(𝑧𝑧)]𝜔𝜔 = 𝜓𝜓𝜈𝜈+𝜔𝜔(𝑧𝑧) = [𝜓𝜓𝜔𝜔(𝑧𝑧)]𝜈𝜈     (𝜈𝜈, 𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (4) 

 61 

where | Г(𝜈𝜈+𝜔𝜔+1)
Г(𝜈𝜈+1)Г(𝜔𝜔+1)| < ∞ (Yilmazer and Ozturk, 2013). 62 

 63 
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(3)

where a and b are constants (Ozturk and Yilmazer, 2016). 
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𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 

𝐷𝐷𝑎𝑎 𝜏𝜏
−𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]−𝜔𝜔 = 1

Г(𝜔𝜔)∫
𝜓𝜓(𝜌𝜌)

(𝜏𝜏 − 𝜌𝜌)1−𝜔𝜔

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑     (𝜏𝜏 > 𝑎𝑎, 𝜔𝜔 > 0). (2) 

 52 

Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 

[𝑎𝑎𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏(𝑧𝑧)]𝜔𝜔 = 𝑎𝑎𝜓𝜓𝜔𝜔(𝑧𝑧) + 𝑏𝑏𝜙𝜙𝜔𝜔(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (3) 

 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 

Lemma 2.2. If 𝜓𝜓(𝑧𝑧) is an analytic and single-valued function, index rule is 59 

 60 

[𝜓𝜓𝜈𝜈(𝑧𝑧)]𝜔𝜔 = 𝜓𝜓𝜈𝜈+𝜔𝜔(𝑧𝑧) = [𝜓𝜓𝜔𝜔(𝑧𝑧)]𝜈𝜈     (𝜈𝜈, 𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (4) 

 61 

where | Г(𝜈𝜈+𝜔𝜔+1)
Г(𝜈𝜈+1)Г(𝜔𝜔+1)| < ∞ (Yilmazer and Ozturk, 2013). 62 

 63 

 is an analytic and single-valued function, index rule is

3 

 

𝐷𝐷𝑎𝑎 𝜏𝜏
𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]𝜔𝜔 = 1

Г(𝑘𝑘 − 𝜔𝜔)
𝑑𝑑𝑘𝑘
𝑑𝑑𝜏𝜏𝑘𝑘 ∫

𝜓𝜓(𝜌𝜌)
(𝜏𝜏 − 𝜌𝜌)𝜔𝜔+1−𝑘𝑘

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 

𝐷𝐷𝑎𝑎 𝜏𝜏
−𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]−𝜔𝜔 = 1

Г(𝜔𝜔)∫
𝜓𝜓(𝜌𝜌)

(𝜏𝜏 − 𝜌𝜌)1−𝜔𝜔

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑     (𝜏𝜏 > 𝑎𝑎, 𝜔𝜔 > 0). (2) 

 52 

Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 

[𝑎𝑎𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏(𝑧𝑧)]𝜔𝜔 = 𝑎𝑎𝜓𝜓𝜔𝜔(𝑧𝑧) + 𝑏𝑏𝜙𝜙𝜔𝜔(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (3) 

 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 

Lemma 2.2. If 𝜓𝜓(𝑧𝑧) is an analytic and single-valued function, index rule is 59 

 60 

[𝜓𝜓𝜈𝜈(𝑧𝑧)]𝜔𝜔 = 𝜓𝜓𝜈𝜈+𝜔𝜔(𝑧𝑧) = [𝜓𝜓𝜔𝜔(𝑧𝑧)]𝜈𝜈     (𝜈𝜈, 𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (4) 

 61 

where | Г(𝜈𝜈+𝜔𝜔+1)
Г(𝜈𝜈+1)Г(𝜔𝜔+1)| < ∞ (Yilmazer and Ozturk, 2013). 62 

 63 

(4)

where 

3 

 

𝐷𝐷𝑎𝑎 𝜏𝜏
𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]𝜔𝜔 = 1

Г(𝑘𝑘 − 𝜔𝜔)
𝑑𝑑𝑘𝑘
𝑑𝑑𝜏𝜏𝑘𝑘 ∫

𝜓𝜓(𝜌𝜌)
(𝜏𝜏 − 𝜌𝜌)𝜔𝜔+1−𝑘𝑘

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑, 
(1) 

(𝑘𝑘 − 1 ≤ 𝜔𝜔 < 𝑘𝑘, 𝑘𝑘 ∈ ℕ), 

 49 

and, 50 

 51 

𝐷𝐷𝑎𝑎 𝜏𝜏
−𝜔𝜔𝜓𝜓(𝜏𝜏) = [𝜓𝜓(𝜏𝜏)]−𝜔𝜔 = 1

Г(𝜔𝜔)∫
𝜓𝜓(𝜌𝜌)

(𝜏𝜏 − 𝜌𝜌)1−𝜔𝜔

𝜏𝜏

𝑎𝑎

𝑑𝑑𝑑𝑑     (𝜏𝜏 > 𝑎𝑎, 𝜔𝜔 > 0). (2) 

 52 

Lemma 2.1. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, linearity 53 

rule is 54 

 55 

[𝑎𝑎𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏(𝑧𝑧)]𝜔𝜔 = 𝑎𝑎𝜓𝜓𝜔𝜔(𝑧𝑧) + 𝑏𝑏𝜙𝜙𝜔𝜔(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (3) 

 56 

where 𝑎𝑎 and 𝑏𝑏 are constants (Ozturk and Yilmazer, 2016). 57 

 58 

Lemma 2.2. If 𝜓𝜓(𝑧𝑧) is an analytic and single-valued function, index rule is 59 

 60 

[𝜓𝜓𝜈𝜈(𝑧𝑧)]𝜔𝜔 = 𝜓𝜓𝜈𝜈+𝜔𝜔(𝑧𝑧) = [𝜓𝜓𝜔𝜔(𝑧𝑧)]𝜈𝜈     (𝜈𝜈, 𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (4) 

 61 

where | Г(𝜈𝜈+𝜔𝜔+1)
Г(𝜈𝜈+1)Г(𝜔𝜔+1)| < ∞ (Yilmazer and Ozturk, 2013). 62 

 63 

 (Yilmazer and Ozturk, 2013).

Lemma 2.3. When 

4 

 

Lemma 2.3. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, generalized 64 

Leibniz rule is 65 

 66 

[𝜓𝜓(𝑧𝑧)𝜙𝜙(𝑧𝑧)]𝜔𝜔 = ∑ Г(𝜔𝜔 + 1)
Г(𝜔𝜔 − 𝑘𝑘 + 1)Г(𝑘𝑘 + 1)

∞

𝑘𝑘=0
𝜓𝜓𝜔𝜔−𝑘𝑘(𝑧𝑧)𝜙𝜙𝑘𝑘(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (5) 

 67 

where | Г(𝜔𝜔+1)
Г(𝜔𝜔−𝑘𝑘+1)Г(𝑘𝑘+1)| < ∞ ( Yilmazer and Ozturk, 2012). 68 

 69 

Property 2.1. In the fractional calculus, the following properties are available: 70 

 71 

(𝑒𝑒𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑎𝑎𝜔𝜔𝑒𝑒𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (6) 

(𝑒𝑒−𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑎𝑎𝜔𝜔𝑒𝑒−𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (7) 

(𝑧𝑧𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 Γ
(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) 𝑧𝑧𝑎𝑎−𝜔𝜔      (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ, |Γ

(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) | < ∞), (8) 

Γ(𝜔𝜔 − 𝑘𝑘) = (−1)𝑘𝑘 Γ(𝜔𝜔)Γ(1 − 𝜔𝜔)
Γ(𝑘𝑘 + 1 − 𝜔𝜔)      (𝜔𝜔 ∈ ℝ, 𝑘𝑘 ∈ ℤ0+), (9) 

 72 

where 𝜆𝜆 (𝜆𝜆 ≠ 0) is a constant (Ozturk and Yilmazer, 2016). 73 

 74 

Definition 2.2. The rising factorial power 𝜔𝜔𝑘̅𝑘 is given by 75 

 76 

𝜏𝜏𝑘̅𝑘 = 𝜏𝜏(𝜏𝜏 + 1)(𝜏𝜏 + 2) … (𝜏𝜏 + 𝑘𝑘 − 1)     (𝑘𝑘 ∈ ℕ, 𝜏𝜏0̅ = 1). (10) 

 77 

And, ‘‘𝜏𝜏 to the 𝜔𝜔 rising’’ is also defined by 78 

 and 

4 

 

Lemma 2.3. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, generalized 64 

Leibniz rule is 65 

 66 

[𝜓𝜓(𝑧𝑧)𝜙𝜙(𝑧𝑧)]𝜔𝜔 = ∑ Г(𝜔𝜔 + 1)
Г(𝜔𝜔 − 𝑘𝑘 + 1)Г(𝑘𝑘 + 1)

∞

𝑘𝑘=0
𝜓𝜓𝜔𝜔−𝑘𝑘(𝑧𝑧)𝜙𝜙𝑘𝑘(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (5) 

 67 

where | Г(𝜔𝜔+1)
Г(𝜔𝜔−𝑘𝑘+1)Г(𝑘𝑘+1)| < ∞ ( Yilmazer and Ozturk, 2012). 68 

 69 

Property 2.1. In the fractional calculus, the following properties are available: 70 

 71 

(𝑒𝑒𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑎𝑎𝜔𝜔𝑒𝑒𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (6) 

(𝑒𝑒−𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑎𝑎𝜔𝜔𝑒𝑒−𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (7) 

(𝑧𝑧𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 Γ
(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) 𝑧𝑧𝑎𝑎−𝜔𝜔      (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ, |Γ

(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) | < ∞), (8) 

Γ(𝜔𝜔 − 𝑘𝑘) = (−1)𝑘𝑘 Γ(𝜔𝜔)Γ(1 − 𝜔𝜔)
Γ(𝑘𝑘 + 1 − 𝜔𝜔)      (𝜔𝜔 ∈ ℝ, 𝑘𝑘 ∈ ℤ0+), (9) 

 72 

where 𝜆𝜆 (𝜆𝜆 ≠ 0) is a constant (Ozturk and Yilmazer, 2016). 73 

 74 

Definition 2.2. The rising factorial power 𝜔𝜔𝑘̅𝑘 is given by 75 

 76 

𝜏𝜏𝑘̅𝑘 = 𝜏𝜏(𝜏𝜏 + 1)(𝜏𝜏 + 2) … (𝜏𝜏 + 𝑘𝑘 − 1)     (𝑘𝑘 ∈ ℕ, 𝜏𝜏0̅ = 1). (10) 

 77 

And, ‘‘𝜏𝜏 to the 𝜔𝜔 rising’’ is also defined by 78 

 are analytic and single-valued functions, generalized Leibniz 
rule is

4 

 

Lemma 2.3. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, generalized 64 

Leibniz rule is 65 

 66 

[𝜓𝜓(𝑧𝑧)𝜙𝜙(𝑧𝑧)]𝜔𝜔 = ∑ Г(𝜔𝜔 + 1)
Г(𝜔𝜔 − 𝑘𝑘 + 1)Г(𝑘𝑘 + 1)

∞

𝑘𝑘=0
𝜓𝜓𝜔𝜔−𝑘𝑘(𝑧𝑧)𝜙𝜙𝑘𝑘(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (5) 

 67 

where | Г(𝜔𝜔+1)
Г(𝜔𝜔−𝑘𝑘+1)Г(𝑘𝑘+1)| < ∞ ( Yilmazer and Ozturk, 2012). 68 

 69 

Property 2.1. In the fractional calculus, the following properties are available: 70 

 71 

(𝑒𝑒𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑎𝑎𝜔𝜔𝑒𝑒𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (6) 

(𝑒𝑒−𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑎𝑎𝜔𝜔𝑒𝑒−𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (7) 

(𝑧𝑧𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 Γ
(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) 𝑧𝑧𝑎𝑎−𝜔𝜔      (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ, |Γ

(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) | < ∞), (8) 

Γ(𝜔𝜔 − 𝑘𝑘) = (−1)𝑘𝑘 Γ(𝜔𝜔)Γ(1 − 𝜔𝜔)
Γ(𝑘𝑘 + 1 − 𝜔𝜔)      (𝜔𝜔 ∈ ℝ, 𝑘𝑘 ∈ ℤ0+), (9) 

 72 

where 𝜆𝜆 (𝜆𝜆 ≠ 0) is a constant (Ozturk and Yilmazer, 2016). 73 

 74 

Definition 2.2. The rising factorial power 𝜔𝜔𝑘̅𝑘 is given by 75 

 76 

𝜏𝜏𝑘̅𝑘 = 𝜏𝜏(𝜏𝜏 + 1)(𝜏𝜏 + 2) … (𝜏𝜏 + 𝑘𝑘 − 1)     (𝑘𝑘 ∈ ℕ, 𝜏𝜏0̅ = 1). (10) 

 77 

And, ‘‘𝜏𝜏 to the 𝜔𝜔 rising’’ is also defined by 78 

(5)

where 

4 

 

Lemma 2.3. When 𝜓𝜓(𝑧𝑧) and 𝜙𝜙(𝑧𝑧) are analytic and single-valued functions, generalized 64 

Leibniz rule is 65 

 66 

[𝜓𝜓(𝑧𝑧)𝜙𝜙(𝑧𝑧)]𝜔𝜔 = ∑ Г(𝜔𝜔 + 1)
Г(𝜔𝜔 − 𝑘𝑘 + 1)Г(𝑘𝑘 + 1)

∞

𝑘𝑘=0
𝜓𝜓𝜔𝜔−𝑘𝑘(𝑧𝑧)𝜙𝜙𝑘𝑘(𝑧𝑧)     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ ), (5) 

 67 

where | Г(𝜔𝜔+1)
Г(𝜔𝜔−𝑘𝑘+1)Г(𝑘𝑘+1)| < ∞ ( Yilmazer and Ozturk, 2012). 68 

 69 

Property 2.1. In the fractional calculus, the following properties are available: 70 

 71 

(𝑒𝑒𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑎𝑎𝜔𝜔𝑒𝑒𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (6) 

(𝑒𝑒−𝑎𝑎𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑎𝑎𝜔𝜔𝑒𝑒−𝑎𝑎𝑎𝑎     (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ), (7) 

(𝑧𝑧𝑎𝑎)𝜔𝜔 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 Γ
(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) 𝑧𝑧𝑎𝑎−𝜔𝜔      (𝜔𝜔 ∈ ℝ, 𝑧𝑧 ∈ ℂ, |Γ

(𝜔𝜔 − 𝑎𝑎)
Γ(−𝑎𝑎) | < ∞), (8) 

Γ(𝜔𝜔 − 𝑘𝑘) = (−1)𝑘𝑘 Γ(𝜔𝜔)Γ(1 − 𝜔𝜔)
Γ(𝑘𝑘 + 1 − 𝜔𝜔)      (𝜔𝜔 ∈ ℝ, 𝑘𝑘 ∈ ℤ0+), (9) 

 72 

where 𝜆𝜆 (𝜆𝜆 ≠ 0) is a constant (Ozturk and Yilmazer, 2016). 73 

 74 

Definition 2.2. The rising factorial power 𝜔𝜔𝑘̅𝑘 is given by 75 

 76 

𝜏𝜏𝑘̅𝑘 = 𝜏𝜏(𝜏𝜏 + 1)(𝜏𝜏 + 2) … (𝜏𝜏 + 𝑘𝑘 − 1)     (𝑘𝑘 ∈ ℕ, 𝜏𝜏0̅ = 1). (10) 

 77 

And, ‘‘𝜏𝜏 to the 𝜔𝜔 rising’’ is also defined by 78 

 (Yilmazer and Ozturk, 2012).

Property 2.1. In the fractional calculus, the following properties are available:
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2𝜋𝜋𝑎𝑎 2⁄ (𝑎𝑎 − 2)𝑏𝑏0
     (𝑎𝑎 > 2). 

 124 

For ‘‘Eq. 23.’’, we use the following equalities: 125 
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where 1 ≤ 𝛽𝛽 ≤ 3, 0 ≤ 𝑥𝑥 ≤ ∞, and 𝛿𝛿𝑎𝑎 is defined by 122 
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𝛿𝛿𝑎𝑎 =
Γ (𝑎𝑎2)

2𝜋𝜋𝑎𝑎 2⁄ (𝑎𝑎 − 2)𝑏𝑏0
     (𝑎𝑎 > 2). 
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 129 

𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
ℏ2 . 

 130 

And then, we have 131 

 132 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝑧𝑧3−𝑎𝑎 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0     (𝑧𝑧 ∈ ℂ, 𝑧𝑧 ≠ 0), (24) 

 133 

where 𝜇𝜇 = 2ℓ + 𝛽𝛽 − 1, 𝜐𝜐 = 𝑐𝑐
23−𝑎𝑎𝛿𝛿4−𝑎𝑎 (Yilmazer and Ozturk, 2013). 134 

Hereafter, we can apply the nabla DFC operator to ‘‘Eq. 24.’’ by means of the following 135 

theorem. 136 

 137 

Theorem 3.1. Let 𝑎𝑎 = 2 in ‘‘Eq. 24.’’. Thus, we write 138 

  139 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝜐𝜐 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0. (25) 

 140 

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by 141 

 142 

𝜓𝜓I = 𝐴𝐴𝑧𝑧1−𝜇𝜇e(1−√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (26) 

𝜓𝜓II = 𝐵𝐵𝑧𝑧1−𝜇𝜇e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e−√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (27) 

 143 

where 𝜓𝜓 ∈ {𝜓𝜓: 0 ≠ ⎸𝜓𝜓𝜔𝜔⎸ < ∞;𝜔𝜔 ∈ ℝ}, 𝐴𝐴, 𝐵𝐵, 𝜇𝜇 and 𝜐𝜐 are constants. 144 

 145 

And then, we have
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𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
ℏ2 . 

 130 

And then, we have 131 

 132 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝑧𝑧3−𝑎𝑎 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0     (𝑧𝑧 ∈ ℂ, 𝑧𝑧 ≠ 0), (24) 

 133 

where 𝜇𝜇 = 2ℓ + 𝛽𝛽 − 1, 𝜐𝜐 = 𝑐𝑐
23−𝑎𝑎𝛿𝛿4−𝑎𝑎 (Yilmazer and Ozturk, 2013). 134 

Hereafter, we can apply the nabla DFC operator to ‘‘Eq. 24.’’ by means of the following 135 

theorem. 136 

 137 

Theorem 3.1. Let 𝑎𝑎 = 2 in ‘‘Eq. 24.’’. Thus, we write 138 

  139 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝜐𝜐 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0. (25) 

 140 

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by 141 

 142 

𝜓𝜓I = 𝐴𝐴𝑧𝑧1−𝜇𝜇e(1−√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (26) 

𝜓𝜓II = 𝐵𝐵𝑧𝑧1−𝜇𝜇e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e−√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (27) 

 143 

where 𝜓𝜓 ∈ {𝜓𝜓: 0 ≠ ⎸𝜓𝜓𝜔𝜔⎸ < ∞;𝜔𝜔 ∈ ℝ}, 𝐴𝐴, 𝐵𝐵, 𝜇𝜇 and 𝜐𝜐 are constants. 144 

 145 

(24)

where , 
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𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
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 130 

And then, we have 131 

 132 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝑧𝑧3−𝑎𝑎 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0     (𝑧𝑧 ∈ ℂ, 𝑧𝑧 ≠ 0), (24) 

 133 

where 𝜇𝜇 = 2ℓ + 𝛽𝛽 − 1, 𝜐𝜐 = 𝑐𝑐
23−𝑎𝑎𝛿𝛿4−𝑎𝑎 (Yilmazer and Ozturk, 2013). 134 

Hereafter, we can apply the nabla DFC operator to ‘‘Eq. 24.’’ by means of the following 135 

theorem. 136 

 137 

Theorem 3.1. Let 𝑎𝑎 = 2 in ‘‘Eq. 24.’’. Thus, we write 138 

  139 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝜐𝜐 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0. (25) 

 140 

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by 141 

 142 

𝜓𝜓I = 𝐴𝐴𝑧𝑧1−𝜇𝜇e(1−√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (26) 

𝜓𝜓II = 𝐵𝐵𝑧𝑧1−𝜇𝜇e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e−√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (27) 

 143 

where 𝜓𝜓 ∈ {𝜓𝜓: 0 ≠ ⎸𝜓𝜓𝜔𝜔⎸ < ∞;𝜔𝜔 ∈ ℝ}, 𝐴𝐴, 𝐵𝐵, 𝜇𝜇 and 𝜐𝜐 are constants. 144 

 145 
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𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
ℏ2 . 

 130 

And then, we have 131 

 132 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝑧𝑧3−𝑎𝑎 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0     (𝑧𝑧 ∈ ℂ, 𝑧𝑧 ≠ 0), (24) 

 133 

where 𝜇𝜇 = 2ℓ + 𝛽𝛽 − 1, 𝜐𝜐 = 𝑐𝑐
23−𝑎𝑎𝛿𝛿4−𝑎𝑎 (Yilmazer and Ozturk, 2013). 134 

Hereafter, we can apply the nabla DFC operator to ‘‘Eq. 24.’’ by means of the following 135 

theorem. 136 

 137 

Theorem 3.1. Let 𝑎𝑎 = 2 in ‘‘Eq. 24.’’. Thus, we write 138 

  139 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝜐𝜐 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0. (25) 

 140 

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by 141 

 142 

𝜓𝜓I = 𝐴𝐴𝑧𝑧1−𝜇𝜇e(1−√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (26) 

𝜓𝜓II = 𝐵𝐵𝑧𝑧1−𝜇𝜇e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e−√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (27) 

 143 

where 𝜓𝜓 ∈ {𝜓𝜓: 0 ≠ ⎸𝜓𝜓𝜔𝜔⎸ < ∞;𝜔𝜔 ∈ ℝ}, 𝐴𝐴, 𝐵𝐵, 𝜇𝜇 and 𝜐𝜐 are constants. 144 

 145 

(25)

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by



Cilt / Volume: 7, Sayı / Issue: 3, 2017 205

An Application of Nabla Operator for the Radial Schrödinger Equation 

8 

 

 129 

𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
ℏ2 . 

 130 

And then, we have 131 

 132 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝑧𝑧3−𝑎𝑎 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0     (𝑧𝑧 ∈ ℂ, 𝑧𝑧 ≠ 0), (24) 

 133 

where 𝜇𝜇 = 2ℓ + 𝛽𝛽 − 1, 𝜐𝜐 = 𝑐𝑐
23−𝑎𝑎𝛿𝛿4−𝑎𝑎 (Yilmazer and Ozturk, 2013). 134 

Hereafter, we can apply the nabla DFC operator to ‘‘Eq. 24.’’ by means of the following 135 

theorem. 136 

 137 

Theorem 3.1. Let 𝑎𝑎 = 2 in ‘‘Eq. 24.’’. Thus, we write 138 

  139 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝜐𝜐 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0. (25) 

 140 

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by 141 

 142 

𝜓𝜓I = 𝐴𝐴𝑧𝑧1−𝜇𝜇e(1−√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (26) 

𝜓𝜓II = 𝐵𝐵𝑧𝑧1−𝜇𝜇e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e−√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (27) 

 143 

where 𝜓𝜓 ∈ {𝜓𝜓: 0 ≠ ⎸𝜓𝜓𝜔𝜔⎸ < ∞;𝜔𝜔 ∈ ℝ}, 𝐴𝐴, 𝐵𝐵, 𝜇𝜇 and 𝜐𝜐 are constants. 144 

 145 

(26)
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𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
ℏ2 . 

 130 

And then, we have 131 

 132 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝑧𝑧3−𝑎𝑎 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0     (𝑧𝑧 ∈ ℂ, 𝑧𝑧 ≠ 0), (24) 

 133 

where 𝜇𝜇 = 2ℓ + 𝛽𝛽 − 1, 𝜐𝜐 = 𝑐𝑐
23−𝑎𝑎𝛿𝛿4−𝑎𝑎 (Yilmazer and Ozturk, 2013). 134 

Hereafter, we can apply the nabla DFC operator to ‘‘Eq. 24.’’ by means of the following 135 

theorem. 136 

 137 

Theorem 3.1. Let 𝑎𝑎 = 2 in ‘‘Eq. 24.’’. Thus, we write 138 

  139 

𝑧𝑧 𝑑𝑑
2𝜓𝜓
𝑑𝑑𝑧𝑧2 + (𝜇𝜇 − 𝑧𝑧) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + (𝜐𝜐𝜐𝜐 − 𝜇𝜇

2)𝜓𝜓(𝑧𝑧) = 0. (25) 

 140 

The discrete fractional solutions of ‘‘Eq. 25.’’ are given by 141 

 142 

𝜓𝜓I = 𝐴𝐴𝑧𝑧1−𝜇𝜇e(1−√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (26) 

𝜓𝜓II = 𝐵𝐵𝑧𝑧1−𝜇𝜇e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ [𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e−√1−4𝜐𝜐𝑧𝑧]−(1+𝙴𝙴−1𝜉𝜉), (27) 

 143 

where 𝜓𝜓 ∈ {𝜓𝜓: 0 ≠ ⎸𝜓𝜓𝜔𝜔⎸ < ∞;𝜔𝜔 ∈ ℝ}, 𝐴𝐴, 𝐵𝐵, 𝜇𝜇 and 𝜐𝜐 are constants. 144 

 145 

(27)

where 

8 

 

 129 

𝑧𝑧 = 2𝛿𝛿𝛿𝛿,     𝑐𝑐 = 𝑚𝑚e2𝛿𝛿𝑎𝑎
ℏ2 . 
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2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 
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If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 
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Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 
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 for ‘‘Eq. 25.’’, and then, we have

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

(28)

If we get 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 in ‘‘Eq. 28.’’, so 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 When 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 we obtain ‘‘Eq. 

25.’’ from ‘‘Eq. 28.’’. So, we use 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 for ‘‘Eq. 28.’’, and

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

(29)

Now, we get 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 for ‘‘Eq. 28.’’, and so,

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

(30)

If 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 in ‘‘Eq. 30.’’, thus, 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 and, we obtain

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

(31)

where 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 Hereafter, we can use the nabla 

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) 

 DFC operator to ‘‘Eq. 31.’’, and we have



Iğdır Üni. Fen Bilimleri Enst. Der. / Iğdır Univ. J. Inst. Sci. & Tech.206

Reşat YILMAZER

9 

 

Proof. At first, we choose 𝜓𝜓 = 𝑧𝑧𝛼𝛼𝜑𝜑  (𝜑𝜑 = 𝜑𝜑(𝑧𝑧)) for ‘‘Eq. 25.’’, and then, we have 146 

 147 

𝑧𝑧𝜑𝜑2 + (2𝛼𝛼 + 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + [𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1)𝑧𝑧−1 − (𝛼𝛼 + 𝜇𝜇
2) + 𝜐𝜐𝜐𝜐]𝜑𝜑 = 0. (28) 

 148 

If we get 𝛼𝛼(𝛼𝛼 + 𝜇𝜇 − 1) = 0 in ‘‘Eq. 28.’’, so 𝛼𝛼 = 0 or 𝛼𝛼 = 1 − 𝜇𝜇. When 𝛼𝛼 = 0, we 149 

obtain ‘‘Eq. 25.’’ from ‘‘Eq. 28.’’. So, we use 𝛼𝛼 = 1 − 𝜇𝜇 for ‘‘Eq. 28.’’, and 150 

 151 

𝑧𝑧𝜑𝜑2 + (2 − 𝜇𝜇 − 𝑧𝑧)𝜑𝜑1 + (𝜇𝜇2 − 1 + 𝜐𝜐𝜐𝜐)𝜑𝜑 = 0. (29) 

 152 

Now, we get 𝜑𝜑 = e𝜂𝜂𝜂𝜂𝑓𝑓  (𝑓𝑓 = 𝑓𝑓(𝑧𝑧)) for ‘‘Eq. 28.’’, and so, 153 

 154 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 + (2𝜂𝜂 − 1)𝑧𝑧]𝑓𝑓1 + [𝜂𝜂(2 − 𝜇𝜇) + 𝜇𝜇
2 − 1 + (𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐)𝑧𝑧] 𝑓𝑓 = 0. (30) 

 155 

If 𝜂𝜂2 − 𝜂𝜂 + 𝜐𝜐 = 0 in ‘‘Eq. 30.’’, thus, 𝜂𝜂 = 1±√1−4𝜐𝜐
2  and, we obtain 156 

 157 

𝑧𝑧𝑧𝑧2 + [2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1 + [√1 − 4𝜐𝜐 (𝜇𝜇2 − 1)] 𝑓𝑓 = 0. (31) 

 158 

where 𝜂𝜂 = 1−√1−4𝜐𝜐
2 . Hereafter, we can use the nabla (∇𝜔𝜔) DFC operator to ‘‘Eq. 31.’’, 159 

and we have 160 

 161 

𝑧𝑧𝑓𝑓2+𝜔𝜔 + [𝜔𝜔𝜔𝜔 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝜔𝜔 − √1 − 4𝜐𝜐 (𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1) 𝑓𝑓𝜔𝜔 = 0. (32) (32)

For 

10 

 

 162 

For 𝜔𝜔𝜔𝜔 − 𝜇𝜇
2 + 1 = 0 in ‘‘Eq. 32.’’, 𝜔𝜔 = 𝙴𝙴−1𝜉𝜉  (𝜉𝜉 = 𝜇𝜇

2 − 1), and ‘‘Eq. 32.’’ is be 163 

written as 164 

 165 

𝑧𝑧𝑓𝑓2+𝙴𝙴−1𝜉𝜉 + [𝜉𝜉 + 2 − 𝜇𝜇 − √1 − 4𝜐𝜐𝑧𝑧]𝑓𝑓1+𝙴𝙴−1𝜉𝜉 = 0. (33) 

 166 

Now, we suppose that 𝑓𝑓1+𝙴𝙴−1𝜉𝜉 = 𝑔𝑔 = 𝑔𝑔(𝑧𝑧)   (𝑓𝑓 = 𝑔𝑔−(1+𝙴𝙴−1𝜉𝜉)) for ‘‘Eq. 33.’’. 167 

Therefore, 168 

 169 

𝑔𝑔1 + [(𝜉𝜉 + 2 − 𝜇𝜇)𝑧𝑧−1 − √1 − 4𝜐𝜐]𝑔𝑔 = 0, (34) 
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𝑔𝑔 = 𝐴𝐴𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)e√1−4𝜐𝜐𝑧𝑧, (35) 
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where 𝐴𝐴 is a constant. After all, we obtain ‘‘Eq. 26.’’ by means of backwards processes. 174 

By means of the similar steps, we have ‘‘Eq. 26.’’ for 𝜂𝜂 = 1+√1−4𝜐𝜐
2  in ‘‘Eq. 31.’’. 175 
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Theorem 3.2. Let 𝜑𝜑02  be Gauss hypergeometric function. ‘‘Eq. 26.’’ is written as the 177 

following hypergeometric form: 178 

𝜓𝜓(𝑧𝑧) = 𝑧𝑧−(𝜉𝜉+1)e(1+√1−4𝜐𝜐)𝑧𝑧 2⁄ 𝜑𝜑02 [1 − 𝙴𝙴−1𝜉𝜉, 𝜉𝜉 + 2 − 𝜇𝜇; 1
√1 − 4𝜐𝜐𝑧𝑧

] , (36) 

where |[𝑧𝑧−(𝜉𝜉+2−𝜇𝜇)]𝑘𝑘| < ∞ (𝑘𝑘 ∈ ℤ+ ∪ {0}) and | 1
√1−4𝜐𝜐𝑧𝑧| < 1. 179 
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CONCLUSION

Our present paper is related to an application of 
nabla DFC operator for the radial Schrödinger equation. 
In this context, we obtained the successful results for 

the fractional calculus studies under favour of discrete 
fractional solutions and hypergeometric forms. And, 
we will use this operator (or, similar operators) for the 
different equations in our future studies.  
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