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COUPLED SYSTEM OF MIXED HYBRID DIFFERENTIAL
EQUATIONS: LINEAR PERTURBATIONS OF FIRST AND
SECOND TYPE

A. EL ALLAOUI, Y. ALLAOUI, S. MELLIANI, AND L. S. CHADLI

ABSTRACT. This paper studies the existence of solutions for a mixed system
of hybrid diferential equations, it is a coupled hybrid diferential equations of
first and second type. We make use of the standard tools of the fixed point
theory to establish the main results. The existence and uniqueness result is
elaborated with the aid of an example.

1. INTRODUCTION

Hybrid differential equations is a rich field of differential equations. Tt is qua-
dratic perturbations of non linear differential equations. It has lately years been an
object of increasing interest because of its vast applicability in several fields. For
more details about hybrid differential equations, we refer to [1, 2, 3, 4, 5, 6].
Motivated by [2, 3]. The propose of this paper is to study the following coupled
system of hybrid differential equations with perturbations of first and second type.

% |:f1<t j((tt)) y(t))} - hl(t,m(t)7y(t)), teJ= [O,CL],
(1) L) — Faltx(e),y(1)] = halt,2(0) (1), 1€

(E(O) = To,

y(0) = yo,

where f1 € C(J x R x R;R\ {0}) and fi1, hy, he € C(J X R x R;R).
We first start by recalling Lery Schauder alternative.

Lemma 1.1. (Lery Schauder alternative, [38,page 4])

LetT : X — X be a completely continuous operator (i.e, map that is restricted to
any bounded set X is compact). Let Pr = {x € X : x = §Tx for some 0 < § < 1}.
Then either the set Pr is unbounded or I' has at least one fixed point.
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2. EXISTENCE RESULT

In this section, we prove the existence and uniqueness result for (1.1) by using
Banach fixed point theorem. Then we discuss the existence of solutions for this
problem by means of Lery Schauder alternative.

To establish our results, we introduce the following assumptions:

(Ap) (a)— The map x — is increasing in R for each t € J, y € R.

T
fl (ta &€, y)

(b)— The map y — y — fo(t,x,y) is increasing in R for each t € J, z € R.
(A1) There exists positive numbers 1, po, v such that

v S |f1(taxay)| S M1, |f2(t,x,y)| S H2,
for all (¢,z,y) € J x R xR.
(A3) There exists positive numbers A1, A2, A3, A4 such that

[fi(t,2,y) = At 2’ )] < Ml — 2+ Kaly — o/

|f2(t,l‘,y) - fz(t,$,,y/)| < /\3|x - Jf/| + >\4‘y - y/|a

forallt € J and z,y,2',y' € R.
(A3) There exists a constants 71, 12, &1, & such that

|ha(t,z,y) — ha(t, 2’ y")| < mle — o' [+ naly — /],

|h2(t,.’1),y) - h2(t7x/7y/)| S gllx - xl| +€2|y - y/|7
forallt e Jand z, 9, 2/, v € R.

The following Lemmas are useful in what follows.

Lemma 2.1. ([3]) Assume that hypothesis x+ — T s increasing in R for

fl (t’ x)
each t € J. Then for any h € L*(J,Ry), the function v € AC(J,Ry) is a solution
of the hybrid Differential Equation

d x(t) _
it [ﬁ(t,x(t»} =) 1€’
x(0) = xo,

if and only if x satisfies the hybrid integral equation
Zo

2(t) = fi(t,z(t)) [fl(o,a:o) +/0t hl(s)ds] L ted

Lemma 2.2. ([2]) Assume that hypothesis y — y — f2(t,y) is increasing in R for
each t € J. Then for any h : J — Ry, the function y € C(J,R,) is a solution of
the hybrid Differential Equation

S0~ Falt, (1) = hat), 1 €,

y(0) =yo € R.

if and only if y satisfies the hybrid integral equation

y(t) = yo — f2(0,90) + f2(t,y(t)) Jr/o ho(s)ds, t € J.



26 A. EL ALLAOUI, Y. ALLAOUI, S. MELLIANI, AND L. S. CHADLI

Denote E = C(J,R) x C(J,R), equipped with the norm

Iz, 9l = llzll +[lyll,
where ||z|| = sup |z(t)].
ted

Notice that the space E with this norm is a Banach space. Seeing that as in lemma
2.1 and 2.2 we define on F the operator I' by

Fl(‘ra y)(t)

FQ (.Z‘, y) (t)

I(z,y)(t) =

where
Ty (z,y)(t) = frt,z(t), y(t)) Lﬁ(o,?o,yo) —I—/O hl(s),x(s),y(s))ds} ,

La(z,y)(t) = yo — f2(0, 0, yo) + fa(t, 2(t), y(1)) + /0 ha(s, x(t), y(t))ds.

As a results I'(x, y) is a solution to our problem under the assumption (Ayp).
Let us set

T
a1 = apin + A (|V0| +a(mr+ner+ k:l)) ,

X
B1 = aping + Az <|VO| +a(mr+ner+ k1)> ;

as = A3 +afy,
B2 = A4 + a&o,
11 = maz(ai, B1) and v = max(ag, f2), where ky = sup|hi(t,0,0)|, k2 = sup |ha(t,0,0)],
teJ teJ
and
|zol
= 4 29 + k k
(2.1) ik [yo| + 22 + a(prkr + k2)

1—a(pi(m +n2) + & + &)

Now we are in a position to state our first existence results. This result is based
on Banach fixed point theorem.

Theorem 2.3. Let assumptions (Ao) — (As) be satisfied. Suppose, in addition that
the following property is verified:

71+ <1
Then the problem (1.1) has a unique solution.
Proof. Let us define the closed ball
By ={(z,y) € E: [(z,y) <7},
Then we shall check that I'B, C B,.
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For (z,y) € B, and t € J, we have

Ci(z, )@ = [f1(t,z(t),y(t))] m+/o hi(s,z(s),y(s))ds
< (\fl Ol ;()l ol / (|h1(s,z(s),y(s)) — h1(s,0,0)] + |h1(s,0,0)|)ds)
M (s S S
< om( + [ leo) + el )+ k) s
< (bt amlel + maloll + 0
Hence
(2.2) IT1(z,y)(8)] < pa <|$70| +a(mr+ner + kl)) .

On the other hand, we have

t
[Ca(z,y)(t)] = yo—f2(07wo,yo)+f2(t,x(t),y(t))+/0 ha(s,z(s),y(s))ds
< \yol+Ifz(O,ZO’yo)\+|f2(t7w(t),y(t))|+/0 |h2(s,z(s), y(s))|ds
t
< ‘y0| + 2u2 +/() (th(va(S)vy(S)) - h2(870, O)I + |h2(8,0,0)‘)d8
t
< \y0|+2u2+/0 (€112(5)| + Ealy(s)| + ko) ds
< yol + 2p2 + a (&1l|z|| + Lyl + k2) .
Hence
(2.3) IT2(z,y)(t)] < lyol + 2u2 + a (§1r + Ear + k2) .

From (2.1), (2.2) and (2.3), we deduce that

(T (z, )l < 7.

Thus I'B, C B,.
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For (z,y), (z/,y’) € By and t € J, we have

f1(t, z( () f1(0 0.50) / hi(s,z(s),y(s))d s) —
v()) <f1(0 0, Y0) / ha(s,2'(5),9/(5))d )

110,70, 0)
1(t, 2 (t),y' () (fl 0.20.70) / hi(s,z'(s),y (s))ds)

IFl('Ivy)(t) _Fl(x/ay/)(t)l =

< It a(t), ()] / Iha (5, 2(5), 5(5)) — ha (s, (), 4/ (5))ds +
o ’ ’ ’ ’
At /0 ha (s, (), 4/ (5))ds| | f1.(6 2(8), y(®) — f1(t, 2" (2), 4/ (1))]
< apr (mllz — 2| +n20ly —¥'|)

0
+ (‘ Lo Gl ll+ el +k1)) (Mllz =2l + 22lly = o'l

o
< aw mlle =o'+l = o'1) + (22 e ar ) ) (ulle = ')+ el = o'l
< (aulm + A1 (M +a(mr+n2r + k1))) llo — || +
(amnz + A2 (% +a(mr+mn2r + k1)>> lly =4Il
= allz =2+ Billy — 'l
< mlz=2+lly=9'l) .
which yields
(2.4) IT1(z,y) =T,y <7 (e =21+ ly = 'll) -
And we have
t
[T2(x,y)(t) —T2(z",y")(®)| = |yo — f2(0,z0,y0) + f2(t, z(t), y(t)) +/ ha(s,z(s),y(s))ds—
0
t
Yo + f2(07 xO:yO) - f2(t7x/(t)7y/(t)) - / hg(S,LBI(S), yl(s))ds
0
< ‘fQ(tvx(t)zy(t)) - f2(t7 xl(t)ry/(t)”
t
b [ Ihals (). u(s) = hals. o' (5), 5/ (s))lds
0
< Msllz =2+ Ally =yl +a (Gallz = 2| + Elly - ¥'I])
< (st ad)llz — 2| + M+ af2)lly — ol
= alz—2'|| + Bally — 'l
< v(lz=2"l+lly=y'l) .
Then
! / ! !
(2.5) IT2(x,y) — T2(z", 4" ) <2 (lz —2'|| + lly = ¢l -
This implies by (2.4) and (2.5) that we have
||F(ac,y) - F(Ilvy,)” = Hrl(l‘vy) - Fl('rlvy,)H + ||F2(x7 y) - Fg(x/,y,)”
< ) (le =2l +lly=9ll) -
Finally, we find that IT" is a contraction. This completes the proof. O

Example 2.4. We give an example to illustrate our abstract results.
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Consider the following coupled system

d x(t) 1 1 1
— = — — —_ = 1
@ |T 1 T [y 7 FgnF gult) e /= 10.1]
-4+ —cos|z(t)|+ =——F—
4 10 20 1+ [y(t)]
A (e Loy 2 EOLN L L
Tk 110 201 +|e@®)] )]~ 7 oY T " PES
z(0) =0,
y(0) =0
This problem can be abstracted into
d x(t) }
S| =mta@),yl), teJ=][0,1],
i ) = ) o
% [y(t) - f2(tvx(t)ay(t))] - hg(t,l‘(t),y(t)), teJ,
z(0) = zo,
y(0) = yo,
where
IR 1 Jy(o) 1
b0 y(0)) = § + g cos a(0)] + 55 e B w(0) 9(0) = 5+ Galt) + gu(0),
11 1 |z(t)] 11 1
Faltw(t). (1) =  + 15 SV + 5 14 gy Ba(b(0.0() = £+ gult) + ()
and zg =0, yo = 0.
It is easy to check that
1 1 1 1 1 2 1 1
771f§,7]27E,flfﬁ,@fg,klszf?,ulfuzfg, /\17)\471707)\27)\37270_
We have

M1‘3:TO| + [yol + 2p2 + alpiky + k2)
L —a(pi(m +n2) + & +&2)
Then, for r = 1.5, we have

ap ~0.09, 51 ~0.06, as ~ 0.15, B ~ 0.21.

~ 1.419.

Consequently
Y=7v1+72 ~03<1.

Thus, all assumptions in Theorem 2.3 are satisfied and the problem (2.6) has a
unique solution on J.

By using Lery Schauder alternative we obtain the second existence result

Theorem 2.5. Let assumptions (Ag) and (A1) be satisfied. Suppose in addition
that
[t 2, y)| < po + pallll + p2llylls [ha(t,2,9)] < 00 + oulz]l + o2]lyll,

for each (t,z,y) € J x R x R.
And a(pipr + 01) < 1, a(ugps + 02) < 1. Then the problem (1.1) has at least one
solution.
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Proof. Let M C E be bounded.
Then we can find positive constants N7, No such that
[ha(t, z(t),y(8))] < Ni, |ho(t, 2(t),y(1))| < Na

for each (z,y) € M and t € J.
For (z,y) € M, t € J, we have

Ty (2, y)(t)]

Then
(2.7)

Z

= Ata(t),y(0) \JM # [ st p(e)ds
< <|a;0 + GN1> .

11 (2 9) | < s (' zol Nl)

In a similar manner, we obtain

(2.8)

HF2($7y)” S |y0| + 2,U/2 + GNQ..

From (2.7) and (2.8), we deduce that I" is uniformly bounded.
We will show that the operator I is equicontinuous.
Let t1, to € J with t; < ta. For (x,y) € E, we have

1 (2, y)(t2) — Ti(z,

as to — t1.

T t2
)|l = |fi(te,z(t2),y(t2)) (Wzyo) +/ hi(s,z(s) )
t
fi(te, z(t2), y(t2)) (f 0,20 yo) hi(s, z(s) ) +
tl
fi(ta, z(t2), y(t2)) (f 0.7 yo) hi(s,z(s) )

t
f1(te, z(t), )<f 0. 70.30) hi(s, z(s) )ds)

Similarly, we have

T2 (2, y)(t2) — T2(z, y)(t1)]

< m/ [ (s, (), y(s)) ds +
(‘x°‘+/ I ))Id)\f (2, 2(t2), y(t)) —
1(s, z(s) s ) [f1(t2, z(t2), y(t2)) — f1(tr, @(t1), y(t1))]
< mNiltz—t) + (' il +aN2) [ (ts (k). y(t2)) — f1(t1, 2(t1), y(t1))] = O
to
= o — f20,0,50) + falta, 2(t2), y(t=)) + /0 ha(s, 2(5), y(s))ds—
yo + f2(0,z0,y0) — fa(t1,z(t1),y(t1)) — /Otl ha(s,z(s),y(s))ds
2]
< U faltaso(ta) y(t2)) — faltr, 2(tr), y(tn)] + / Iha (s, 2(s), y(s))ds

< | fate, z(t2), y(t2)) — fo(tr, x(t1), y(t1))| + Na(ta — t1) — 0 asty — t1.

Finally, we find that I" is equicontinuous.
In the next step. Denote

And

Pr :{(x’y) EE: (z,y):él‘(x,y), 0<46< 1}'

o=min (1 — apip1 —ao1,1 — ap1p2 — aoz).

Pr is bounded. Indeed
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Let (z,y) € Pr. Thus for any t € J

{:}c(t) =0T (z,y)
y(t) = T2 (z, y).
Then

o)1 < pr (2L atoo -+ ool + palul) )

Also

ly(®)] < lyol + 2p2 + aloo + o1 lx]| + o2|lyl)).
‘Which imply that

zo
ol < (1220 aon + el + ).
And
ol < Iuol + 202 + (o0 + o el + o2yl

As a consequence, we have

zo
ol + ol < Camrpr + o) ol + Gannpz + a2 ol + px (220 +apo )+l + 202 + ac

Thus we obtain
I
(1= agiap1 — an) lall + (1 — apiapz — aoa) Iyl < pa (22 + apo ) + lyo| + 242 + aco.
14
It follows that

|zo]
w1 [ — +apo | + |yo| + 2p2 + aoo

G o)l = llzll + llyll <

e
Thus, all assumptions of Lemma (1.1) are satisfied and this permits us to conclud that I' has at
least one fixed point. Which is a solution of the problem (1.1). O

CONCLUSION

The aim of this paper is to discuss the existence of solutions for a mixed system
of hybrid diferential equations. Our results improve and generalize some known
results.
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