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Abstract. In this paper, we obtain DET , NDET ,
1GDET ,

2GD
ET , mag-

netic curves, Lorentz force equations and geometric phases for Darboux frame

of a spacelike curve with non-lightlike principal normal lying on a lightlike

surface, null Darboux frame on a timelike surface, 1GDF and 2GDF in the
tangential direction. Later, we derive intrinsic directional derivatives in µ̃,

Ũ − lines directions for 1GDF on a lightlike surface. Finally, we present geo-

metric phases and magnetic curves in µ̃, Ũ − lines directions for 1GDF on a

lightlike surface.

1. Introduction

Geometric phase, also known as Berry phase, is occurs when a quantum system
undergoes cyclic variation, and the final state of the system depends not only on
the initial and final conditions but also on the path taken [1]. The interaction
between the electric field and geometric phase has important implications in quan-
tum computing, condensed matter physics, and quantum information processing
and optik. This concept has gained crucial interest in last years. The investiga-
tion of the electric field change has contributed to the development of materials of
science, condensed matter physics and plasma physics [2-9].

In recent times, numerous authors have presented new Darboux frames. Balakr-
ishnan presented certain moving space curves are endowed with a geometric phase
for the Darboux frame in Euclidean 3-space [10]. Later, Ertuğ presented the vari-
ation of electric field with respect to Darboux triad in Euclidean and Minkowski
3-spaces [11,12]. Alessio et al. [13] have studied null Darboux frame {T,V,N}
derivative formulas on a timelike surface:

(1.1)

 T
V
N


T

=

 κ∗
g 0 κ∗

n

0 −κ∗
g −τ∗g

τ∗g −κ∗
n 0

 T
V
N
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where the geodesic curvature κ∗
g = ⟨TT ,V⟩ , the geodesic torsion τ∗g = ⟨NT ,V⟩,

the normal curvature κ∗
n = ⟨TT ,N⟩, tangential direction T and

⟨T,T⟩ = 0 = ⟨V,V⟩= ⟨T,N⟩ = ⟨N,V⟩= 0, ⟨N,N⟩= ⟨T,V⟩=1, T×V = N,
V×N = V, N×T = T :

Topbaş et al. [14] introduced Darboux frame {T, µ,U} derivative equations of
a spacelike curve on null surface in the tangential direction T in R3

1 for Darboux
frame on lightlike surface [14]:

(1.2)

 T
µ
U


T

=

 0 ε0κn ε0κg

−κg ε0τg 0
−κn 0 −ε0τg

 T
µ
U


where the geodesic curvature κg = ⟨µ,TT ⟩, the geodesic torsion τg = ⟨U, µT ⟩ and
the normal curvature κn = ⟨U,TT ⟩ and
⟨T,T⟩ = 1, ⟨U,U⟩= ⟨µ, µ⟩ = ⟨T, µ⟩ = ⟨T,U⟩ = 0, ⟨U, µ⟩ =ε0 = ±1 and T×µ =
ε0µ, µ×U = T, U×T = ε0U.

Djordjević and Nesovic introduced the first kind generalized Darboux frame
(1GDF) derivative formulas of 1GDF on a lightlike surface in the tangential di-
rection T in R3

1 as the following [15]:

(1.3)

 T̃
µ̃

Ũ


T

=

 0 ε1κ̃n ε1κ̃g

−κ̃g ε1τ̃g 0
−κ̃n 0 −ε1τ̃g

 T̃
µ̃

Ũ


where

{
T̃ = T+ϖU, µ̃ = −ε1

ϖ
ζ T+ 1

ζµ− ε1
ϖ2

2ζ U, Ũ = ζU
}
, ϖ ̸= 0, ζ ̸= 0 are dif-

ferentiable functions, generalized geodesic curvature κ̃g =
κg

ζ +ε1
ϖT
ζ −ϖτg

ζ +ε1
ϖ2κn

2ζ ,

the generalized geodesic torsion τ̃g = τg − ε1ϖκn − ε1
ζT
ζ , the generalized normal

curvature κ̃n = ζκn,〈
T̃,T̃

〉
= 1,

〈
Ũ,Ũ

〉
= ⟨µ̃,µ̃⟩ =

〈
T̃, µ̃

〉
=

〈
T̃, Ũ

〉
= 0,

〈
Ũ,µ̃

〉
=ε1 = ±1, T̃×µ̃ =

ε1µ̃, µ̃×U = T̃, Ũ×T̃ = ε1Ũ.

Furthermore, Djordjević and Nesovic introduced the second kind generalized

Darboux frame {T̃ = T∗= T, µ∗ = 1
ζµ, U

∗ = ζU } derivative formulas of 2GDF

on lightlike surface in the tangential direction T in R3
1 [15]:

(1.4)

 T∗

µ∗

U∗


T

=

 0 ε1ζκn ε1
κg

ζ

−κg

ζ ε1(τg − ε1
ζT
ζ ) 0

−ζκn 0 −ε1(τg − ε1
ζT
ζ )


 T∗

µ∗

U∗


where generalized geodesic curvature

κg

ζ , generalized geodesic torsion τg−ε1
ζT
ζ and

generalized normal curvature ζκn.
Magnetic curves which a divergence free vector field were studied in [16-20]. Intrin-
sic directional derivatives have been investigated in [21-28].

In section 1, we give introduction. In Section 2, 3 and 4, we obtain DET ,
NDET ,

1GDET ,
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2GDET , Lorentz force equations and magnetic curves in the tangential direction.

We derive intrinsic directional derivatives in the µ̃, Ũ−lines directions for 1GDF on

a lightlike surface. Later, we present µ̃, Ũ−magnetic curves and geometric phases

in the µ̃, Ũ − lines directions for 1GDF on a lightlike surface .

2. DET ,
NDET ,

1GDET and
2GDET

DET for Darboux frame on a lightlike surface in the tangential direc-
tion

In general form, the change of the electric field DET for Darboux frame of a space-
like curve with non-lightlike principal normal lying on a lightlike surface can be
expressed

(2.1) DET = a1T+ a
2
µ+ a3U.

Assume that

(2.2)
〈
DE,T

〉
= 0.

(2.3)
〈
DE,DE

〉
= const.

From Eqs.(1.2), (2.1), (2.2) and (2.3), the followings are obtained:

(2.4) a1 = −ε0κn

〈
DE, µ

〉
− ε0κg

〈
DE,U

〉
.

(2.5) a2 = ς1
〈
DE,U

〉
, a3 = −ς1

〈
DE, µ

〉
Here, ς1 is a parameter. Assume that,

〈
DE,U

〉
̸= 0,

〈
DE, µ

〉
̸= 0. If Eqs.(2.4) and

(2.5) are substituted in Eq.(2.1), then

δ(DE)

δT
= DET = −ε0(κn

〈
DE, µ

〉
+ κg

〈
DE,U

〉
)T(2.6)

+ς1
〈
DE,U

〉
µ−ς1

〈
DE, µ

〉
U

is obtained. ς1
〈
DE,U

〉
µ−ς1

〈
DE, µ

〉
U denotes the rotation around T for Darboux

frame with a nonnull principal normal lying on a lightlike surface. For ς1 = 0,

(2.7) DET = −ε0(κn

〈
DE, µ

〉
+ κg

〈
DE,U

〉
)T

Lorentz force equation DΦ of the electric field vector DE for Darboux frame of
a spacelike curve with a nonlightlike principal normal lying on a lightlike surface is
described by

(2.8) DΦ(DE) =D ET = A1×DE.

From Eq.(2.8), Lorentz force equations of {T, µ,U} are given by

DΦ(T) = ε0κnµ+ε0κgU(2.9)
DΦ(µ) = −κgT+ε0ς1U(2.10)
DΦ(U) = −κnT−ε0ς1µ(2.11)
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From Eq.(2.9), (2.10), (2.11), the magnetic vector field is obtained:

A1=ς1T−κnµ+κgU

In the general form, it can given by

(2.12) DE = ε0 ⟨E,U⟩µ+ε0 ⟨E,µ⟩U
Via Eqs.(2.12), it is derived

DET = µ(ε0 ⟨E,U⟩T + τg ⟨E,U⟩ )(2.13)

+U(ε0 ⟨E,µ⟩T − τg ⟨E,µ⟩ )
−ε0T(κn

〈
DE, µ

〉
+ κg

〈
DE,U

〉
)

Comparing Eqs.(2.7) and (2.13), it can be obtained

⟨E,µ⟩T = ε0τg ⟨E,µ⟩(2.14)

⟨E,U⟩T = −ε0τg ⟨E,U⟩(2.15)

Geometric phase aroundT for the frame {T, µ,U} on lightlike surface via Eqs.(2.14)
and (2.15) is ε0τg.

NDET for null Darboux frame on timelike surface in the tangential
direction

The change of electric field NDET for null Darboux frame on a timelike surface
in the T − lines direction is given by

(2.16)
δ(NDE)

δT
=ND ET = b1T+ b2V + b3N.

Assume that

(2.17)
〈NDE,N

〉
= 0,

(2.18)
〈
NDE,NDE

〉
= const.

From Eqs.(1.1), (2.16), (2.17) and (2.18), it can be obtained

b1 = ς2
〈NDE,V

〉
, b2 = −ς2

〈NDE,T
〉

(2.19)

b3 = κ∗
n

〈NDE,V
〉
− τ∗g

〈NDE,T
〉

(2.20)

where ς2 is a parameter. Assume that
〈NDE,V

〉
̸= 0,

〈NDE,T
〉
̸= 0. If Eqs.(2.19),

(2.20) are substituted in Eq.(2.16), then

NDET = ς2
〈NDE,V

〉
T− ς2

〈NDE,T
〉
V(2.21)

+(κ∗
n

〈NDE,V
〉
− τ∗g

〈NDE,T
〉
)N

ς2
〈NDE,V

〉
T − ς2

〈NDE,T
〉
V denotes the rotation around N for null Darboux

frame on a timelike surface. For ς2 = 0,

(2.22) NDET = (κ∗
n

〈NDE,V
〉
−τ∗g

〈NDE,T
〉
)N

Null Darboux Lorentz force equation NDΦ of the electric field vector for null Dar-
boux frame on timelike surface is described by
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(2.23) NDΦ(N)(E) =ND ET = A2×NDE

Via Eqs.(2.21) and (2.23), Lorentz force equations of the frame {T,V,N}
NDΦ(N)(T) = ς2T+κ∗

nN(2.24)
NDΦ(N)(V) = −τ∗gN−ς2V(2.25)

NDΦ(N)(N) = τ∗gT−κ∗
nV(2.26)

Via Eqs.(2.23), (2.24), (2.25) and (2.26), null Darboux magnetic field vector is
derived

A2=− τ∗gT+ς2N−κ∗
nV

In the general form,

(2.27) NDE =
〈NDE, V

〉
T+

〈NDE, T
〉
V

With the aid (2.27), it is obtained

NDET = T(
〈NDE, V

〉
T + κ∗

g

〈NDE, V
〉
)(2.28)

+V(
〈NDE, T

〉
T − κ∗

g

〈NDE, T
〉
)

+N(κ∗
n

〈NDE, V
〉
− τ∗g

〈NDE, T
〉
)

Comparing Eqs.(2.22) and (2.28), the followings are obtained〈NDE, V
〉
T = −κ∗

g

〈NDE, V
〉〈NDE, T

〉
T = κ∗

g

〈NDE, T
〉

Geometric phase around N for the frame {T,V,N} is κ∗
g.

1GDET for 1GDF on lightlike surface in the tangential direction

The change of electric field
1GDET for 1GDF on lightlike surface in the tangential

direction T is given by

(2.29)
1GDET = c1T̃+ c

2
µ̃+ c3Ũ.

Consider

(2.30)
〈

1GDE, T̃
〉
= 0

(2.31)
〈

1GDE,
1GD E

〉
= const.

From Eqs.(1.3), (2.29), (2.30) and (2.31), the followings are obtained :

(2.32) c1 = −ε1

(
ζκn

〈
1GDE,µ̃

〉
+ (

κg

ζ
+ ε1

ϖT

ζ
− ϖτg

ζ
+ ε1

ϖ2κn

2ζ
)
〈

1GDE,Ũ
〉)

(2.33) c2 = z11

〈
1GDE,Ũ

〉
, c3 = −z11

〈
1GDE,µ̃

〉
where z11 is a parameter. For z11 = 0, Eqs.(2.32), (2.33) are rewritten in Eq.(2.29),
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(2.34)
1GDET = −ε1

(
ζκn

〈
1GDE,µ̃

〉
+ (

κg

ζ
+ ε1

ϖT

ζ
− ϖτg

ζ
+ ε1

ϖ2κn

2ζ
)
〈

1GDE,Ũ
〉)

T̃

Lorentz force equation of electric field vector for 1GDF on lightlike surface in the
tangential direction is described

(2.35)
1GDΦ(T )(

1GDE) =
1GD ET = A3×

1GDE

A3 is the magnetic vector field. From Eq.(2.35), Lorentz force equations of 1GDF
in the tangential direction can be given by

1GDΦ(T )(T̃) = ε1ζκnµ̃+ ε1(
κg

ζ
+ ε1

ϖT

ζ
− ϖτg

ζ
+ ε1

ϖ2κn

2ζ
)Ũ(2.36)

1GDΦ(T )(µ̃) = −(
κg

ζ
+ ε1

ϖT

ζ
− ϖτg

ζ
+ ε1

ϖ2κn

2ζ
)T̃+ε1z

1
1Ũ(2.37)

1GDΦ(T )(Ũ) = −ζκnT̃−ε1z
1
1µ̃(2.38)

In the general form,

(2.39)
1GDE = ε1

〈
1GDẼ, Ũ

〉
µ̃+ε1

〈
1GDẼ, µ̃

〉
Ũ

With the aid (2.39), it is obtained

1GDET = µ̃

(
ε1

〈
1GDẼ, Ũ

〉
T
+ (τg − ε1ϖκn − ε1

ζT
ζ
)
〈

1GDẼ, Ũ
〉)

+Ũ

(
ε1(

1GDẼ, µ̃)
T
− (τg − ε1ϖκn − ε1

ζT
ζ
)
〈

1GDẼ, µ̃
〉)

(2.40)

−ε1T̃

(
ζκn

〈
1GDE,µ̃

〉
+ (

κg

ζ
+ ε1

ϖT

ζ
− ϖτg

ζ
+ ε1

ϖ2κn

2ζ
)
〈

1GDE,Ũ
〉)

Comparing Eqs.(2.34) and (2.40), it can be derived〈
1GDẼ, µ̃

〉
T

= ε1(τg − ε1ϖκn − ε1
ζT
ζ
)
〈

1GDẼ, µ̃
〉

(2.41) 〈
1GDẼ, Ũ

〉
T

= −ε1(τg − ε1ϖκn − ε1
ζT
ζ
)
〈

1GDẼ, Ũ
〉

(2.42)

From Eqs.(2.41) and (2.42), geometric phase around T̃ in the T − lines direction

for 1GDF on lightlike surface is (ε1τg −ϖκn − ζT
ζ ).

2GD
ET for 2GDF in the tangential direction on lightlike surface

The change of the electric field
2GD

ET for 2GDF on lightlike surface in the
T − lines direction can be written by

(2.43)
2GD

ET = d1T
∗ + d

2
µ∗ + d3U

∗.



164 NEVIN ERTUĞ GÜRBÜZ

Assume that

(2.44)
〈

2GDE,T∗
〉
= 0

(2.45)
〈

2GDE,
2GD E

〉
= const.

From Eqs.(1.4), (2.43), (2.44) and (2.45), it can be derived:

(2.46) d1 = −ε1ζκn

〈
2GDE,U∗

〉
− ε1

κg

ζ

〈
2GDE, µ∗

〉
(2.47) d2 = ς3

〈
2GDE,U∗

〉
, d3 = −ς3

〈
2GDE, µ∗

〉
ς3 is a parameter. Assume that

〈
2GDE,U∗

〉
̸= 0,

〈
2GDE, µ∗

〉
̸= 0. If Eqs.(2.46)

and (2.47) are substituted in Eq.(2.43), then

2GDET = −ε1(ζκn

〈
2GDE, µ∗

〉
+

κg

ζ

〈
2GDE,U∗

〉
)T∗(2.48)

+ς3

〈
2GDE,U∗

〉
µ∗−ς3

〈
2GDE, µ∗

〉
U∗

ς3

〈
2GDE,U∗

〉
µ∗−ς3

〈
2GDE, µ∗

〉
U∗ denotes the rotation around T∗. For ς3 = 0,

(2.49)
2GDET = −ε1(ζκn

〈
2GDE, µ∗

〉
+

κg

ζ

〈
2GDE,U∗

〉
)T∗

Lorentz force equation
2GD

Φ(T ) of the electric field vector
2GDE in the tangential

direction can be described by

(2.50)
2GD

Φ(T )(
2GDE) =

2GD ET = A4×
2GDE2

From Eq.(2.50), Lorentz force equations of 2GDF in the tangential direction are
given by:

2GD

Φ(T )(T∗) = ε1ζκnµ
∗+ε1

κg

ζ
U∗(2.51)

2GD

Φ(T )(µ∗) = −κg

ζ
T∗+ε1ς3U

∗(2.52)

2GD

Φ(T )(U∗) = −ζκnT
∗−ε1ς3µ

∗(2.53)

(2.54) A4=ε1ς3T
∗−ζκnµ

∗+
κg

ζ
U∗

is the magnetic vector field satisfying Eqs.(2.51), (2.52) and (2.53). Also,

(2.55)
2GDE = ε1

〈
2GDE,U∗

〉
µ∗+ε1

〈
2GDE,µ∗

〉
U∗

Via Eq.(2.55), it can be obtained

2GDET = −ε1(ζκn

〈
2GDE, µ∗

〉
+

κg

ζ

〈
2GDE,U∗

〉
)T∗
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+µ∗
(
ε1

〈
2GDE,U∗

〉
T
+ (τg − ε1

ζT
ζ )

〈
2GDE,µ∗

〉)
(2.56)

+U∗
(
ε1

〈
2GDE,µ∗

〉
T
− (τg − ε1

ζT
ζ )

〈
2GDE,µ∗

〉)
Comparing Eqs.(2.49) and(2.56) ,〈

2GDE,µ∗
〉
T

= ε1(τg − ε1
ζT
ζ
)
〈

2GDE,µ∗
〉

(2.57) 〈
2GDE,U∗

〉
T

= −ε1(τg − ε1
ζT
ζ
)
〈

2GDE,U∗
〉

(2.58)

From Eqs.(2.57) and (2.58), geometric phase around T∗ for 2GDF in the tangential

direction is ε1(τg − ε1
ζT
ζ ).

3. Magnetic curves for Darboux frames

V−magnetic curves for null Darboux frame in the T − lines direction

Let α be a distinguished curve on timelike surface with null Darboux frame. α
is called V-magnetic curve if it satisfied null Darboux Lorentz force equation

(3.1) VT =ND Φ(V )(V) = A5×V

Here, A5 is magnetic vector field. It can be written by

(3.2) NDΦ(V )(T) = ı1T+ı2V + ı3N

From Eqs.(1.1), (3.1) and (3.2), it can be derived〈
NDΦ(V )(T),T

〉
= ı2 = 0(3.3) 〈

NDΦ(V )(T),V
〉

= ı1 = κ∗
g(3.4) 〈

NDΦ(V )(T),N
〉

= ı3 = ς4(3.5)

ς4 is a function. If Eqs.(3.3), (3.4) and (3.5) are substituted Eq.(3.2),

(3.6) NDΦ(V )(T) = κ∗
gT+ ς4N

obtained. Also,

(3.7) NDΦ(V )(N)=τ∗gT−ς4V

A5 = −τ∗gT−ς4V+κ∗
gN

.
µ̃−magnetic curves for 1GDF on lightlike surface in the T − lines di-

rection
α is called µ̃-magnetic curve for 1GDF on lightlike surface if it satisfied the

Lorentz force equation

(3.8) µ̃T =
1GD Φ(T )µ̃(µ̃) = X̃1×µ̃

Furthermore, it can be written by

(3.9)
1GDΦ(T )µ̃(T̃) = j1T̃+j2µ̃+ j3Ũ
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Via Eqs.(1.3), (3.8) and (3.9), it can be derived〈
1GDΦ(T )µ̃(T̃), T̃

〉
= j1 = 0(3.10) 〈

1GDΦ(T )µ̃(T̃), Ũ
〉

= z21, j2 = ε1z
2
1(3.11) 〈

1GDΦ(T )µ̃(T̃), µ̃
〉

= ε1j3 ⇒ j3 = ε1ζκn(3.12)

If Eqs.(3.10), (3.11) and (3.12) are rewritten in (3.9),

1GDΦ(T )µ̃(T̃) = ε1z
2
1µ̃+ ε1(

κg

ζ
+ ε1

ϖT

ζ
− ϖτg

ζ
+ ε1

ϖ2κn

2ζ
)Ũ

As similar,

1GDΦ(T )µ̃(Ũ) = −z21T̃− ε1(τg − ε1ϖκn − ε1
ζT
ζ
)Ũ

is derived. The magnetic field vector

X̃1 = −z21µ̃+ (
κg

ζ + ε1
ϖT
ζ − ϖτg

ζ + ε1
ϖ2κn

2ζ )Ũ+ (τg − ε1ϖκn − ε1
ζT
ζ )T̃

is obtained.

Ũ−magnetic curves for 1GDF on lightlike surface in the T − lines di-
rection

α is called Ũ−magnetic curve for 1GDF on lightlike surface if it satisfied the
Lorentz force equation for 1GDF

(3.13) ŨT =
1GD Φ

(T )Ũ

(Ũ) = X̃2×Ũ

where X̃2 is magnetic field vector Let α be a spacelike curve 1GDF on lightlike
surface. We get,

(3.14)
1GDΦ

(T )Ũ

(T̃) = v1T̃+v2µ̃+ v3Ũ

Via Eqs.(3.13) and (3.14), it can be obtained〈
1GDΦ

(T )Ũ

(T̃), T̃
〉

= v1 = 0(3.15) 〈
1GDΦ

(T )Ũ

(T̃), Ũ
〉

= ε1v2 ⇒ v2 = ε1ζκn(3.16) 〈
1GDΦ

(T )Ũ

(T̃), µ̃
〉

= ε1v3 ⇒ v3 = ε1z
3
1(3.17)

If Eqs.(3.15), (3.16) and (3.17) are substituted in Eq.(3.14 ), then

1GDΦ
(T )Ũ

(T̃) = ε1z
3
1Ũ+ ε1ζκnµ̃

As similarly,

1GDΦ
(T )Ũ(µ̃) = −ε1z

3
1T̃+ (τg − ε1ϖκn − ε1

ζT
ζ
)µ̃
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4. Intrinsic directional derivatives for 1GDF on a lightlike surface
and magnetic curves

1GD∇ is called the gradient operator for 1GDF on lightlike surface. It can be
written by

1GD∇ = T̃
δ

δT
+ ε1µ̃

δ

δŨ
+ ε1Ũ

δ

δµ̃

where T̃ , µ̃ and Ũ are the arc length coordinates on the T̃ , µ̃− lines and Ũ − lines

for 1GDF. δ

δT̃
, δ

δµ̃ and δ

δŨ
are the intrinsic directional derivatives in T̃ − lines,

µ̃− lines and Ũ − lines directions. The divergence vector for 1GDF is

1GD divT̃ =
〈

1GD∇, T̃
〉
= ε1

〈
δT̃

δŨ
,µ̃

〉
+ ε1

〈
δT̃

δµ̃
,Ũ

〉
where

φ(T̃ µ̃) =

〈
δT̃

δŨ
,µ̃

〉
, φ(T̃ Ũ) =

〈
δT̃

δµ̃
,Ũ

〉
1GD divµ̃ =

〈
1GD∇, µ̃

〉
= −κ̃g + ε1

〈
δµ̃

δµ̃
,Ũ

〉
(4.1)

1GD divŨ =
〈
1GD∇, Ũ

〉
= −κ̃n + ε1

〈
δŨ

δŨ
,µ̃

〉
(4.2)

γ(µ̃) =
〈

1GD∇×µ̃, µ̃
〉
= ε1

〈
δµ̃

δµ̃
,T̃

〉
γ(Ũ) =

〈
1GD∇×Ũ, Ũ

〉
= −ε1

〈
δŨ

δŨ
,T̃

〉
γ(T ), γ(µ̃), γ(Ũ) are total moments of the T̃, µ̃, Ũ fields of spacelike curve for 1GDF

on lightlike surface. Intrinsic directional derivatives in µ̃ and Ũ lines directions for
1GDF on lightlike surface are obtained

(4.3)
δ

δµ̃

 T̃
µ̃

Ũ

 =

 0 ε1φ
(TŨ) −γ(µ̃)

ε1γ
(µ̃) κ̃g +

1GD divµ̃ 0

−φ(T̃ Ũ) 0 −(κ̃g +
1GD divµ̃)


 T̃

µ̃

Ũ


(4.4)

δ

δŨ

 T̃
µ̃

Ũ

 =

 0 γ(Ũ) ε1φ
(T̃ µ̃)

−φ(T̃ µ̃) −(κ̃n +
1GD divŨ) 0

−ε1γ
(Ũ) 0 (κ̃n +

1GD divŨ)


 T̃

µ̃

Ũ



Geometric phase in µ̃− lines direction for 1GDF on lightlike surface

In the general form, the change of the electric field δ(
1GDE1)
δµ̃ for 1GDF on lightlike

surface in µ̃− lines direction is



168 NEVIN ERTUĞ GÜRBÜZ

(4.5)
δ(

1GDE)

δµ̃
=

1GD Eµ̃ = l1T̃+ l
2
µ̃+ l3Ũ.

Assume that

(4.6)
〈

1GDE,T̃
〉
= 0

(4.7)
〈

1GDE,
1GD E

〉
= const.

Here,

(4.8) l1 = −ε1φ
(T̃ Ũ)

〈
1GDE,µ̃

〉
+ γ(µ̃)

〈
1GDE,Ũ

〉
.

(4.9) l2 = z12

〈
1GDE,Ũ

〉
, l3 = −z12

〈
1GDE,µ̃

〉
When Eqs.(4.6), (4.7) are written in Eq.(4.5),

δ(
1GDE)

δµ̃
= (−ε1φ

(T̃ Ũ)
〈

1GDE,µ̃
〉
+ γ(µ̃)

〈
1GDE,Ũ

〉
)T̃(4.10)

+z12

〈
1GDE,Ũ

〉
µ̃−z12

〈
1GDE,µ̃

〉
Ũ

where z12 is a parameter. z12(
1GDE×T̃) is the rotation around T̃ for 1GDF on

lightlike surface in µ̃− lines direction.
When z12 = 0, Eq.(4.10) is derived as the following:

(4.11)
δ(

1GDE)

δµ̃
=

1GD Eµ̃ = (−ε1φ
(T̃ Ũ)

〈
1GDE,µ̃

〉
+ γ(µ̃)

〈
1GDE,Ũ

〉
)T̃

Lorentz force equation
1GDΦ(µ̃) of

1GDE in µ̃− lines direction is described

(4.12)
1GDΦ(µ̃)(

1GDE) =
1GD Eµ̃ = Ỹ1×

1GDE

With Eqs.(4.11) and (4.12), Lorentz force equations of 1GDF on lightlike surface
in the µ̃−lines direction are derived :

1GDΦ(µ̃)(T̃) = ε1φ
(T̃ Ũ)µ̃−γ(µ̃)Ũ(4.13)

1GDΦ(µ̃)(µ̃) = ε1γ
(µ̃)T̃+ε1z

1
2µ̃(4.14)

1GDΦ(µ̃)(Ũ) = −φ(T̃ Ũ)T̃−ε1z
1
2Ũ(4.15)

Here

Ỹ1 = z12T̃−γ(T̃ µ̃))µ̃− ε1φ
(µ̃Ũ

the magnetic vector field satisfies Eqs.(4.13), (4.14) and (4.15).

µ̃−magnetic curves in the µ̃−lines direction for 1GDF on lightlike
surface
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The curve is called µ̃-magnetic curve 1GDF on lightlike surface in the µ̃−lines
direction if it satisfied Lorentz force equation

1GDΦ(µ̃)µ̃(µ̃) = ε1γ
(µ̃)µ̃)µ̃ = Ỹ2×µ̃

Consider

(4.16)
1GDΦ(µ̃)µ̃(T̃) = l1T̃+l2µ̃+ l3Ũ

〈
1GDΦ(µ̃)µ̃(T̃), T̃

〉
= l1 = 0(4.17) 〈

1GDΦ(µ̃)µ̃(T̃), Ũ
〉

= z22 ⇒ l2 = ε1z
2
2(4.18) 〈

1GDΦ(µ̃)µ̃(T̃), µ̃
〉

= ε1l3 ⇒ l3 = −γ(µ̃)(4.19)

z22 is parameter. If Eqs.(4.17), (4.18) and (4.19) are substituted in Eq.(4.16)
1GDΦ(µ̃)µ̃(T̃) = ε1z

2
2µ̃− γ(µ̃)Ũ

As similarly,
1GDΦ(µ̃)µ̃(Ũ) = −(κ̃g +

1GD divµ̃)Ũ− z22T̃

Thus,

Ỹ2 = −ε1(κ̃g +
1GD divµ̃)T̃− z22µ̃+ ε1γ

(µ̃)Ũ

Ũ−magnetic curves 1GDF on lightlike surface in the µ̃− lines direction

The curve is called Ũ−magnetic curve if it satisfied the Lorentz force equation
1GDF on lightlike surface in the µ̃− lines direction

(4.20) Ũµ̃ =
1GD

Φ(µ̃)Ũ (Ũ) = Ỹ3×Ũ

It can be written by

(4.21)
1GD

Φ(µ̃)Ũ (T̃) = h1T̃+h2µ̃+ h3Ũ

Using Eqs.(4.20) and (4.21), it can be obtained

〈1GD
Φ(µ̃)Ũ (T̃), T̃

〉
= h1 = 0(4.22) 〈1GD

Φ(µ̃)Ũ (T̃), Ũ
〉

= ε1h2 ⇒ h2 = ε1φ
(T̃ Ũ)(4.23) 〈1GD

Φ(µ̃)Ũ (T̃), µ̃
〉

= ε1h3 ⇒ h3 = ε1z
3
2(4.24)

z32 is a parameter. Via Eqs.(4.22), (4.23) and (4.24), Eq.(4.21) is rewritten by

Φ(µ̃)Ũ (T̃) = ε1z
3
2Ũ+ ε1φ

(T̃ Ũ)µ̃

As similar,
1GD

Φ(µ̃)Ũ (µ̃) = −z32T̃+(κ̃g +
1GD divµ̃)µ̃.

δ(
1GDE)

δŨ
in Ũ− lines direction for 1GDF on lightlike surface



170 NEVIN ERTUĞ GÜRBÜZ

δ(
1GDE)

δŨ
for 1GDF in Ũ− lines direction in the general form on lightlike surface

is given by

(4.25)
δ(

1GDE)

δŨ
=

1GD EŨ = f1T̃+ f
2
µ̃+ f3Ũ.

Assume that

(4.26)
〈

1GDE, T̃
〉
= 0

(4.27)
〈

1GDE,
1GD E

〉
= const.

Via Eqs.(4.26) and (4.27), it can be obtained:

(4.28) f1 = −(ε1φ
(T̃ µ̃)

〈
1GDE,Ũ

〉
+ γ(Ũ)

〈
1GDE,µ̃

〉
)

(4.29) f2 = z13

〈
1GDE,Ũ

〉
, f3 = −z13

〈
1GDE,µ̃

〉
where z13 is a parameter. If Eqs.(4.26), (4.27) are written in Eq.(4.25), then

δ(
1GDE)

δŨ
=

1GDEŨ = −(ε1φ
(T̃ µ̃)

〈
1GDE,Ũ

〉
+ γ(Ũ)

〈
1GDE,µ̃

〉
)T̃(4.30)

+z13

〈
1GDE,Ũ

〉
µ̃−z13

〈
1GDE,µ̃

〉
Ũ

z13

〈
1GDE,µ̃

〉
− z13

〈
1GDE,µ̃

〉
Ũ gives the rotation around T̃ for 1GDF on lightlike

surface in the in Ũ − lines direction. When z13 = 0, Eq.(4.30) is

(4.31)
δ(

1GDE)

δŨ
=

1GD EŨ = −(ε1φ
(T̃ µ̃)

〈
1GDE,Ũ

〉
− γ(Ũ)

〈
1GDE,µ̃

〉
)T̃

Lorentz force equation
1GDΦ

(µ̃)Ũ

of
1GDE in Ũ − lines direction is given by

(4.32)
1GDΦ

(µ̃)Ũ

(
1GDE) =

1GD EŨ = Ỹ3×
1GDE1

With Eqs.(4.31) and (4.32), Lorentz force equations of 1GDF on lightlike surface
are given by:

1GDΦ
(µ̃)Ũ

(T̃) = γ(Ũ)µ̃+ε1φ
(T̃ µ̃)Ũ(4.33)

1GDΦ
(µ̃)Ũ

(µ̃) = −φ(T̃ µ̃)T̃+ε1z
2
3µ̃(4.34)

1GDΦ
(µ̃)Ũ

(Ũ) = −ε1γ
(Ũ)T̃−ε1z

2
3Ũ(4.35)

Here

Ỹ3 = z13T̃−ε1γ
(Ũ)µ̃−φ(T µ̃)Ũ

magnetic vector field satisfies Eqs.(4.33), (4.34) and (4.35).

µ̃−magnetic curves for 1GDF on lightlike surface in the Ũ − lines di-
rection
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If the curve is called µ̃-magnetic curve in the Ũ − lines direction if it satisfied
the Lorentz force equation

δµ̃

δŨ
=

1GDΦ(Ũ)µ̃(µ̃) = −φ(T̃ µ̃)T̃− (κ̃n +
1GD divŨ)µ̃(4.36)

= Z̃1×µ̃

Consider

1GDΦ(Ũ)µ̃(T̃) = m1T̃+m2µ̃+m3Ũ

〈
1GDΦ(Ũ)µ̃(T̃), T̃

〉
= m1 = 0(4.37) 〈

1GDΦ(Ũ)µ̃(T̃), µ̃
〉

= z23 ⇒ m3 = φ(T µ̃)(4.38) 〈
1GDΦ(Ũ)µ̃(T̃), Ũ

〉
= ε1m2 ⇒ m2 = ε1z

2
3(4.39)

Via Eqs.(4.37), (4.38) and (4.39), it is obtained

(4.40)
1GDΦ(Ũ)µ̃(T̃) = ε1z

2
3µ̃+ ε1φ

(T̃ µ̃)Ũ

As similarly,

(4.41)
1GDΦ(Ũ)µ̃(Ũ) = −z23T̃+ (κ̃n +

1GD divŨ)Ũ

Here, the magnetic vector field

Z̃1 = −ε1(κ̃n +
1GD divŨ)T̃− z23µ̃+ φ(T µ̃)Ũ

satisfies Eqs.(4.36), (4.40) and (4.41).

Ũ−magnetic curves for 1GDF on lightlike surface in the Ũ − lines
direction

If the curve is called Ũ−magnetic curve for 1GDF on lightlike surface, if it

satisfied the Lorentz force equation in the Ũ − lines lines

(4.42) ŨŨ =
1GD Φ(Ũ)Ũ (Ũ) = Z̃2×Ũ

It can be written by

(4.43)
1GDΦ(Ũ)Ũ (T̃) = n1T̃+n2µ̃+ n3Ũ

From Eqs.(4.42) and (4.43), it can be obtained〈
1GDΦ(Ũ)Ũ (T̃), T̃

〉
= n1 = 0(4.44) 〈

1GDΦ(Ũ)Ũ (T̃), µ̃
〉

= ε1n3 ⇒ n3 = ε1z
3
3(4.45) 〈

1GDΦ(Ũ)Ũ (T̃), Ũ
〉

= ε1n2 ⇒ n2 = γ(Ũ)(4.46)

Via Eqs.(4.44), (4.45) and (4.46), it is obtained

(4.47)
1GDΦ(Ũ)Ũ (T̃) = γ(Ũ)µ̃+ε1z

3
3Ũ
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As similar,

(4.48)
1GDΦ(Ũ)Ũ (µ̃) = −z33T̃−(κ̃n +

1GD divŨ)µ̃

Here,

Z̃2 = (κ̃n +
1GD divŨ)T̃− ε1γ

(Ũ)µ̃+ z33Ũ

satisfies Eqs.(4.42), (4.47) and (4.48).

5. Conclusion

In this manuscript, we studied variations of electric fields, geometric phases,
Lorentz force equations and magnetic curves for Darboux frame of a spacelike curve
on null surface, null Darboux frame on timelike surface, first and second kinds
generalized Darboux frames on lightlike surface in the tangential direction. Finally,
we presented geometric phases, Lorentz force equations and magnetic curves via
anholonomic coordinates for the first generalized Darboux frame on lightlike surface.
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[9] N.G. Ertuğ, The Evolution Of An Electric Field, Hasimoto Surfaces And Three Differential

Formulas With The New Frame in R3
1, Optik, Vol. 272, pp. 170217 (2023).

[10] R. Balakrishnan, Space Curve Evolution, Geometric Phase And Solitons, Theoretical and
Mathematical Physics, Vol. 99, No.2, pp.172-176 (1994).
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