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Abstract

The primary objective of the paper is to employ the Aboodh transform to solve Caputo-Fabrizio ordinary
fractional differential equations. Furthermore, the methodology described is used to solve some common
fractional differential equations. Analyzed using the Aboodh Transform Method are random ordinary
differential equations derived by randomly picking the coefficients or initial conditions of Caputo-Fabrizio
fractional ordinary differential equations. The initial conditions or coefficients of the equations are converted
into random variables distributed according to Normal, Uniform, and Exponential distributions. The probability
characteristics, including expected value, variance, coefficient of variation, and confidence interval, of the
random ordinary differential equations solved are computed using the MATLAB (2013a) package software.
The acquired results are then shown and discussed.

Keywords: Caputo-Fabrizio fractional derivative, Aboodh Transform Method, Continuous probability
distributions, variance

Aboodh Doéniisiim Yontemi ile Caputo-Fabrizio Rastgele Kesirli Adi Diferansiyel
Denklemlerin Coziimleri

Oz

Makalenin temel amaci, Caputo-Fabrizio adi kesirli diferansiyel denklemlerini ¢ézmek ic¢in Aboodh
doniisiimiini kullanmaktir. Ayrica, agiklanan metodoloji bazi yaygin kesirli diferansiyel denklemleri ¢6zmek
icin de kullanilir. Caputo-Fabrizio kesirli adi diferansiyel denklemlerinin katsayilarim veya baslangic
kosullarin1 rastgele segerek tiiretilen rastgele adi diferansiyel denklemler, Aboodh Doniisiim Yontemi
kullanilarak analiz edilmektedir. Denklemlerin baslangi¢ kosullar1 veya katsayilar1, Normal, Diizgiin ve Ustel
dagilimlara gore segilerek, denklemler rastgele hale doniistiiriilir. Coziilen rastgele adi diferansiyel
denklemlerin beklenen deger, varyans, varyasyon katsayisi ve giiven aralig1 gibi olasilik 6zellikleri, MATLAB
(2013a) paket yazilimi kullanilarak hesaplanir. Daha sonra elde edilen sonuglar grafiksel olarak gosterilir ve
elde edilen sonuglar yorumlanir.

Anahtar Kelimeler: Caputo-Fabrizio kesirli tiirev, Aboodh Doniisim Metodu, Siirekli olasilik dagilimi,
varyans.
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1.Introduction

As an expanded version of the standard differential equation, fractional differential equations
(FDEs) require the derivatives of a function to have fractional degrees. In order to provide a
more comprehensive description of the behavior of physical events and systems, these
equations are utilized. Electrical circuits, bioengineering, thermal systems, chemistry, physics,
and control theory are just a few of the numerous fields that rely on fractional differential
equations. It is possible to use mathematics to model many issues in these domains. These issues
are first expressed as differential equations, and then approximate analytical solutions are found
using a variety of approaches.

In 2013, Khalid Aboodh introduced the world to the Aboodh transform[1-2]. The solutions of
both ordinary and partial differential equations have also been subjected to this transform. The
usual Fourier integral equation yields the Aboodh transform. The Aboodh transform's
fundamental characteristics stem from elementary mathematical procedures. Both ordinary and
partial differential equations are made easier to solve with this transform. Recently, many
studies using the Aboodh transform method have been published[3-8] .

Research on RDEs has recently progressed; for example, Asai and Kloeden used RDEs to find
numerical solutions to random ordinary RDEs [9]. Mathematical Modeling of Dengue Fever
Disease Under Random Effects was solved by Bekiryazici et al. [10]. In their study on the
Hepatitis C model, Merdan et al. [11] looked at its deterministic stability and its random
behavior. In a study conducted by Merdan et al. [12], the researchers compared stochastic and
random models used to predict bacterial resistance. In a recent study by Anag et al. [13], the
novel Sumudu transform approach was employed to discover solutions to random temporal
fractional partial differential equations. According to Bekiryazici et al.[14], compartmental
models were subjected to a variant of the Random differential transform approach. Merdan et
al. [15], studied the random component time fractional Klein-Gordon equation with the new
Sumudu transformation method. Mathematical Modeling of of Zika virus transmission Under
Random Effects was solved by Bekiryazici et al. [16]. Anag et al.[17] obtained the solution of
some random partial differential equations using the differential transform method and the
Laplace-Padé method. A. Alkan[18-21] has recently conducted significant research on the
solutions of fractional order with Advection, Fornberg-Whitham, Burgers, and Newell-
Whitehead-Segel equations of Caputo-Fabrizio derivatives.

An investigation of the use of the Aboodh transform technique for solving ordinary differential
equations of fractional order using the Caputo-Fabrizio fractional derivative is carried out in
this paper. In order to make solving fractional order differential equations easier, the Aboodh
transform reduces them to a more straightforward algebraic form. This transform will be used
to find solutions to several differential equations. Applying the Aboodh transform method to
fractional order differential equations with randomized coefficients and initial conditions using
random variables, we will study the solutions' probabilistic properties, find their expected value,
variance, coefficient of variation, and confidence interval using parameters drawn from various
probability distributions, and finally, analyze the graphs' behavior in MATLAB programs.

150



The Solutions of Caputo-Fabrizio Random Fractional Ordinary Differential Equations by Aboodh
Transform Method

This investigation investigates the utilization of the Aboodh transform method to resolve
fractional order problems. The current document is organized as follows: Section 2 offers a
concise overview of numerous pivotal definitions. A description of the research methodology
is provided in Section 3. In Section 4, three examples are provided to illustrate the application
of the methodology. In Section 5, the findings are presented and subsequently elaborated upon
and interpreted. The principal findings are ultimately summarized in Section 6.

2.Preliminaries

Here we present some basic definitions of Caputo-Fabrizio that are important to our research.

Definition 1. Caputo-Fabrizio fractional derivative[22] of order g(t)

—a(t-1)

Epag(t) = K9 [' gimyel e lar, 0<a <1 (1)
g' €G' (a,b),b >0 and K(«) is the normalization constant depending on a where
KO =K1 =1

Definition 2. Caputo fractional derivative of g(t), where a > 0is the order of the Caputo
fractional derivative[22-24]:

1
I'k—-a)

fot(t — )k 1gP(§)ds, k—1<a <k

DEg(t) = @)

an
a?g(t) , a = neN

It is defined as.

Definition 3. The functions in the set A described as follows are taken into consideration by a
new transform for exponential functions known as the Aboodh transform [1-3].

A={g(t):3M,p,,p, >0,| g(O)] <Me™} 3
Aboodh transform of function g(t)

(00}

1
Alg(t)} = Afh(s)} = ;f g)e™tdt,t 20,p; <s < p, (4)

0

It is defined as.

Definition 4. Laplace Transform of Caputo-Fabrizio fractional derivative[25-27]:

n+1 1 £a(6)}—g(0)s™— gr(0)s*1—-..— g (o
L{EEDE g (D)(s) = TR 0 o<as<1 (5)
forn=0
L{g(t)}-h(0)
L{EDEG(0)}(s) = LM (©)
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Theorem 1. Aboodh transform of the Caputo-Fabrizio fractional derivative[28-29] of order «,
where the Aboodh transform of the function g(t) is A{h(s)};

s Afh(s)) -1
A{EDEG(OI(s) = ————=

a+s(1-a) (7)

Table 1. Aboodh Transforms of Some Functions

f@® A (1))
1 1
s?
tn
E n+2 (n = 0)
e—at 1
s(s+a)
1w, 1 1
€ a s2(s+ a)
e+ —t— 1 -
az’ a a s3(s+ a)

3. Aboodh Transform Method
When the fractional ordinary differential equation is given as
Dy(t) = g(®) + Ry(t) (®)
and y(0) = c initial condition, Df = “*D& a Caputo-Fabrizio fractional derivative operator
0 < a <1, R a linear operator, g a function that shows the homogeneity of the differential
equation and y(t) Let be the solution of the equation. If the Aboodh transform[1-3] is applied
to both sides of the equation (8);

A{DEy(t) } = A{g(6)} + A{Ry(1)}

s Ay () - L0
a+s(l—a)

= A{g(t)} + A{Ry(t)}

y(0)

s2

AY()) =5+ (% +(1- a)) Alg()} + (g +(1- a)) ARY(S)} (9

is obtained. Then, if the inverse Aboodh transform of expression (9) is taken,

A A(y(s))] = A1 l%)) + <§ +(1- a)> Afg()} + <§ +(1- a)> A{Ry(s)}l
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is obtained.
4.Application

This Chapter presents compelling and insightful examples, accompanied by graphical findings,
to illustrate the efficacy and straightforwardness of the approach we introduced in Chapter 3.
Examplel.

Fpeyt)=2+5y(t), 0<a<1,y(0)=c, c~U(a=1b=3) (10)

Application of the Aboodh transform to solve the Caputo-Fabrizio fractional random ordinary
differential equation, where c is a random variable with a uniform distribution.
Solution: (10) If the Aboodh transform of both sides of the equation is taken;

A[“DE y(©)] = A[2] + 5A[y(1)]

sA()) - L0
a+s(l- a)

= 5 +5A40/(s)

An equation is derived.

Y(O) 2(a+s(—-a))
SZ

s A(y(s)) — +5(a+ 51— a))AW(s)

Z(a +s(1—-a))

Ay())[s - 5(a +s(1 — )] =

SZ
B c 2@ +s(1—a))
A(y($) = s((5a — 4)s — 5a) + s2((5a — 4)s — 5a)
c 2(0{ +s(1 - a))
A(y(s)) = t 2
b Sa -5 (s - g7y) (o= s =5a)
c 2a
A(y(s)) = +
Ga=0s(s - 57%5)  Ga-0s— 550
25s(1—a)
* (5a — 4)s?(s — =22
5a —4
c 2a
A(y(s)) = +
Ga=0s(s ~ 57%5)  Ga-Dsi6— 550
N 2(1-a) - 1)
Ga—-4s(s — 5,7
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(11) If the inverse Aboodh transform is taken on both sides of the equation;

A A(y())]

1 c 1 2a
= A S5a tA” 5a
_ A _ 2(c_ 24
_(Sa 4)s (s £y — 4) (5a —4)s (s £y — 4)
e 2(1 — a)
S5a
i (5a —4)s (s — m)
. 55064,: N 2a -1 55064,: N 1 N 2(1-a) 55a4t
= a— a— a—
Y=gl Sa—4| —5a °© —5a | Ga—4)°
S5a — 4 S5a —4
_sa_ 22 2% _sa_ 2
y(t) = SaC—4 e5a—4t + _Z 95a—4t + Ees:x—z;t - (]2)

the general solution is obtained.

X If the random variable has a uniform distribution, using the probability density function,

dx

b
E(X”)zf x".b_a

from the expression c~U(a, b) the expected value of the random variable;

a+b
2

Var(X) = E(X?) — [E(X)]? The variance from the equality is[30-31];

Elc] =

(b—a)’
Var|c| = ————
[c] 7
It is calculated as.
Based on these moments, one can compute the anticipated values of the independent random

variables X and Y by using the formula E[XY] = E[X]E[Y].

5a ¢ 2 -2« 5a ¢ 2 s5a . 2
Eb®]=E 50{—4850‘_4 +50{—4€5a_4 + geSa_4 5
5a
eS5a—4at 2—2a 5a . 2 sa . 2
EIy(6)] = o Elc] + o esa s’ + Cesat — ¢
5a ¢
Ely(®)] esa—4 a+b+2—2a 55“4:+ 2 55a4t 2
= a— - pr &
YOl = =2 T sa—a® 5¢ :

The expected value for special values a = 1,b = 3 is
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S5a
eSa—4 143 2—-2a S5a¢, 2 5a. 2
Ely®] = E T4 2 S €5 + gesad —
E[y(t)] = z 2 5a— ey es5a—4" + —eSa-4 — E

Ely(0)] = ¢ — e5a-3' + Zesaa' — ©

can be calculated as the above expressions.

Expected value of y(t)

3000 : : . . - : : c .
_-0-— (X.=1 ’é
--- 4=0.98 !
2500 - - =096 {1
-<)-- ,=0.94 ’,'
2000 |- ¢ -
I’
'l
= 1
< 1500 - ]
i 4
4
Il 7
1000/ & /
VAR 2
ﬁ <
I
=00 &
I ww&a&z w -
06 07 . 1

Figure 1. solution behaviour of E (y(t)) for a € {1,0.98,0.96,0.94}
When we look at Figure 1, it is observed that when the fractional derivative value alpha

decreases from 1 to 0.94, the expected value increases.

c 5a 2—2a _5a 2 sa, 2
Varly(t)] = Var 5a_495a—4 + 5a_435a—4 + gesa—z; -z

10a

a—4t
Varly(t)] Ga — 1) Var|c]

10a

esa-4' (b —a)?

Varl[y(t)] Ga—1? 12

Variance for special valuesa = 1,b = 3,

seedt (3—1)?
Varly(®)] = (seof— 4)2'( 12 )
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[ ] 1 10 ¢
Var t = ——e5a-4
YOI =35 =22
It is calculated as.
x 10° Variance of y(t)
5 |5 |5 L |5 U U U |5 |5
45 D £>
O --- =098 i
4l ~O- a=0.96 !
r~ r
-0~ 4=0.94 ;
3.5 H
1
i
3L : |
— 1
< L5 i
> O -
4
21 I -
1
1
1
1.5 ! |

Figure 2. solution behaviour of Var(y(t)) for @ € {1,0.98,0.96,0.94}
When we look at Figure 2, it is observed that when the fractional derivative value alpha

decreases from 1 to 0.94, the variance value increases.
Confidence interval

[E (y(t)) — 3stddeviation(y(t)), E(y(t)) + 3stddeviation(y(t))]

=1 confidence interval =0.98 confidence interval

S 700 8
.g 'E
3 600L 3
s ! H]
2 500 |- Fi 2
© ©
B 400 / @
™ [ ;j ]
ks} ’ ’ 5
T %or - z
.
[°3 @
£ 200 REEy- g £
@ pug ®
g 2
$ 100 5
2 =
5 15
o o
8 8

,=0.94 confidence interval

«=0.96 confidence interval

5000

- El 1Sty ()] !
- EDYO)] /

4000
-0~ Ely1+3*stdly ()] lj
;

T

confidence interval of 3 Standart deviation
confidence interval of 3 Standart deviation

Figure 3. solution behaviour of stddeviation(y(t)) for a € {1,0.98,0.96,0.94}
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When we look at Figure 3, confidence intervals with 3 standard deviations are drawn for the
values of a€{1,0.98,0.96,0.94}. It is seen that the confidence limits increase as alpha takes

decreasing values from 1 to 0.94.
a=1 Coefficient of Variation of y(t)

30

Q

28

CV(y(t)
o®

26|

--@-- CV(y(t)
g
>
(@]
0.5

t

o=0.96 Coefficient of Variation of y(t)

CV(y(®)
3

--@- CV(y(t)

0.5
t

CV(y(®)

o.=0.98 Coefficient of Variation of y(t)

30

26

R

--@- CV(y(h)

0.5
t

o.=0.94 Coefficient of Variation of y(t)

.

n

Q
a

--@- CV(y(t)

0.5
t

Figure 4. solution behaviour of CV (y(t)) coefficient variation for « € {1,0.98,0.96,0.94}

Table 2. Table for the 99% confidence interval, variance, coefficient of variation, and

expectation value

t

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Efy(t)]
2.126315789
3.853808345
6.762558821
11.66031036
19.90714019
33.79314514
57.17438825
96.54370522

162.8337273

Var(y(®)]

0.3693444137
1.047157723
2.968880145
8.417308226
23.86458002
67.66036887
191.8292931
543.8704861

1541.970471

Cviy(®)]

28.58169650
26.55314316
25.47917002
24.88149694
24.53963072
24.34100844
24.22456217
24.15593117

24.11535527

E[y(®)] - 3Std[y(1)]

0.3031044130

0.7838866040

1.593427242

2.956531067

5.251724120

9.116368220

15.62365256

26.58061229

45.02993180

E[y(®)] + 3Std[y(1)]

3.949527165

6.923730086

11.93169040

20.36408965

34.56255626

58.46992206

98.72512394

166.5067982

280.6375228
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0.9 274.4528093 4371.763121 24.09132189 76.09488020 472.8107384

1 462.3969229 12394.73333 24.07707127 128.4020129 796.3918329

Table 2 provides the expected value, variance, coefficient of variation, and confidence interval
for K = 3 and a = 0.99 values. As can be seen, the results for ¢ € [0,1] values are obtained
for the parameter selected from the uniform distribution.

Example 2.

“pryt)y=1-y(), 0<a<1,y(0)=B ,B~N(u=>502=1) (13)
Determine the solution to the Caputo-Fabrizio fractional random ordinary differential equation
using the Aboodh transform, where B is a random variable following a normal distribution.

Solution: (13) If the Aboodh transform of both sides of the equation is taken;
A{DEy(O) } = A1) — Ay (1))

sApe) - X0

a+s(1—a) ~ 52 —AG)

y(0) a+s(l—a)
s 52

—(@+s(1-a)AW(s)
B a+s(1—-a)

S c/l(y(s)) —

A(y))Is+a+s(l—a)] = —+ 3
_ B a+s(l—a)
A(y(s)) = R N (ORI
A(y(5) > b ! Pl 14
S = . .
y (Z—a)(sz+zfas) 2—a 52(s+2fa) Z—as(s_l_zila)

(14) If the inverse Aboodh transform is taken on both sides of the equation;

158



The Solutions of Caputo-Fabrizio Random Fractional Ordinary Differential Equations by Aboodh

Transform Method
A A(y())]
_ g1 B + o4t a 1
_ a 2—a 2
_(2 a)s(s+2 a) s (S+2 a)
1—«a 1
+ A P 7
_ -—a S(S+2—a)
(t) 7= 4+ — L [ N g
= —-a -a . -a
Y 2—a'® 2—a’ a ¢ a 2—a'’
22—« 2—«a
_ (B+l-a a%t— a%t
y(t) = (—z_a ).e 2 ea-2 4+ 1 (15)

the general solution is obtained.

fora =1 ;

y(t) = Be™t — et 4+ 1 is obtained.

Let X be a random variable with a normal distribution[30-31]. By using the moment generating

1
function of the normal distribution M, (t) = E[e** ] = e(” t30%t%) , the first and second
moments of the random variable X~N (u, 02) are;

M.(0) =E[X] = u, E[X?]|=u?+ 0%, Var[X] = o2

1—a

E[y®)] =E[ 5 _emf+<

—at
—1).ea-2 1
2—«a )ea + ]

2—«a

Ely(Ol=E [2 f a.e%f] +E [(%)e%f] + E[1]

1 _a, 1 a,
Ely(®)] = > ea-2 E[B] + > ea=2" + 1

e t
.ea—2" 4+ 1
2

@,
ea=-2"u +

Ely®l =5— p—

For the special value u = 5, it is calculated as

a

Ely(®)] = 7= eaa’ + — .ea2" + 1.
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Expected value of y(t)

\0\ __o__‘ o=

0 0= 008
451 \Q --@Q-- =08 1

o O - 007

o X

ﬁ‘ONO*Qx : .

3.5

E(y(t)

251

2 r r r r r r r r r

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Figure 5. solution behaviour of E (y(t)) for « € {1,0.9,0.8,0.7}

When we look at Figure 5 carefully, we observe that the expected value solutions decrease
when the alpha fractional derivative decreases from 1 to 0.7 in the range t € [0,0.5], but
increase in the range t € [0.5 1].

B+1l—ay _e, a,
Varl[y(t)] = Var [<ﬁ).ea—2 —ea-2"+ 1 ]

Var[y(®)] =V B —azt] 174 [(1 ¢ 1) St + 1]
arly(t) ar[2 el + Var e .e

1 2a,
Varly(t)] = m.ea—Z .Var[B]
1 2a,
Var[y(t)] = m ea-2".0
and for the special value 62 = 1, it is calculated as
1 2a,
= -2
Varly(] = =gz €@
It is calculated as
I S
Varly(t)] = a2 87
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Variance of y(t)

T T T

\ "O'_ a=1
0.9 4 __’._ =0.9
s -Q-- 0=08
B % > ehued
(S
0.7, 9. <>\ i
~ AN 0
LOTRE S
50 o 0\0 ‘\0\ g
5 0. 0002,
> -9 - 0\0&\ NN -
~OQ R
0.4 RORAR 1
0.3} 5 8., .
*eaagg
0.1 r r r r r r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 6. solution behaviour of Var(y(t)) for « € {1,0.9,0.8,0.7}

When we look at Figure 6 carefully, it is observed that the variance solutions decrease when

the alpha fractional derivative decreases from 1 to 0.7 in the range of t € [0,0.5], but increases

in the range of t € [0.5 1].

Confidence interval

[E (y(t)) — 3stddeviation(y(t)), E(y(t)) + 3stddeviation(y(t))]

=1 confidence interval

confidence interval of 3 Standart deviation

0094409004000 00000

«.=0.9 confidence interval

confidence interval of 3 Standart deviation

1 : :

r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

.=0.8 confidence interval

-I-I--I-I-'I--I-I-I-I-I-I--I--I-I-I-I-I--I-'l'

0.9 1 0.1

B.g
~E
D~uﬂﬂﬂﬂ
O-g
-@-
-‘i'.‘i-.-

i-@m-
=l l-l-._.__._._._

confidence interval of 3 Standart deviation

1 c c c c
0

-I'-I--I--I--I-I-.-I-I-I--I--I-I-I-l-.-l-.--.-

0.2

r r r r r
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

«=0.7 confidence interval

-~ Ely(t)]-3"stdly(t)]

-D‘Dﬂﬂ.ﬂ_ﬂ_ -;- Egg;}w'sm[y(t)]
° ﬂ-ﬂ-ﬂ‘ﬂ-n-u_
O-g-g. BEmg Oon g
ii—l-._._._._.__._
#-8-p- 8 Boogmp

confidence interval of 3 Standart deviation

I I

c c r r
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

2
-I-I--I--I-'I-I-I-I-I--I--I--I--I-I-l-l-.--l--.-

.

.
0.9 1

0.2

r r c c c c
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Figure 7. solution behaviour of stddeviation(y(t)) for « € {1,0.9,0.8,0.7}
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When we look at Figure 7, confidence intervals with 3 standard deviations are drawn for the
values of 0€{1,0.9,0.8,0.7}. It is seen that the confidence limits decrease as alpha takes

decreasing values from 1 to 0.7.
o=1 Coefficient of Variation of y(t)

2|
~ 18;¢ —
S S
> >
O 16 (@]

14 .

0 0.5 1
t
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t

«=0.9 Coefficient of Variation of y(t)
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t
«=0.7 Coefficient of Variation of y(t)

0.5
t

Figure 8. solution behaviour of CV (y(t)) coefficient variation for « € {1,0.9,0.8,0.7}

Table 3. Statistical table displaying the expected value, variance, coefficient of variation, and

99% confidence range.

t

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Efy(t)]
4.921568627
4.562324575
4.235989877
3.939549798
3.670265774
3.425650115
3.203443019
3.001591700

2.818231423

Var(y(®)]

0.9611687812
0.7931347739
0.6544769055
0.5400595635
0.4456449566
0.3677361550
0.3034475712
0.2503980835

0.2066228441

Cviy(®)]

19.92031872
19.52033726
19.09819176
18.65409722
18.18850417
17.70211517
17.19589678
16.67108572

16.12918839

E[y(®)] - 3Std[y(1)]

1.980392157

1.890581144

1.808997469

1.734887450

1.667566444

1.606412529

1.550860755

1.500397925

1.454557857

E[y(®)] + 3Std[y(1)]

7.862745097

7.234068006

6.662982285

6.144212146

5.672965104

5.244887701

4.856025283

4.502785475

4.181904989
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0.9 2.651668273 0.1705005053 15.57197303 1.412917068 3.890419478
1 2.500363512  0.1406931669 15.00145384 1.375090878 3.625636146

Table 3 provides the expected value, variance, coefficient of variation, and confidence interval
for K = 3 and a = 0.98 values. As can be seen, the results for ¢ € [0,1] values are obtained

for the parameter selected from the normal distribution

Example 3.

Fpeyt) =ny(t), 0<a<1, y(0)=m ,m~Exp(1=2) (16)
Solve the Caputo-Fabrizio fractional random differential equation with the help of the Aboodh
transform, where m is a random variable with exponential distribution.

Solution: (16) If the Aboodh transform of both sides of the equation is taken;
A{"DEy(t) } = Afny(t)}

sAy(s)) - L
a+s(l—a) = nAG/(s)

m
s A(Y($) == = n(a + (1 — D)AF(S)

A(y($))ls —n(a+s1—a)] = —

A(¥(s) - = (17)
y(s)) = = na
s((1 —n+na)s —na — -
(( ) ) (1-n+na)s(s T )
(17) If the inverse Aboodh transform is taken on both sides of the equation;
-1 _ -1 m
A [dq(y(s))] = A [(1—n+na’)s(s—1_::fna)
y(t) = 1—:-1ma ei-n+na’ (18)

the general solution is obtained.
For a=1;

y(t) = met is obtained.
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If the random variable X has an exponential distribution, using the moment generating

function[30-31],

A
Mx(t) = E[etx] = m; t<A

E[X] = % ,Var[X] :l

12
na na
m na e1—n+nat e1—n+nat 1
Ely(t)| = E|—————e1-n+ -  F -
@] [1—n+nae nm] 1—n+na [m] l1-n+nai
Expected value for special value 1 = 2
na
el—n+nat
Ely(t)]| =
y®] 21 —n+na)
It is calculated as.
Expected value of y(t)
20 |5 |5 |5 U |5 U U U |5
——O——\ a:
185 .- q=098 s
7
16l. =< 0=0.96
- =0.94 /d
141 !
84
121 <>/ /‘
&
i} S ” g O’
8l 0 ’ DV i
0/ ’ ,/0,0
6. RGOS & |
| 4% ,
A
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Figure 9. solution behaviour of E (y(t)) for « € {1,0.98,0.96,0.94} and n = 3

2na 2na
_na el-n+na el—n+nat 1
Varly(t)] = Var |-————eT-ntna' | = V = 22
ar[y(t)] ar [1_n+nae e ] (1 —n+na)? ar{m] (1—-n+na)22?
2na ¢
el-n+na

Varly®] = 4(1 —n+na)?

It is calculated as.
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Figure 10. solution behaviour of Var(y(t)) for @ € {1,0.98,0.96,0.94} and n = 3

Confidence interval

[E (y(t)) — 3stddeviation(y(t)), E(y(t)) + 3stddeviation(y(t))]

o.=1 confidence interval

S 60 T T : T : : T : T

k]

>

3w

E ﬂ’ﬂ‘

2

S D-EI’

4]

® g

s _g-EE

5 =gg;&iii ] -I--I--I—-I-I -m-m-E

E 7 $$+*¢

= -9- ~&®- ‘_‘

3 -20 ¢

5

S

S -40 r r r r r r . . .

© "0 01 02 03 04 05 06 07 08 09 1
=0.96 confidence interval

c

S 60 . —0

n;; o

g 40l I:I'H i

° Ingg

2 y

s g

& 20 _D—D’ J

™ D - .__..—.

5 B8 -m-E-EE

: g-BBEREEEEE SEew |

g 8- -

2 EEagy

£ g

8 201 i.g i

5 “H.

S

& -40 r 1 I r 1 I r r r

© 0 0.1 02 03 04 05 06 07 08 09 1

confidence interval of 3 Standart deviation

confidence interval of 3 Standart deviation

=0.98 confidence interval

60 —————————
40} I:I’Er
-
20 ng
.
i : -m-m-m-a
seREEEEEE ““'
BEEegy
I—._.
20L "l~.
-40 r r r r r r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
.=0.94 confidence interval
80 e L L
- Ely0)]F'staly (] o
60~ -{m- Ely(] A
- Ely®l+3*stdly(t)] a
a0l p=g ,
.o
-
20} O
oz —— o
@ a-m-a
seegsEgfisnss .
I-.-.._.__._ =g
20| R N —
-m
|,
-40 r r r r r r r r r h |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 11. solution behaviour of stddeviation(y(t)) for « € {1,0.98,0.96,0.94} and n = 3
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o =1 Coefficient of Variation of y(t) . =0.98 Coefficient of Variation of y(t)
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Figure 12. solution behaviour of CV (y(t)) coefficient variation for « € {1,0.98,0.96,0.94} and

n=3

Table 4. The table shows the expected value, variance, coefficient of variation, and 99%

confidence interval.

t

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

E[y(0)]
0.5494505494
0.7564973252

1.041564530
1.434052221
1.974439139
2.718457429
3.742840510
5.153236881
7.095106043
9.768720318

13.44981965

Var[y(®)]

0.3018959062
0.5722882032
1.084856669
2.056505774
3.898409913
7.390010794
14.00885508
26.55585032
50.34052981
95.42789666

180.8976485

Cviy(®)]

100.
100.
99.99999994
100.
100.
99.99999999
100.
99.99999996
100.0000001
99.99999999

100.

E[y(®)] - 3Std[y(1)]

-1.098901099

-1.512994650

-2.083129058

-2.868104444

-3.948878277

-5.436914858

-7.485681020

-10.30647375

-14.19021210

-19.53744063

-26.89963929

E[y(®)] + 3Std[y(1)]

2.197802197
3.025989300
4.166258118
5.736208886
7.897756555
10.87382972
14.97136204
20.61294751
28.38042418
39.07488127

53.79927859
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Table 4 provides the expected value, variance, coefficient of variation, and confidence interval
for K =3 and a = 0.97 values. Evidently, the t€[0,1] values are derived for the parameter
chosen from the exponential distribution.

5. Results and Discussions

This work presents Tables II-III-IV displaying the probabilistic properties of fractional order
random equations in the simulation results produced using the prescribed approach for three
distinct situations. The 2D plots of the predicted value of the approximation precise solution of
Example 1 for values a € {1,0.98,0.96,0.94} are depicted schematically in Figure 1. Figure 2
analyzes the two-dimensional characteristics of the variance of the approximation solution for
various values of a € {1,0.98,0.96,0.94}. Figure 3 analyzes the two-dimensional
characteristics of the confidence intervals for the approximation solution for various values of
a € {1,0.98,0.96,0.94}. Figure 4 analyzes the two-dimensional characteristics of the coefficient
of variation of the approximation solution for various values of @ € {1,0.98,0.96,0.94}. Figure
5 displays the characteristics of the two-dimensional plots representing the anticipated value of
the approximation precise solution to Example 2 for values of a € {1,0.9,0.8,0.7}. Figure 6
explores the two-dimensional structure of the variance of the approximation solution for various
values of ¢ € {1,0.9,0.8,0.7}. For various values of ¢ € {1,0.9,0.8,0.7}, Figure 7 analyzes the
two-dimensionality of the confidence intervals of the approximate solution. For various values
of @ € {1,0.9,0.8,0.7}, Figure 8 analyzes the two-dimensional character of the coefficient of
variation of the approximation solution. Figure 9 displays the characteristics of the two-
dimensional plots representing the anticipated value of the approximation precise solution to
Example 3 for values of a € {1,0.98,0.96,0.94}. The 2D variance of the approximation
solution for various values of @ € {1,0.98,0.96,0.94} is shown in Figure 10. Figure 11 shows
the estimated solution's confidence intervals for various values of a € {1,0.98,0.96,0.94},
illustrating its 2D character. The 2D character of the coefficient of variation of the
approximation solution is examined in Figure 12 for various values of « € {1,0.98,0.96,0.94}.
6. Conclusions

In this research, we solved a system of random fractional order ordinary differential equations
using Caputo-Fabrizio derivatives by applying a technique called the Aboodh Transform
Method (ATM). This study examined three examples where the parameters were chosen from
normal, uniform, and exponential distributions. For each example, the most popular probability
features of the equations expected value, variance, confidence intervals, and coefficient of
variation were computed for varying values of @. We used the Matlab package program to plot
the results that we found. The outcomes demonstrate the calculated reliability and accuracy of
the suggested method.
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