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Abstract  
Construction sector is developing in the same direction 
with technological developments. Thanks to these 
developments, we meet new designs. Examples for 
these designs are FRP (Fiber Reinforced Polymer) 
composites can be shown. It has become a preferred 
material in the construction sector due to its many 
benefits such as being resistant to corrosion, having 
high tensile strength and showing resistance to 
chemicals. In this study, the load and deflection at the 
midpoint of the span for 53 simple deep beams, 
reinforced longitudinally with FRP rods, were 
calculated (this analysis was derived from the research 
presented in reference number 10 in the literatüre). In 
section 7, new formulas suggested (equation 39 and 40) 
for load and deflection of RC deep beams with FRP and 
those formulas were derived using Eureqa, which is a 
symbolic regression program. The suggested formulas 
are compared with other methods in the existing 
literature. According to the comparison results, it has 
been determined that the real-life applicability of the 
suggested new formulas are higher and gives more 
accurate results compared to other studies 

Öz 
Yapı sektörü teknolojik gelişmelerle birlikte aynı 
doğrultuda gelişim sergilemektedir. Bu gelişmeler 
sayesinde her geçen gün yeni tasarımlar ile 
tanışmaktayız. Bu tasarımlara FRP (Fiber Reinforced 
Polymer yani Lif Takviyeli Plastik) kompozitlerini 
örnek olarak gösterebiliriz. Korozyona karşı dirençli 
olması, çekme dayanımının yüksek olması ve kimyasal 
maddelere karşı direnç göstermesi gibi faydalarından 
dolayı yapı sektöründe oldukça tercih edilen bir 
malzeme haline gelmiştir. Bu çalışmada FRP çubuklar 
yardımı ile uzunlamasına güçlendirilen 53 adet basit 
mesnetli derin kirişlerin nihai aşamadaki yük ve orta 
açıklık sapması hesaplanmıştır (bu analiz literatürde 10 
numaralı referansta sunulan makaleden elde 
edilmiştir). Ek olarak bölüm 7'de, FRP RC derin 
kirişlerin yük ve sapması için yeni formüller önerilmiş 
(denklem 39 ve 40) ve bu formüller, sembolik bir 
regresyon programı olan Eureqa kullanılarak 
türetilmiştir. Önerilen formüller, mevcut literatürdeki 
diğer yöntemlerle karşılaştırılmıştır. Karşılaştırma 
sonuçlarına göre, önerilen yeni formüllerin gerçek 
hayattaki uygulanabilirliğinin diğer çalışmalara 
kıyasla daha yüksek olduğu ve daha doğru sonuçlar 
verdiği tespit edilmiştir 
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1. Introduction 

Reinforced concrete (RC) deep beams are often used for transfer girders, bridge cap beams, and pile-
supported foundations [1]. The corrosion of steel reinforcement bars in reinforced concrete buildings 
within severe environments has emerged as a major factor contributing to concrete degradation, leading 
to reduced service life and expensive repairs [2]. 
 
Due to such problems in reinforced concrete structures, the use of fiber reinforced polymer (FRP) 
reinforcements, which is a corrosion resistant material, has emerged as an alternative solution method. It 
has started to be used because of its advantages such as lightness, high strength, corrosion resistance, high 
fatigue strength, low thermal conductivity and lack of magnetic permeability [3-4]. 
 

2. FRP bars  

The usage of FRP composites in the construction industry first started for the purpose of strengthening 
the building elements, and then its usage areas have expanded and it is rapidly moving towards being an 
alternative to existing building materials [5]. FRP bars have lower weight, lower Young's modulus, and 
stronger strength than steel bars. The three types of fiber that are most frequently used are aramid (AFRP), 
glass (GFRP) and carbon (CFRP). 
 

2.1. Types of FRP bars 

FRP bars are made of different fibres (glass, carbon and aramid). The kind and shape of the surface of FRP 
bars may significantly vary from those of deformed steel bars. Diverse surface profiles entail varying 
bonding processes and causes of failure. [6]. 
 
GFRP (glass fiber reinforced polymer) bars has advantages such as resistance to corrosion, lightness, high 
strength, being able to give the desired shape, high fatigue resistance, low thermal conductivity properties. 
However, it has disadvantages such as low E-modulus, dependence of strength on fiber direction, brittle 
material properties, problems in adherence and clamping due to the flat surface, and being expensive [7]. 
 
AFRP (aramid fiber reinforced polymer) bars have secured a lasting and expanding presence in the 
construction sector due to their advantageous mechanical properties and endurance, particularly in the 
reinforcement of reinforced concrete elements [8].  Its specific gravity is 6 times less than steel. In addition, 
its modulus of elasticity is 4 times lower compared to steel. This provides advantages such as less losses 
due to the shrinkage and creep of the concrete and the need for during the initial stretching, the tendon 
extended farther. 
 
CFRP (carbon fiber reinforced polymer) bars are dimensionally stable, resist moisture and many chemicals 
due to their chemical content, and have high electrical/thermal conductivity. The most important 
disadvantage of carbon fibers for the user is that the composite color cannot be preserved as desired due 
to its black color. Another disadvantage is the high cost. Carbon fibers have a strong but light structure 
[7]. 
 

3. Proposed study 

In this chapter proposed formulas are sourced from reference [10] and showed as follows: 
 
A modified version of study developed by Lu [9] to use concrete beams with steel reinforcement is used 
to forecast the midspan deviation associated with various loading stages in deep FRP RC beams [10]. This 
proposed study [10] was created using test results from totally 53 beams that underwent 4-point bending 
and were documented in the literature 11-16. 
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𝚫 = 𝚫𝐬 +  𝚫𝐟                                                                                                                                                   (1) 

Where, Δ is total deflection, Δs and Δf are eflections deflections resulting from shearing and bending, 
respectively.  
 

3.1. Cracking load (Pcr)     

The cracking load Pcr is calculated using Pcr,f load of cracking caused by crack of flexure and Pcr,w load of 
cracking caused by cracking of the web. Pcr is determined by choosing the smaller of these two cracking 
values. Pcr,w is calculated using the following equation [10], 
 

 𝐏𝐜𝐫, 𝐰 =
𝟒

𝟑
𝐟𝐜𝐫, 𝐰 𝐛 𝐃                                                                                                                       (2) 

where fcr,w is max tensile stress (N/m2) in beam’s web, b is beam’s width (mm), D is beam’s depth(mm) . 
In accordance with IS: 1343-1980 [17] the fcr,w magnitude is calculated as [10], 
 

fcr, w = 0.24√1.25f′c                                                                                                                                   (3) 

 
where f’c is compressive strength of concrete (MPa). In order to calculate the load at which flexural 
cracking occurs (Pcr,f) equation in below [10], 
 

Pcr, f = Mcr 
2

α
                                                                                                                                               (4) 

 
where α is shear span lenght. According to Dischinger's model [18], Mcr is cracking moment determined 
by following Equation 5 [10], 
 

Mcr = α ft 
Ig

ymax
                                                                                                                                             (5) 

 
where Ig is gross moment of inertia. 
 
ft (stress of cracking) is provided by IS:456 [19] and it is calculated by equation in below [10], 
  

  ft = 0.7√1.25f′c                                                                                                                                             (6) 
 

α in Equation (5) is given by [10]  
 

             α = {
                     0.46

1

𝐷
0.55;  𝑤ℎ𝑒𝑛 1 ≤  

1

𝐷
 ≤ 4

0.46;  𝑤ℎ𝑒𝑛  
1

𝐷
< 1

                                                                                          (7)  

 

3.2. Ultımate load (Pu) 

 
𝐏𝐮 = 𝟐. 𝐕𝐮                                                                                                                                                    (8) 

where Pu is ultimate load. According to Hwang and Lee [20], Ultimate shear strength Vu is calculated by 
following Equation 9 [10], 
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             Vu = (kh + kv − 1)ξ (f ′c Astr)sinθ                                                                                                             (9) 
 
where kh is reinforcement index in horizontal, kv is reinforcement index in vertical and kv is equal to 1. ξ is 
softening factor. Astr is effective section of diagonal strut. Θ is inclination angle. 
 

𝛏 =
𝟑.𝟑𝟓

√𝐟′𝐜
≤ 𝟎. 𝟓𝟐                                                                                                                                           (10) 

 

kh = 𝟏 + (kh̅ − 𝟏)
𝐀𝐟 𝐟𝐩

𝐅𝐡
≤ kh̅                                                                                                                       (11) 

where kh̅̅̅̅  is the highest permissible value of kh. Af is FRP bar’s area in tensile region. fp is FRP bar’s tensile 
strength. Fh is horizontal force of tension. 
 

           kh̅ =
1

1−0.2(γh−γh2)
                                                                                                                                        (12)  

 
where γh is horizontal factor of shear. 
 

          γh  =   
2 tan𝜃 −1 

3
 , but 0 ≤  γh ≤  1                                                                                                          (13) 

 

  θ =  tan − 1 (
jd

a
)                                                                                                                                        (14) 

 
where, as shown in Figure 1 (the datas presented in this figure are sourced from article number [10] in the 
literature), the distance between compressive force C and tensile force T is called as jd [10]. 

 
Figure 1. Model of the Internal Forces with Softened Strut and Tie [10] 

 

𝐣𝐝 =  𝐝 − 
𝐤𝐝

𝟑
                                                                                                                                              (15) 

 
where d is effective beam depth, kd is compression zone depth, L is deep beam span. 

 

            k =√[m𝜌 + (m − 1)𝜌′]2 +  2 [m𝜌 +  
(m−1)𝜌′d′

d
] - [mρ + (m – 1) 𝜌′] ; 0 ≤ k ≤ 1                                   (16) 

 
where k is natural axis coeff. 𝜌′ is compression reinforcement ratio. d′ is a compression zone that 
provides cover of effective. 
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           m =  
Ef

Ec
                                                                                                                                                       (17) 

 
where Ef elasticity modulus of bars, Ec elacticity modulus of concrete. The ratio of the tension zone's 
longitudinal FRP reinforcement is denoted as ρ in Equation (16), and it is calculated as follows [10]  
 

  𝛒 =  
𝐀𝐟

𝐛𝐝
                                                                                                                                                      (18) 

 

             ρ′ =
Af′

bd
                                                                                                                                                        (19) 

 
 where Af’is FRP bar’s area in compression region. 
 

             Fh̅̅ ̅  =  γh  x kh̅̅ ̅ ξ (f′c Astr) x cos𝜃                                                                                                             (20) 
 

where Fh̅̅ ̅ is horizontal concrete force. According to Lu [9], Astr is given by [10], 
 
             Astr = bs x ts                                                                         (21) 
 

where bs is strut width, ts is strut thickness. 
 

             ts = √(kd)2 + Ib^2                                                                                                                      (22) 
 

where Ib is the upper sided loading plate's width. 
 
 Vu =  kh ξ (f′c Astr) sin𝜃                                                                                                                         (23) 
 

βs is factor of strut efficiency. Equation (23) is adjusted to become Equation (24) in this purposed study 
[10].  
 
 Vu =  βs kh ξ (f′c  Astr) sin𝜃                                                                                                                   (24) 
 
The regression analysis of empirical strength of shear parameter of 53 deep concrete reinforced beams 
made of FRP, showed in the literature [11,12,13,14,15,16] establishes the size of the effectiveness factor for 
strut βs. βs is discovered to have a value of 0.71. Equations (8) and (24) are used to calculate the shear 
strength and the ultimate load of the beam, respectively [10]. 
 

3.3. Calculation of the deflection caused by shear (Δs)     

 
             Δs = γ a                                                        (25) 
 
where γ is average shear strain. For the membrane components made of RC exposed to normal load and 
shear load, Hsu [21], Hwang and Lee [20-21], and Hwang et al. [23, 24 and 25] suggested using a two-
dimensional compatibility condition [10].  
 

γ =  2(εr –  εd)sin𝜃 cos𝜃                                                                                         (26) 
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εr is principle tensile strain perpendicular to the compression strut. εd is the diagonal compression strut's 
strain. Hwang [23], suggested the equation shown below to calculate εr [10], 
 

εr  +  εd =  εh +  εv                                                              (27) 
 
where εh is the horizontal tie's normal strain, εv is the vertical tie's normal strain. According to Hwang and 
Lee [22] εv is considered to be 0.002. Hwang [24] suggested εh and provided by [10], 

εh =  
Fh

Af Ef
 ≤   

fp

Ef
                                                                  (28) 

 
Fh = γh V/tanθ                                                 (29) 

 
V = P/2                                               (30) 

 
εd from Equation (27) suggested by Zhang and Hsu [26] and is determined by [10], 

 
εd = −ξ ε                                                  (31) 

 

3.4. Calculation of the deflection caused by shear (Δs)     

This proposed study [10] makes modifications to the bilinear model that was originally put forward in CP 
110 [27]. 
 

Δf = Δf1 + Δf2                                             (32) 
 

Δf1 =
β I^2 M

Ec Ig
; when 0 < 𝑀 ≤ Mcr                                                  (33) 

 
where I is beam span, M is beam moment. 
 

                                                                            (34) 

 
where Icr cracked area’s moment of inertia. 
 

β =  1/24[ 3 − 4(a/I)2 ]                                           (35) 
 

M =
P

2
a    and   Mcr =

Pcr

2
a                                             (36) 

 
To reduce bar pullout that would result in severe beam deformation, the FRP bars in this investigation are 
anchored at the ends [10]. IS:456 [19] proposed Ieff which represents efficient moment of inertia of the beam 
[10], 
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Ieff =
Icr

1.2−
Mcr

M
 
jd(1−k)

d

 where Icr ≤ Ieff ≤ Ig                                               (37) 

 
IS:456 [25] suggested Icr moment of the broken concrete portion [10], 

 

Icr =
b(kd)^3

3
+ (m − 1)A′f(kd − d′)2 + m Af(d − kd)^2                                                          (38) 

 

4. Experimental program 

Experimental details regarding the samples used in the database, sourced from reference [10], are 
provided in this chapter as follows: 
 
By altering the ratio of reinforcement throughout the were fabricated and evaluated using a four-point 
testing method. Figure 2 (the datas presented in this figure are sourced from article number [10] in the 
literature) provides the cross-sectional schematic, beam reinforcement details, and test setup. Table 1 (the 
datas presented in this table are sourced from article number [10] in the literature) includes information 
about the beams [10]. 
 

Table 1: Specifications of the test bars [10] 

 
The datas presented in this table are sourced from article number [10] in the literature. 

 
The beams were cast, cured with wet burlap for 28 days, evaluated using a digital beam 1000 kN with a 
four - point loading setup with 25 kN increments at a 0.250 kN/s rate. The loads were measured with a 
load cell, deflection by dial gauges, and strain in the FRP bars with electrical strain gauges at mid-span. 
Concrete strain was measured by demec gauges. Testing data was recorded through a multi-channel 
system, which captured load and mid-span deflection; reports included the final phase loads and initial 
cracks. Figures 3 (a) to (d) provide images of the construction phases and beam testing [10]. 
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Figure 2: Information about the test set-up and test beam [10] 

 

 

Figure 3: Construction phases of the testing beams [10] 
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5. Discussion the results of experimental program 

The datas presented in this section are sourced from article [10] in references. 
 
Deformations were seen to be gradual during the first phases of load in all six beams. Response of 
deflection of the broken beam is discovered to be nonlinear throughout the succeeding loading stages. As 
compared to beams with four longitudinal bars, the longitudinal bars of the six-bar beams have a smaller 
deflection of middle span. For beams with a lower ratio of a/d, the deflection of mid-span discovered as 
smaller. At the beam's tension face, fractures first appeared. Later steps in the loading process, it was seen 
that the diagonal crack's breadth increased. The transverse shear caused the beams to fail. The reduction 
in the shear span to depth (a/d) ratio was shown to greatly boost the GFRP beam's load carrying 
capability. With increasing (a/d) ratio, it was discovered that the mid span deflection was increasing as 
well. Figure 4 displays beam cracks at the point of fail. All of the study's specimens experienced a similar 
failure mechanism [10]. 
 

 
Figure 4: Testing beams' cracking model and fail mechanism [10] 

 

6. Estimated and experimental test values analysis 

The datas presented in this section are sourced from article [10] in references. 
 
Table 2 (the datas presented in this table are sourced from article number [10] in the literature) compares 
predicted and experimental loads at initial cracking and final stages. The mean ratio of experimental to 
predicted strength (Pcr,e/Pcr,p) is 0.99 at initial cracking (variation coefficient 7.07%) and 1.13 at the final 
stage (variation coefficient 3.54%). The proposed study [10] accurately estimates both ultimate (final) 
stages and first cracking load. 
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Table 2: Comparing testing sample's estimated and experimental loads at the first step of cracking phase 
and ultimate (final) phase [10] 

 
The datas presented in this table are sourced from article number [10] in the literature. 

 
Table 3 (the datas presented in this table are sourced from article number [10] in the literature) compares 
anticipated and empirical deflections at initial cracking and ultimate stages. The ratio of experimental to 
predicted deflection (Δcr,e/Δcr,p) at initial cracking is 0.75 with a CoV of 6.67%. At the ultimate stage, the 
ratio (Δu,e/Δu,p) is 0.88 with a CoV of 5.68%. These results indicate the proposed study [10] accurately 
estimates deflections at both stages. 
 
Table 3: Testing sample's deflections of estimated and experimental at initial stage of cracking and at the 

ultimate (final) stage [10] 

 
The datas presented in this table are sourced from article number [10] in the literature. 

The proposed model [10] was used to project 53 beams' load and deflection. It is possible to estimate 53 
FRP-RC deep beams' strength via studies from literature [28,29,30,31,32] and with the help of study called 
as 'strut and tie' which suggested from ACI 318 [33]. 53 FRP-RC beams' experimental and predicted 
strengths are contrasted in Table 4 (the datas presented in this table are sourced from article number [10] 
in the literature). By a CoV of 36.3%, the average value of (Pu,e/Pu,p) which represents experimental to 
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estimated ultimate (final) load for 53 pieces of beams was determined as 0.89, which is consistent with the 
model suggested by ACI-318 [33]. Using the models suggested by [28-32] it is discovered that mean 
(average) value of the ratio of the experimental to the estimated ultimate (final) load (Pu,e/Pu,p) is moderate. 
When proposed model [10] was used to forecast the (Pu,e/Pu,p) ratio, it was discovered that the mean value 
of 53 beams was 1.05, with a coefficient of variation of 29.5%. 
 
Tables 5 and 6 (the datas presented in these tables are sourced from article number [10] in the literature) 
compares the deflection of 53 pieces of FRP reinforced concrete beams' final stages via empirical and 
estimated data from different publications [34, 35, 36, 37, 38, 39]  and the current codes [28, 32, 40, 41]. 
 
For 53 beams the proposed model [10] was found to have a CoV 40.80% and a value of mean as 1.03 for 
empirical to the estimated deflection ratio (Δu,e/Δu,p) at final stage. It was discovered that the value of  
Δu,e/Δu,p was varying 0.340 to 2.140. Value of ratio Δu,e/Δu,p was determined for amount of 34 beams, to be 
lower than 1.0 with a ratio of a/d below 1.00 out of 53 test data utilized in this investigation. This suggests 
that when a/d ratio is lower than 1.00, the deflection is overstated by the proposed study [10]. This could 
be because the arching effect has a reducing effect on bending and shearing-related deformation.  
 
In table 5 (the datas presented in this table are sourced from article number [10] in the literature) the mean 
1.03, that matches with the proposed study [10],  is lower than the mean of (Δu,e/Δu,p) for other models [34, 
35, 36, 37, 38, 39] which was found to be in the range of 1.28 to 2.04 for those models. The proposed study's 
[10] CoV of estimation was determined as 40.80%. On the other hand for other studies CoV value is 
ranging from 27.6% to 33.9%. It was discovered that other studies existing to determine the deflection of 
FRP RC beams were extremely conservative. In light of this, that may said the proposed model's [10] 
estimation of final step of FRP deep reinforced concrete beams deflection and  strength  is comparable to 
the convenient empirical outcomes.  
 

7. Numerical study modeling  

Accurate measurement of ultimate load and deflection is essential for assessing structural condition and 
determining necessary improvements. This study introduces new formulas for these measurements, 
developed using scientific approaches and engineering standards from the literature. These formulas aim 
to provide precise and comprehensive results, contributing to the field. The results will be compared with 
existing studies, application codes, and the study's predictions, using the symbolic regression method in 
accordance with Eurocode standards. 
 

7.1. Suggested Formula for Determining Load 

For the ultimate load capacity (Pu), the newly proposed formula is presented below in the Numerical Study 
Modelling (NSM) section: 
 

(Pu) = 0.896 *D* 0.405(a/d) log√𝟎. 𝟎𝟏𝟑 ∗ 𝐛  √𝟎. 𝟎𝟏𝟑 ∗  𝐛 ∗  𝟎. 𝟎𝟔𝟐𝟒 ∗ 𝛒𝐟 ∗  𝐟𝐩                                               (39) 
 
where ρf  represents the reinforcement ratio of the FRP bars. 
 
Table 7 (the datas presented in this table are sourced from article number [10] in the literature) compares 
the estimated and experimental ultimate loads of 53 FRP-RC beams using the new formula from the 
Numerical Study Modelling (NSM) section, current application codes, and existing studies. Additionally, 
results from Equation 39 for these beams are listed in the 'NSM (Equa. 39)' column in Table 7. 
 
According to the results presented in Table 7; the mean Pu,e/Pu,p ratio for 53 FRP-RC beams is 0.89 with 
a CoV of 36.3% for ACI-318 [33]. Other studies [28,29,30,31,32], Pu,e/Pu,p ratios ranging from 1.6 to 5.13, 
with CoV values of 25.6% to 41.7%. The proposed study's [10] Equation 8 yields a mean ratio of 1.05 with 
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a CoV of 29.5%. Equation 39 from the NSM section, with a mean ratio of 2.48 and a CoV of 19.57%, offers 
superior accuracy and reliability, closely aligning with actual structural behavior. 
 

7.2. Suggested Formula for Determining Load       

For the ultimate stage total deflection (Δu,e), the newly proposed formula is presented below in the 
Numerical Study Modelling (NSM) section: 
 

Δ  =

𝐋
√

𝐄𝐜
√

𝟗𝟖.𝟔∗𝐝∗𝐋∗𝐄𝒄√
𝐃

(𝛒𝐟)∗𝐄𝒇

𝒃∗𝐄𝒇

𝐃(𝐟′𝐜)
                                                                                                                                  (40) 

 
Table 8 (the datas presented in this table are sourced from article number [10] in the literature) compares 
the predicted and experimenta; ultimate loads of 53 FRP-RC beams using the new formula from the 
Numerical Study Modelling (NSM) section, current application codes, and existing studies. Results from 
Equation 40 for these beams are also shown in the 'NSM (Equa. 40)' column of Table 8. 
 
According to the results presented in Table 8, the Proposed Study’s [10] Equation 1 yields Δu,e/Δu,p ratio 
of 1.03 with a CoV of 40.80%. Current codes and studies [28,32,40,41] shows Δu,e/Δu,p ratio between 1.90 
and 2.03, with CoV values from 33% to 34%. Other studies [35,36,37,38,39] report a Δu,e/Δu,p ratio between 
1.28 and 2.04, with CoV values from 32.5% to 33.9%. Equation 40 from the NSM section gives a Δu,e/Δu,p 
ratio of 1.04 with a CoV of 26.99%. Equation 40 from the NSM section outperforms existing formulas and 
studies, proving to be more effective and reliable. Its low CoV value indicates less variability and closer 
alignment with actual structural behavior, confirming its accuracy. 
 

8. Conclusion 

Vertical deflections at the mid span and loading point are similar, indicating uniform deflection along the 
beam. Experimental results align well with predicted load and deflection of RC deep beams with FRP, 
confirming model reliability. An increase in beam depth reduces normalized shear stress, showing 
sensitivity to geometric parameters. During initial breaking, shear deflections account for 89% to 95% of 
total deflection, while in the final phase, they contribute 42% to 58% of overall displacement, highlighting 
their significant impact on beam behavior [10]. 
 
New formulas (equation 39 and 40) for load and deflection of RC deep beams with FRP proposed in 
Section 7 were derived using Eureqa, which is a symbolic regression program. They were compared with 
existing results and this comparison showed that the new formulas better reflect reality, providing more 
accurate results in structural modeling. 
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