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ABSTRACT. In this paper, Z*-sequential topology is defined on a topological
space (X, 7) by considering any ideal Z which is a family of subset of natural
numbers N. It has been proven that Z*-sequential topology is finer than Z-
sequential topology. In connection with this fact, the notions Z*-continuity
and Z*-sequential continuity are shown to be coincided. Additionally, Z*-
sequential compactness and related notions are defined and investigated.

1. INTRODUCTION AND PRELIMINARIES

Examining convergence of sequences is one of the main and famous problem in
mathematical analysis. Especially, taking into consider different type convergence
methods has led to a better understanding of the geometric and algebraic structure
of the studied space. Statistical convergence, which is the most interesting method
in terms of how it is defined, was introduced by Fast [6] and Steinhouse [23] in the
year 1951, independently. Over the years, many studies on statistical convergence
have been conducted and many application in different field of mathematics like,
summability theory [21], number theory [5], trigonometric series [26], optimization
and approximation theory [8] and etc. were given.

Recall the notion of statistical convergence in a topological space. For any subset
A in N, the asymptotic density of A is defined by

1
A):= lim — k<
5(4) = lim (k€ Nk < nl
when the limit exists.

A sequence & = (z,,) in the topological space (X, 7) is said to be statistically
convergent to a point z € X if

d{neN,z, ¢U}) =0,
holds for any neighborhood U of z. It is denoted by st — lim,_ .., z, = x.
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A subset F' C X is called sequentially closed if for each sequence & = (z,,) in F'
with z,, — x € X then x € F holds. A space (X, 1) is called sequential topological
space if each sequentially closed subset of X is closed.

A sequence T = (z,,) C X is said to be eventually in an open subset U of X,
if there exists ng(U) € N such that x,, € U for all n > ng. A subset G C X is
said to be sequentially open if X — G is sequentially closed. Then, it is obvious
that, a subset U C X is sequentially open if and only if for each sequence & = (z,)
converging to a point z in U, then & = (x,,) is eventually in U.

After that in 2000, P. Kostyrko, et al. in [12] introduced the notion of ideal
convergence which is completely different classical convergence but only its par-
ticular case coincides with classical and statistical convergence. Because of the
flexibility of the ideal concept, several results in different spaces were given in
[7, 9, 10, 11, 14, 18, 19, 20, 24]. Between the years 2012-2019, authors of the pa-
pers [2, 3, 4, 13, 16, 25] extended the notion of Z-convergence of a sequence to
any topological space and proved several properties of this concept in a topological
space. And very recently, the idea of Z-convergent is generalized and Z*-convergent
is defined.

Definition 1. [12] Let S be a set and T be a sub family of P(S). T is called an
ideal on S if (i) For all A,B € T implies AUB €T and (ii) fA€ T and BC A
then B € T hold.

The ideal 7 is called an admissible ideal if {s} € Z holds for all s € S; and it is
called proper ideal if S ¢ Z. A proper ideal is called maximal ideal if it is maximal
element ordered by inclusion in the set of all proper ideals defined on S.

An ideal 7 is called non trivial if Z # ¢ and S ¢ 7.

Example 1. Zp;, := {A C N : A is finite set} and s := {A C N : §(A) = 0} are
admissible and proper ideal on the set of natural numbers.

Example 2. [11] Let N = [J;2, A; be a decomposition of N such that for all i € N
the set A; are infinite subsets of N and A; N Aj = ¢ holds for all i # j. Let

T :={B C N: B intersect at most finite number of A;s}

Then, T is an admissible and nontrivial ideal.

Definition 2. Let Z be an ideal and K C S be any set. The set K is said
(i) Z-thin if K € T,
(i) Z-non thin if K ¢ T,
(1) relatively T-non thin if there exist A € T such that A € K.

The set of Z-thin, Z-non-thin and relatively Z-non-thin sets are denoted by Z;,
Tt and Z,.,,, respectively.
The dual notion of ideal is called filter and defined as follows:

Definition 3. [19] A family # C P2(S) is said to be filter if (i) ANB € Z for all
A,Be F, and (i) If Ac F NAC B, then B € .Z hold.

A filter Z is called proper if ¢ ¢ %#. For every non-trivial ideal Z defines a filter
associated by Z as #(Z) :={ACS:S— A€} onthesetS.

Remark 1. Let 7 be an ideal and K C S be a set. Then, K € Z,p; if and only if
there exists a set B € F (1) such that K C B.
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Proof. It can be obtained from definition. So, it is omitted here. O
Remark 2. If we consider T = Fin, then T, =T and Iy = Zrpne = F(Z) holds.
Remark 3. If T is an admissible ideal, then L,s C Lrps.

Proof. Let T be an admissible ideal and A C N be a an Z non-thin subset. Hence,
the set A is not finite set because of ideal Z is admissible. From the set theory, it

is well known that A contains a finite subset B which is belongs to Z. This implies
that A is in Z,p;. O

Lemma 1. Let 7 be an ideal and A be a relatively T non-thin sub set of N. Then,
there exists a maximal set B € T such that B C A holds.

Proof. Denote the set

A*={BeI:BcCA}
A* is partial order family with respect to inclusion. If we consider complete order
sub family A of A*, then

J{B:BeA}

is the upper bound of A. Then, Zorn’s Lemma says that A* has a maximal element.
So, proof is ended. ([

Thorough the paper, we are going to consider S = N set of natural numbers, Z
is an arbitrary ideal and (X, 7) is a topological space. Unless otherwise stated this
triple X, 7 and Z will be displayed in (X, 7,7) format.

Definition 4. [25] A sequence T = (x,,) in a topological space (X, T,T) is said to be
T-convergent to a point x € X, if {n e N:x, ¢ U} € T holds for any neighborhood
U of x and it is denoted by T — limx,, = x.

Remark 4. If we consider Is or Lpi,, then ideal convergence is coincide with
statistical or classical convergence, respectively.

If 7 is an admissible ideal, then classical convergence implies Z-convergence. The
converse statement is not true if X has at least two point, in generally. Let z and
y be two different elements of X and A € 7 be any set and consider a sequence
Z = (z,) C X with z, = 2 when n € A and =, = y when n ¢ A. It is clear that
the sequence z is Z convergent to y but not usual convergent.

Furthermore, the set of ideal convergent sequences and the set of convergent
sequences are not comparable with respect to set inclusion for non-admissible ideal.
To see this let us consider non-admissible ideal Z = P(2N). The real valued sequence
(xn) = (%) convergent to 0 in R with usual topology 7.. Let € > 0 be an arbitrary
real number such that there exists ng € N such that n%) < & < —— holds. Then,

no—1

following inclusion {1,2,...,no} C {n : |2 — 0] > &} is satisfied. Since the set
{1,2,...,n0} ¢ I, then {n : |+ — 0] > ¢} ¢ I holds. This implies that the sequence
(zn) = (1) is not T convergent to zero.

Similarly, if we consider a sequence (z,,) as follows:
o 0, n=2%LkekK,
"1, otherwise.

It is clear that this sequence ideal convergent to 1 but it is not convergent to any
point in R.
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Definition 5. [1] Let Z be an ideal and X be a topological space. Then,
(i) For a subset A C X, I-closure of A is defined by

AT ={reX:3 (xn)CA:a:7L£>x}.
(ii) A subset F C X is said to be I-closed if FT = F holds.
(iii) A subset A C X is said to be T-open if X — A is T-closed.

It is clear that ¢ = ¢ and A C AT hold. Also, it can be easily seen that any
open subset of topological space (X, 7,7) is also Z-open.

In the paper [22], Z-closure and Z*-closure of a set A was defined by using T
non-thin sequences. Let us recall it: A sequence & = (2, )nens is called Z-thin if
M € T, otherwise it is called Z-non-thin. Then, Z-closure of a set A is

AT = {z e X :3 (@p)nens C At (@n)nen X a}
where Zpy :={MNA: Ael}.
It is clear that Z,; is an ideal Zy; C Z for any subset M C N.

Remark 5. [t is clear that Ty; is an (admissible) ideal for any (admissible) ideal
and Iy C I holds for any subset M C N.
Theorem 1. Let (X, 7) be a topological space, T be an ideal and M ¢ I. Then,

(Tn)nem Iy if and only if (Tp)nenm Ly

Proof. From the definitions, proof can be obtained easily. So it is omitted here. [J

2. FURTHER PROPERTIES OF Z*- SEQUENTIAL TOPOLOGICAL SPACE

Through the paper, we consider any ideal unless said otherwise. Let’s remember
the definition of Z*-convergence of sequences for any ideal Z.

Definition 6. [13] Let (X, 7,Z) be a topological space. A sequence T = (zy,) in X
is said to be I*-convergent to a point x € X if there exist a set M € % (T) where

M={m<mg<---<mp<--}

such that for any neighborhood U of x, there exists N(U) € N such that x,,, € U
holds for all my, > N(U).

If X has an algebraic structure, then the Definition 6 can be reformulated in the
following form as called decomposition theorem:

Theorem 2. A sequence & = (xy,) in (X,7,7) is I*-convergent to x € X if and
only if it can be written as x, = t, + S, for all n € N such that t = (t,) C X is a
Trin-convergent to x and § = (s,) C X is non zero only in a set of T.

Proof. Assume that z, := t, + s, is satisfied for all n € N where t,—z(Zri)
and (s,) is non zero only in a set from ideal Z. Since t,—x(Zp;y), then for any
neighborhood U of z

{nGN: tnifU}EIFm
holds. Let M :=N—-{neN: t, ¢ U}. Then, s, =0 for alln € M. So, z, = t,
and this implies that for any neighborhood U of x z, € U holds for all n € M.

s
Hence, z,, = =x.
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Conversely, let x, E Then, there exists M € F(Z) such that (2,)nem
convergent to x. Take into consider sequences t = (¢,,) and § = (s,,) as follow

PR £ n e M, d s — 0, n € M,
" lz, né¢ M, e S =g, — né¢ M.

It is clear that t,—x(Zrin) and (s,) is nonzero only on a set from the ideal Z
and z,, = t,, + s, holds for all n € N. O

In [13], it was pointed out that Z*-convergence implies that Z-convergence. In
the following example, we will show that the converse statement is not true, in
generally.

Example 3. Let (R, 7.) be an Euclidean topological space and let B, (0) := (—ﬁ7 %)

for n € N be a monotonically decreasing open base at zero. Define a real valued
sequence & = (x,,) such that

2y € Bp(0) — Bpi1(0)
2n+1

where x,, = T2 It is clear that x, — 0, n — oo.

Consider the ideal given in FExample 2 and let us note that any A; is a member
of T.

Let § = (yn) be a sequence defined by y, = x; if n € Aj. Let U be any open
set containing zero. Choose a positive integer m such that B, (0) C U holds for all
n >m. Then,

{n:y, U} CATUAUA;...UA,, €T
implies that y, =) satisfies.
Now, suppose that y, =N 0 holds. Hence, there exists a set
M:=N-H={m <mz<..<mg..}e€ZFI)

where H € T such that for any neighborhood U of zero there exists N € N such that
T, €U for all my, > N.
Let 1 € N be a fixred number and assume that

HCATUAUA;5...UA,

then A; C N — H holds for all i > I + 1. Therefore, for each i > 1+ 1, there is
infinitely many k’s such that y,,, = x;. But, the limit limy,, doesn’t exists because

of x; # x; for all i # j.
Theorem 3. Let (X,7) be a topological space, and T be a finite ideal. Then,
I-convergence and L*-convergence are coincided.

Proof. We already know that if =, L, = then T L 2 for any ideal. Let a sequence

2 5 x, then for any neighborhood U of z, we have A = {neN:z,¢U}eT.
Consider M =N — A € %#(Z) and arrange M as

M:{m1<m2<---<mk<---}.
Since the set A is finite, then there exists N € N such that z,,, € U holds for
all m > N. Therefore, x,, N x, hods. ([l

Theorem 4. Let (X,7,7) be a topological space. If every sub-sequence (zn,) of
(xn) € X is T*- convergent to a point xg € X, then (xy,) is T*- convergent to xg.
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Proof. Let us assume that (z,) is not Z*-convergent to point xzo. Then, for all
M € Z(T) and for all N € N there exists ny, > N such that z,, ¢ U, where U
is any neighborhood of zy. If we take N = 1, then there exists the sub-sequence
(Zn,) ¢ U, for all n, > 1. This means that there exists a sub-sequence of ()
which is not converging to the point of x¢ which is contradiction. (I

Now, let’s see with the following example that the converse of Theorem 4 is not
true, in generally.

Example 4. Let (R, 7.) be a topological space, T be any ideal and K € % (ZI) be an
arbitrary set. Define a sequence as

_f2", né¢ K,
Yn = 1 nekK.

The sequence (y,) is Z*-convergent to zero but its subsequence (yy, ) = (2"*)
for nj ¢ K is not Z*-convergent.
Lemma 2. Let T and J be two ideals of N such that T C J and & = (z,,) be a

. . A *
sequence in a topological space (X, 7). Then, x, = x implies Iz,

Proof. Let () L, 2 holds. That is, there exists M € F(I) as
M={m <mg<...,<mp<...}

such that for any neighborhood U of «, there exists N € N such that z,,, € U holds
for all my > N holds. Since N — M € Z, then from the assumption N — M € J is
satisfied. So, (zy) L . O

It is stated in (Lemma 2 in [1]) that every subsequence of Z-convergent sequence
in a topological space (X, 7) is also Z-convergent. Moreover, Example 4 shows
that this statement is not true for Z*-convergence. Because of this reason, when

defining Z*-closure of a set A, the sequence itself will be considered instead of its
subsequences.

Definition 7. Let (X, 7,Z) be a topological space. Then,
(i) T*-Closure of a set A is defined by

*

= {z € X : 3(x,) C A such that x, N x}

(i) A subset FF C X is said to be T*-closed if F- = F holds.
(i1i) A subset U C X is said to be T*-open if X — U is I*-closed.

Remark 6. It is clear that 51* =¢ and A C XI* are true for any A C X.

Theorem 5. Let (X, 1) be a topological space and T is an admissible ideal. Then,
every T-open subset is T*- open.

Proof. Let U be an Z-open subset of X. Then, X — U is Z-closed such that X —
U=X-0U" holds. To prove X — U = X —U" it is sufficient to show that
XifUI* C X — U holds. Let z € XifUI* be an arbitrary element. Then, there
exists a sequence T = (z,,) C X — U such that z, Z, 2 holds. Therefore, Theorem

1 gives that x, Z 2 holds. This implies that z € X — UI = X — U. Hence, the
proof is completed. [
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Corollary 1. Let (X, 1) be a topological space and T be a finite ideal. Then, A C X
is Z-open if and only if A is T*-open.

Theorem 6. Let Z and J be two ideal such that T C J and X be a topological
space. If U C X is J*- open then it is T*-open.
Proof. Let U be J*-open then X —U is J*-closed and X U=X_0" holds

We must to prove X — U U cX-U.Letze XU bean arbitrary point,
then there exists a sequence (xz,) C X — U such that (z,) is Z*-convergent to a
point € X —U. Then by Theorem 2 the sequence (z,,), J* converges to . Hence,

zeX —Uj = X — U this implies that x € X — U and U is J *-open. (]

Definition 8. Let A be a subset of topological space (X,7,Z). Then, T* interior
of A is defined as

AT = A XA
Lemma 3. Let A be a subset of topological space (X,7,T). Then, the set A is
T*-open if and only if A°7 = A.
Proof. Let A be Z*-open Subset of topological space (X,7,Z). Then, X — A is
T*-closed and X — A= X — A" holds. This implies that
A" :Af(XfA) A (X—A) = A
Conversely assume that A = A°" holds. Considering the deﬁnltlon the equality

A=A-(X-A4A) A) s obtained. This implies that A N (X — A) A) = ¢ holds.
Therefore, (X — A) A) C X — A Hence, X — A is Z*- closed and the set A is
T*-open. O

Theorem 7. Let A be a subset of topological space (X,7,Z). Then, the following
statements are equivalent:

(i) A is T*- closed.

(ii) A=({F: F isZT* — closed and A C F'}.

Proof. From the definitions it is obvious that (i) = (44). So, we are going to prove
(i) = (i). To show that A7~ = A holds it is sufficient to prove that AT~ C A
holds. Let zy € AZ is an arbitrary point, then there exists a sequence (z,) C A
such that (x,) is Z*-convergent to zp. Assume that xo ¢ A. So, (ii) implies that

xo & m{F : FisIT" — closed and A C F}.

Hence, there exists an Z*-closed set F' such that A C F and zy ¢ F. Since
(xn) C ACF, then xy € F which is a contradiction to assumption. O

Theorem 8. Let A be a subset of topological space (X,7,Z). Then, the following
statements are equivalent:

(i) A is T*- open.

(1)) A=\J{U :U is T* — open and U C A}.
Proof. From the definitions (i) = (4¢) is obvious. So, we are going to prove inverse
of this case. Let us consider A = |J{U : U is Z* — open and U C A}. To prove A
is Z*- open subset of X, we must to show that A = A°" holds. Tt is known that

*

Ac” always subset of A. So, it is sufficient to show that A C A" holds.
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Let xg € A be an arbitrary pomt then there is an open subset U of A such that
xg € U. Since U C A then zqg € A°" and this implies that A C A°" holds. O

Definition 9. Let T be an ideal and U be a subset of topological space X. A
sequence & = (x,) C X is I*-eventually in U if there exists M € F (L) such that
Ty € U holds for all m € M.

In the following a new characterization will be given for the Z*-open set.

Proposition 1. Let Z be a mazimal ideal and (X, T) be a topological space. Then,
a subset U C X is T*-open if and only if each T*-convergent sequence to a point
x €U in X is T*-eventually in U.

Proof. Let us assume that U be an Z* open subset of (X, 7). Consider an arbitrary
sequence & = (z,) C X which is Z*-convergent to a point « € U. Since U is
TI*-open, then it is neighborhood of the point z. So, E := {n : x, ¢ U} € T and
M(=N-FE)={n:z, € U} € Z(Z) holds. Hence, for all m € M such that
Ty, € U and this implies that  is Z*-eventually in U.

Let us assume each Z*-convergent sequence to a point 2y € U is Z*-eventually
in U. That is, if Z is a sequence which is Z*-convergent to z¢ € U, then there exists
M € Z(Z) such that x,, € U holds for all m € M. Now, we are going to show that
U is T*-open. It i 15 enough to prove X — U is Z*-closed. To do this we will focus the

inclusion X — U C (X —U) is satisfied. Let v € X — U U" bean arbitrary point.
Then, there exists a sequence (x,,) C (X — U) such that (z,) is Z*-convergent to
x. Assume that € U. From the assumption there exists M € .%#(Z) such that
Ty € U for all m € M, but we have x,, € X — U, for all n which is contradiction.
Hence x € X — U and U is Z*-open. O

Lemma 4. Let Z be an admissible ideal and (X, T) be a topological space. If U and
V' are I*-open subsets of X, then UNYV is T*-open.

Proof. Let & = (x,,) be an Z*-convergent sequence in X which convergent to a point
x € UNV. Since U and V are Z*-open sets and the sequence & is Z*-converging
to a point  in U also in V. So, by the help of Proposition 1, the sequence Z is Z*-
eventually in U and also in V. Then, there exists My, My € % (Z) such that z,,, € U
for all m € My and x,,, € V for all m € My. If we consider M = My N My € F(I),
then x,,, € UNV holds for all m € M. This shows that U NV is Z*-open subset of
X. O

Theorem 9. Let Z be a maximal ideal and (X, T) be a topological space. A sequence
T = (x,) C X is I*-convergent to an element x € X if and only if for any I*-open
subset U of X with x € U, there exists M € F#(I) such that x,, € U, for all
m e M.

Proof. Let T be a maximal ideal and & = (x,) be an Z*-convergent sequence to
x € X. Let U be an Z*-open subset of X with z € U. Then, & will be Z*-eventually
in U. Hence, there exists a set M € .#(Z) such that x,,, € U, for all m € M.

The converse statement is clear from the definition of Z*-convergence. So, it is
omitted here. O

Theorem 10. (Z*-sequential topology) Let (X, 7,T) be a topological space. Then,
the family
T« :={U € P(X) : U is I* — open set}
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is a topology on X.

Proof. 1t is obvious that X and ¢ are Z*-open sets. By Lemma 4, we can say that
finite intersection of Z*-open sets is Z*-open.
Let (Us)aea be an arbitrary family of elements of 77-. We are going to show
that their union belongs to 7z+. Since
X=JUa=(X-0Ua),
aEN acA
then it is sufficient to show that (), ,c, (X — Uy) is Z*- closed. That is,

5

X -Us) =[)X-Ua)

aEN a€A

Let © € Nyea(X — Uoé)Z be an arbitrary point. Then, there exists a sequence
() C Naen(X — Uq) such that z, L 2 holds. Therefore, for all « € A the

sequence (z,) C (X — U,) and z, g Since the set X — U, is Z*- closed for all
a € A, then x € X — U,. Hence, x € (), oo (X — Uy) thus (M cp X — Uy is Z*-
closed. [l

Theorem 11. If T is admissible ideal and the topological space (X, T) has no limit
point, then every T*-open set is Z-open set.

Proof. Let U be an Z*-open set, i.e. X —U is Z*-closed. To prove U is Z-open, it is
enough to show that X — U is Z-closed set. It is clear that X —U C X — UI holds.
Letz e X — UI be an arbitrary point. Then, there exists a sequence (x,) C X —U

such that (x,) is Z-convergent to x.
Since Z is admissible and X has no limit pomt then by [13] the sequence (z,,)

will be Z*-convergent to . Therefore, z € X — U U” . This implies that r € X — U
holds. O

Corollary 2. Under the assumption of Theorem 12, I-sequentially and Z* -sequentially
topology are coincide.

Definition 10. [13] Let Z be an ideal of N, it is said that the ideal T satisfies
additive property (AP) if for every countable family (A;)ien C I, there exists a
countable family (B;)ien of sets such that A; A B; € F(Z) for all i € N and
B=UB; el

Theorem 12. Let Z be an admissible ideal which has the (AP)-property, and (X, T)
is first countable topological space. Then, every I*-open subset of X is T-open.

Proof. Let U be an arbitrary Z*-open subset of X. Then, X — U is Z*-closed, so
X-U=X-U U holds. To proof U is Z-open, we must show that it’s complement

is Z-closed. Let x € X — U U be an arbitrary point. Then, there exists a sequence
Zn, C X — U such that it is Z-converging to the point z. As the ideal Z has (AP)-
property and the space X is first countable by [13] it is Z*-converging to x. So

reX-U U . So, z € X — U. Hence, this fact implies that X — U is Z-closed and
U is Z-open. O

Corollary 3. Under the assumption of Theorem 12, it can be say that I-sequential
and I*-sequential topology are coincide.
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Definition 11. Let (X, 71,Z) and (Y, 72,T) be two topological space and f : X —Y
be a function. The function f is said to be (i) T*-continuous if f~1(U) is Z*-open
subset of X for every T*-open subset U of Y.

(i) sequentially T*-continuous if f(x,) is I*-convergent to f(x) for each se-
quence (xy) in X which (x,) is T* convergent to x.

It is well known that the definitions given above are not necessarily equivalent
in classical topological spaces. In the following theorem we will show that they are
equivalent notions for typologies produced with the help of ideals.

Theorem 13. Let (X,71,Z) and (Y, 72,Z) be two topological space and f : X —
Y be a function. Then, f is sequentially T*-continuous if and only if f is T*-
continuous function.

Proof. Let f be a sequentially Z*-continuous function and U be any Z*-open set
in Y. Assume that f~!(U) is not Z*- open in X, equivalently X — f~1(U) is not

Z*- closed. We conclude from the assumption that X — f*l(U)I is not subset of

X — f~1(U). So, there exists a point x € X — f*l(U)I such that z ¢ X — f~1(U).
This means that there exists a sequence (z,) C X — f~1(U) such that it is Z*-
converging to x and x € f~1(U). Since f is sequentially continuous, then the
sequence f(x,) is I*-converging to f(x). This implies that f(z,) C Y — U which
is not in case so f~1(U) is Z*-open subset of X.

Let f: X — Y be an Z*-continuous mapping and assume that x,, L. Then,
for any neighborhood U of z, there exists N € Nand M € .%(Z) such that x,,, € U
for all my, € M. Let V be any Z*-open neighborhood of f(x), then f~%(V) C X
is Z*-open and contain z. Hence, there exists N € N and M € .#(Z) such that
T, € f7H(V). As aresult of this discussion, it can easily be seen that f(z,,,) € V

hence f(zy,) N f(x). O

3. SEQUENTIALLY Z*-COMPACTNESS

The notion of compactness which is one of the most significant topological prop-
erties of the sets was formally introduced by M. Frechet in 1906. There are many
different type of compactness introduced by mathematicians over time. Recently,
using the concept of ideal the concept of Z-compactness was defined by Newcomb
in [15] and studied by Rancin in the paper [17]. In this section, we will go one step
further and define the concept of Z*-sequentially compactness and examine some
of its basic properties.

Let’s start with the concept of boundedness in normed space which is directly
related to compactness.

Definition 12. [20] Let (X, ||.|) be a normed space and I be an ideal of N. A
sequence & = (xy) in X is called (i) T-bounded if there exist K > 0 such that
{neN:|z,|| > K} €T holds.

(i) T*-bounded if there exists M € F(I) such that (Tyn)nem s bounded.

Remark 7. Let (X,|.||) be a normed space and Z be an ideal of N. Then, every
T-bounded sequence is T*-bounded.

Proof. Assume that (z,) C X is Z-bounded sequence in X. Then, there exists
K > 0 such that {n : ||z,|| > K} € T holds. If we denote M := {m : ||z,| < K}.
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Then, M € Z(Z) and ||z,|| < K holds for all n € M. Hence, (z,) is Z*- bounded
sequence. ([

Corollary 4. Let X be a normed space and Z be an ideal of N. Then, every bounded
sequence is T*-bounded.

Proof. Let X be a normed space and (z,) C X be a bounded sequence in X.
Then, the sequence (x,,) is Z-bounded which is given in [1] and by Remark 7 it is
T*-bounded. (I

Definition 13. Let (X,7,Z) be a topological space. A subset FF C X is said to
sequentially T*-compact if any sequence (x,,) C F has an Z*-convergent subsequence

(X, ) such that x,, Lzer.

Theorem 14. Let (X, 7,Z) be a topological space and f : X — R be a sequentially
T*-continuous function. If A is sequentially T*-compact subset of X, then f(A) is
I*-bounded.

Proof. On the contrary assume that f(A) is not Z*-bounded. Then, there exists a
sequence (y,,) in f(A) such that it is not Z*-bounded. That is

{neN:|y.| < M} ¢ 7(T)

holds for all positive M > 0. Also, there exists a sequence (z,) in A such that
f(xz,) =: y, holds for all n € N . Since A is sequentially Z*- compact, then
there exists a subsequence (z, ) of (x,) which is Z*-convergent to a point xg in A.
Moreover, f is sequentially Z*-continuous function then f(z,) is Z*-convergent to
f(zo). So, there exists F € .#(Z) where

E={mi<mg<--<mp<--}

such that for any neighborhood U of f(zo), there exists N € N such that f(zn,, )€
U holds for all my > N. As a result of this analysis, it can be say that (y,) =
f(zn,) is T-convergent to f(xo). Then, {n € N : |f(x,)| > M} € T holds for any
neighborhood U of f(xg). So, we have {n € N: |z,| < M} € % (Z) which is not in
case so f(A) is Z*-bounded. O

Lemma 5. Let (X,7,Z) and (Y,7,Z) be topological spaces. If X is sequentially
I*-compact and [ : X = Y is sequentially Z*-continuous function, then f(X) is
sequentially Z*-compact.

Proof. It can be proved easily. So it is omitted. O

4. CONCLUSIONS AND SOME REMARKS

In the paper, we defined the Z*-sequential topology on a topological space (X, 7)
and proved that Z*-sequential topology is finer then Z-sequential topology. Also, we
observed that under the conditions of if the space X has no limit point and Z be an
admissible ideal then, the Z-sequentially topology and the Z*-sequentially topology
are coincide, i.e 77 = 7z«. Also, If Z is an admissible ideal with (AP)-property,
and (X, 7) is a first countable topological space, then Z-sequentially topology and
T*-sequentially topology are coincide, i.e 7z = 7z«. Interestingly, it has been proven
that the concepts of Z*-continuity and Z*-sequential continuity of a function are
equivalent. As a continuation of this study, some questions can be asked:
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Q1 : Is there any topology (different from discrete topology) over X that are
finer than the Z*-sequentially topology?

Q@2 : Is there any sequential type topology between Z-sequential topology and
T*-sequential topology on topological space X?

Q3 : Can Z-sequential topology (or Z*-sequential topology) be metrizable?
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