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Abstract

In the paper, we introduced a generalization of Bernstein-Stancu-Kantorovich operators
that reproduces exponential functions. For appropriate function spaces, both the uniform
and LP convergence have been established. We proved that the new operators satisfy the
Korovkin tests with the exponential functions and calculated the operators’ analytical
expressions evaluated on various powers of e "which is necessary to get the uniform
convergence conclusion using the well-known Korovkin Theorem. Consequently, the
convergence theorem for the new operators, which transfer the weighted space Lﬁ([O,l])
to itself, has been established. Additionally, using the usual modulus of continuity of the
estimated function in the continuous case, we provide quantitative estimates for the
approximation error.

Keywords: Bernstein-Kantorovich operators, Exponential polynomials, Modulus of
continuity.

Ustel tip Bernstein-Stancu Operatdrlerinin yaklasim dzellikleri
lizerine

Oz

Bu ¢alismada iistel fonksiyonlar: yeniden iireten Bernstein-Stancu-Kantorovich
operatorlerinin bir genellemesi sunulmugtur. Uygun fonksiyon uzaylart i¢in hem diizgiin
hem de LP yakinsamast kurulmustur. Yeni operatorlerin iistel fonksiyonu sagladigini
kanmitladik ve iyi bilinen Korovkin Teoremini kullanarak diizgiin yakinsaklik sonucunu
elde etmek icin gerekli olan e “*in ¢esitli kuvvetlerine gore degerlendirilen operatorlerin
analitik ifadelerini hesapladik. Sonug olarak Lﬁ([O,l]) agirlikl uzayini kendisine aktaran
yeni operatorler i¢in yakinsama teoremi kurulmugstur. Ek olarak, stirekli durumda tahmin
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edilen fonksiyonun olagan stireklilik modiiliinii kullanarak, yaklasik hatast icin niceliksel
tahminler verilmistir.

Anahtar kelimeler: Bernstein-Kantorovich operatorleri, Ustel polinomlar, Stireklilik
modiili.

1. Preliminaries

The well-known polynomials developed by Bernstein, described as
v

B,(fx) = Z pv,l(x)f( %) x € [0,1], v € N.

=0
Here, p,,;(x) = (’l’)xl(l — x)?V7!, and f be a continuous function on the interval [0,1]

were presented to demonstrate the fundamental theorem of Weierstrass (see [1]). The
following are the Kantorovich operators that are constructed from the traditional

Bernstein operators
+1

K, (f; %) = zpvl(x)(v+ 1)f F(t)dt,x € [0,1], v € N.
v+1
In [2], D. D. Stancu introduced the following polynomials for each real a, B such that

0<a<p
By (i) —pr( f (555)

In [6], Kgﬁ(f, x).Ll([O,l]) — C([0,1])defined for any f € L;([0,1]) Kantorovich-
Stancu type operators were described as follows

v
kP =B+ ) () xa -0 f -
=0 v+6+1
In [3], an exponential variation of Bernstein polynomials was presented for continuous
functions on the interval [0,1], demonstrating uniform convergence. Recent research has
focused on using exponential-type polynomials in the approximation theory. In [4], the
exponential forms of Bernstein operators are presented as:
v

Gu(f) = ) e ¥ ety (2,(0)F(1/v), x € [01],1> 0, vEN,

=0 . ! v-1 ehx/v_y .
here pv,l(zv(x)) = (l)(zv(x)) (1 — Zv(x)) , and z,(x) = —i T Here, z,(x) is
defined as increasing, continuous and convex functions in [0,1] with z,(0) = 0 and
z,(1) = 1. The connection between their operators and the traditional Bernstein
operators was defined as

Gv(f;x) ::expu(x)£%7<gi%;;zv(x)>-

The exponential function with a real parameter u > 0 is denoted as exp, (x) = e"*.
In [5], the authors introduced an exponential polynomial with Kantorovich type as
follows

+a+1
+6+1

f(s)ds.
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v 1+1)/(w+1)

Ko(fi) = ) ¥ pyy(2042 () 0 + 1 f(Hye ™ dt, x € [0,1],

- 1/ (v+1)

1=0

here p,,;(x) and z,(x) be described as shown above. Approximation results using these
families of operators have been extensively investigated and also the nonlinear positive
operators have been introduced in place of linear positive operators (see [9]-[16]).

2. Convergence results

Firstly, we introduce the exponential type of Bernstein-Stancu Kantrovich polynomials

as
l+a+1

Ko (f;x) =K, ' (f;0) =(w+y+ 1)e”x2pnl(zv+1(x)) fv+y+1f(5)e_“5ds,

vy +1

0<ac<y.

euxKV+v) 1
where v € N, and s € [0,1], and z,(x) = T

By taking into account that }}j_, pv l(zv+1(x)) = 1,for every x € [0,1], we obtain

l+a+1
v+y+1

Koexpy(x) =W +y+ l)euxz pvz(Zv+1(X)) j I+a

v+y+1

=eM* Opvl(zv+1(x)) = e
Therefore, our operators fix the exponential function exp,,(x) = e"*.

Lemma 2.1. There exist the following equalities:

oa+v a+v+1
Kyeo(x) = Meux_ (e_“‘v+y+1 — e—uv+y+1) (eu/(v+y+1) +1-— e_ux/(wyﬂ))v(l)
Koexp,(x) = expy(x) )
v+y+1
Kvexpﬁ(x) P S— (e plat+1)/(w+y+1) _ eua/(v+v+1))eux+uxv/(v+y+1) (3)
1

X expu(x) y+1 ux( zu(a+1)/(v+y+1)_em/(v+y+1))

- (e2MC+D/(HyHD) 4 o/ (Hy+D) _ e,u/(V+y+1))” (4)

Proof. As we have already noted (2) is immediate. Now, we establish (1) and (3).

(I+a+1)
v+y+1

Kyeox) =w+y+ 1)9”xzpvz(zv+1( )) j(H ) e HS ds

vHy+1

ehx Z pv,l(Zv+1(x))(e_#((l+a)/(v+y+1)) _ e—y((l+a+1)/(v+y+1)))

_v+y+1
u
_v+y+1

v
[04
e“xe_“v+y+1(]_—-e—u/@Hv44)) pvl(zv+1(x))e—uuwv+y+1l
U E :

=0

We can write the following by some computations

317



ACARE.

z Dy 1(Zo42 (X)) e M/ FHYHD = oW/ YD) (h/(HYHD) 4 | — gmwt/ry+D))Y,

1=0
and then we have the equality (1) Now,
l+a+1

1
X expu(x) - (17 +Y + 1)euxzpvl(zv+1(x)) J”ﬂ”‘ etSds

v+y+1
= vryr- ty+l e“x(e pla+1)/(w+y+1) _ eua/(v+v+1)) Z Do l(ZvH(x))e_“l/(”W“).
u :
1=0
Here, Y.¥_o D1 (241 (x))e TR/ @Y+ = owxv/+y+1) we obtain the equality (3).
Using analogous reasons, it is easy to demonstrate the equality (4).

Theorem 2.2 If f € C([0,1]), then I, f converges to f uniformly on [0,1].

Proof. According to the well-known Korovkin Theorem (see in [7],[8]), since K, are
positive linear operators, it must be verified to confirm uniform convergence on a
Korovkin subset of C([0,1]) to obtain uniform convergence for every f €
C([0,1]). Simply confirming the uniform convergence for the Korovkin subset
{1, expy, expﬁ} is sufficient (see in [8]). Using Lemma 2.1, and the recognizing that
K,e, (x) = e; (x)for any x € [0,1], we can quickly see that K, e; converges uniformly
toe;, I = 0,2, and the conclusion is thus verified.

The convergence of our operators in LP will be examined. In accordance with its
definition, it is inherent to derive a consequence of convergence in Lﬁ( [0,1]), which is a
weighted LP -space defined as the set of the measurable functions f: [0,1] — R such that

1 1/p
I f ly = {fo | e ke (x) P dx} < +oo.

Theorem 2.3 Let f € Lﬁ([O,l]), then we obtain
v+y+let—1
I Koo f llpu< ——

I F Nl (5)

for every v € N. Furthermore, | ¥, f — f ll,,— 0 as v - +oo.

Proof. Consider the function f € L% 1([0,1]), and then apply Jensen's inequality

l+a+1 p
| %, f Ilg,u j val(zvﬂ(x))(v +v+ 1)[ e M f(s)ds| dx
v+y+1
l+a+1 p
+
j Zmz(zm(x)) (w+y+ 1)f v € f(s)ds| dx.
vHy+1
l+a l+oa+1
If we apply agaln Jensen’s inequality in [U+y+1 v+y+1] , then

(I+a+1)/(v+y+1)

15, f 12, Z j Dot (2042 (0))dx(w +y + D eS| £(5) IP ds.

(I+a)/(v+y+1)
We now estlmate the terms I,; = (v +vy+1) f o pv,l(zvﬂ(x))dx. If we put
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ux/(w+y+1) _q +v+1
S =2z,(x) = m, so that x = %ln(s(e“/(””“) —1)+1)and

viy+1 eW/ Wy _q
po (eW/@ty+_1)s+1

1
Iv,l = (17 +y+ 1)f pv,l(s)
0
e/ w+y+1) _q

<
/vty +1)

dx =

ds, the integral becomes

v+y+1 M@t 1
(eW/@+v+D) — 1)s + 1

1
w+vy+ 1)[ Py, (s)ds.
0

ds

Since
1 1 y
(w+y+ 1).f Py (s)ds=(w+y+ 1)[ ( st(1—-s)"lds = 1+—
we get
u/(w+y+1) _ (U+Y+1)2
Iv,l < (e H(v+1)
euﬂv+y+1) (I+a+1)/(v+y+1)
13, f 2, < Z f e~ | £(s) IP ds
vf pll (U‘l‘ 1)”/(U+Y+ 1) (l+(x)/(v+y+1) f
u/(w+y+1) _ u/(w+y+1) _
e 117+Y+1J' _”pslf(5)|pdSS2;"f"p
u/(v+y+1) v+1 J, w/(w+y+1) b
ef—1 .

Considering that <y for every v,y =0, and the function h(t) = is

v+y+ t
v+y+1 et

puS v+1

increasing, we get || 764, e L f ||p w> that is the proof of the inequality

given in ([5].)

Define € > 0 as fixed. If f € L} ([0,1]) then by the density of C([0,1]) in L}, ([0,1]), there

exists h € C([0,1]) such that || f — h lI,< ﬁ,where K, = v+IJ1rle . Additionally,
n

1

I f=hll,,= {] (e—ux(f(x) — h(x))pdx}p < {f (f(x) — h(X))p dx}
0
=l f—hil,<s7—s5

S

2(1< +1)’ (6)
Then
N Ko f — f lpuSI Ko f —Kphllpy HIl HKoh —hlly, +I R = f Iy,

Now,
1

1 p
13k — R lly < {f | K, h(x) — h(x) P dx} <N Kyh—h llo,
0
and so, there is ¥ € N such that, foreachv > 7, | K,h — h |l , < gfrom Theorem 2.2.
Furthermore, by (5), | K, f — K, h ll, < K Il h — f I, and thus, by inequality (6),

N Ko f = f llpu=< (K + 1) Il f—hlpu+-=¢€ for each v=7. It is immediately

apparent that all of the conclusions of Theorem 2.3 can be reformulated using the standard
LP-norm |I.lI, instead of its weighted version |l.ll,,, 1 < p < +oo, by applying the
following simple inequalities: e ™" || f L, <Il f ll, ,<Il f II,,.

Theorem 2.4 Let f € C([0,1]), for every v € N, n > 1 the following inequality holds

I %K, f—fI Sw(exp‘lf;>e”<1+ ! +,/y+1>
v F vy F1 JvHy+ 1y +1
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+eta(expyf, maxseio |z () - x)
Proof. For every fixed x € [0,1], we have
v

Ko ) = () = K, f () = F2) Z Poi(Zoa ()

l+a+1

= K, f() = (Y + ek Z Poa(zonn () [0 e fa)ds
v+y+1
l+a+1
= (v +y+ e z Poi(2o1 () f T s f(s) — e R F () )ds.
v+y+1

By using properties of the modulus of continuity, we get

| Foof (x) — f(x) |

l+a+1
<@w+y+ 1>e“2pvl(zv+1( ) [ etsf(s) - e pGolds
v+y+1
l+a+1
vy +1
<Ww+y+ 1)e”2pvl(zv+1(x))J w(exp;tf,Is — x|)ds .
v+y+1

Additionaly, we can easily see that

lim max | z,,1(x) —x | =0,
v—-o0 x€[0,1]

and the following inequality exists
s =x[ < s = zpsa (O + 2041 () =2 S |5 = 2p4 (D] + max | 245 (1) —x

By using the above inequality, we obtain

| Foo f () — f(x) |

l+a+1
v+$+1 1
<@+y+ 1>euz Poa(200200) |11 @(exp f.Is = 2012 ()] )ds
v+y+1
l+a+1
v+y+1 1
Hw ety 1)euz Poi(2002(0) |11 @( expplfimax | z,a(¥) = x Dds
v+y+1 xelo1]
=E, + E,.
Firstly, by means of the Cauchy—Schwarz inequality, we need to estimate the following;
1/2 1/2
Zv:| [+« () < Z| I+a |2 @) zv: D)
X = ‘U+Y+1 Pvi\X ‘U+Y+1 by,i\x byix
1=0 1=0
1/2

14

_ Z( [+« >2 )
B x v+y+1 Pv X

By applying some equalities associated with classical Bernstein-Stancu polynomials we
have
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2

Z ( v -ll--:/(-)l(- 1) Pus (%)

(I + a)? S I+ a
Z(U+Y+ 1)2pvl(x)_2 Zmpvl( )

v(v— D, (A+20v o?
w+y+ 102" (v+y+1)2 T oy 12

e
— x ,
v+y+1 v+y+1
additionally taking into consideration that the above inequality holds its maximum at x =
1 for every n > 1, we obtain
[+a Jy+1
Dy (X) <

DN e o P
s v+y+1 Jv+y+1

Now, let us calculate the following integral to estimate E;:

l+a+1
v+y+1
[itls = zp.aGolds
vHy+1
l+a+1 l+a+1
vHy+1 [+« v+y+1 I+«
Sf s——ds+f ——zv+1(x)|ds
l+a v+y+1 H+a |Jv+y+1
vHy+1 vHy+1
_ 1 4 1 [+« ( )|
T2ty + 02 T vry+llvry+1
Considering the following inequality, for A,6 > 0,
w(f,26) < (1 +Dw(f,8),
we can estimate E;as follows
v
E, < oo(expljlf, 1/Jv+vy+ 1)(17 +yv+ 1)6”2 pv,l(z,,ﬂ(x))
l+a+1 =0
vHy+1
X j . A+ Jv+y+1ls—a, 1 (x)|ds
v+y+1
< w(expyf,1/\Jv+y+1)
v
x et Z pv,l(zv+1(x))
1=0
l+a+1
v+y+1
+ T FY Iy + 1)pr(zv+1(x))f 5 = @pra(0lds
v+y+1

< oo(exp;lf, 1/Jv+y+ 1)6” <1 + = +:::I)j}yTz Pvz(Zv+1(x))

l+a

+1/U+Y+ val(zv+1( ))| +Y+1 Z,,+1(x)|>
< wlexpif1/ v+Y+1)eu<1+\/v+y+1\/v+1+m)

On the other side, regarding the estimation of E,, we have

321



ACARE.

v
B, < w(expf, max 17,1 () = xD)e* D pyi(z41 ()
' 1=0

= oo(exp,]lf, xrg[gﬁ]lzv+1(x) - xl)eu-

Therefore, we obtain the proof of the theorem.

3.  Conclusion

For over a century, researchers have been interested in approaching functions because of
their structure and the wide variety of fields that make use of them. Furthermore, there
has been significant investigation into the method of continuous functions via sequences
of linear positive operators, a subject with several non-mathematical applications in fields
like engineering and physics. Bernstein provided the definition for the proof of the
Weierstrass approximation theorem in 1912; it was subsequently cited by him (see in [1]).
The literature has many articles with studies of various generalizations and modifications
of Bernstein operators. Reproducing exponential functions, we presented a generalization
of Bernstein-Stancu-Kantorovich operators in the article. The uniform and LP
convergences have been proven for appropriate function spaces. The positive
approximation processes identified by Korovkin are significant and emerge naturally in
various mathematical fields. In order to obtain the uniform convergence conclusion using
the famous Korovkin Theorem, we demonstrated that the new operators are exponentially
compatible and computed their analytical expressions evaluated on different powers of
et*. So, the convergence theorem for the new operators has been proven. These operators
move the weighted space Lﬁ([O,l]) to itself. Consequently, we describe a generalization
of Bernstein-Stancu-Kantorovich operators and give some important approximation
results so that we can get a better estimate.
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