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Makale Bilgisi OZET

Bir yiizeyin gonderim sinifi grubu, yon koruyan kendisine giden diffeomorfizmalarinin izotopi
Gelis Tarihi: 01.10.2024 siniflarmi tanimlayan bir grup olup, matematigin pek ¢ok alaninda, 6zellikle topoloji, cebir ve
Kabul Tarihi: 08.12.2024 geometride 6nemli bir rol oynar. Topolojide, génderim simifi gruplart 3-manifoldlarin ve lif
Yayin Tarihi: 31.08.2025 demetlerin incelenmesinde 6nemlidir; cebir ve geometri alanlarinda ise otomorfizm teorisi,

modiil uzaylar1 ve ylizeyler iizerindeki kompleks yapilar ile yakin bir ilisgkiye sahiptir.
Anahtar Kelimeler: Gonderim siifi gruplart konusunda ilging bir bakis acisi, gonderim smifi gruplarinin
Capraz homomorfizm, kohomoloji smiflarinin incelenmesini igerir. Yonlendirilebilir yiizeylerin gonderim siifi
Dolanim sayist, gruplariin kohomoloji siiflari, ylizey demetlerinin karakteristik simiflar1 olarak diisiiniilebilir.
Gonderim sinift grubu. Earle, Morita, Furuta ve Trapp tarafindan verilen, yonlendirilebilir yiizeylerin génderim sinifi

gruplariin kohomoloji sinifinin ¢esitli ingalar1 vardir. Bu ingalar ¢ok farkli goriinmektedir. Bu
nedenle, ¢esitli yazarlar bu yapilart karsilastirarak aralarindaki iligkileri daha iyi anlamak igin
caba sarf ettiler. Furuta tarafindan oOnerilen ve Trapp tarafindan sunulan génderim sinifi
gruplariin kohomoloji siniflarini veren ¢apraz homomorfizmler dolanim sayilar ile iligkilidir.
Bu calismada, bu iki farkli yapi1 arasindaki iliskiyi gosteriyoruz.

Equivalent Crossed Homomorphisms on The Mapping Class Group
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The mapping class group of a surface, which describes the isotopy classes of orientation-
Received: 01.10.2024 preserving self-diffeomorphisms, plays an important role in many areas of mathematics,
Accepted: 08.12.2024 particularly in topology, algebra and geometry. In topology, mapping class groups are essential
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Trapp. These constructions seem very different. Therefore, various authors have made efforts
to better understand the relationships between these constructions by comparing them. The
crossed homomorphisms which yield the cohomology classes of the mapping class groups, as
proposed by Furuta and presented by Trapp, are related to winding numbers. In this study, we
show the relation between these two different constructions.
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Equivalent Crossed Homomorphisms on The Mapping Class Group

INTRODUCTION

Let 2, 1 be a compact connected oriented smooth surface of genus g with 1 boundary component
and X, be a surface obtained by attaching a disc to the boundary 9%, ; with a fixed point *. The
mapping class groups of X ; and X, are the groups of all isotopy classes of orientation preserving self-
diffeomorphisms, with the former fixing the boundary pointwise and the latter fixing the marked point
*, respectively. Let MCG(Zy,) and MCG(2,,) denote the mapping class groups of X, and X .,
respectively [1].

Various crossed homomorphisms from MCG (2, 1) to Hi(24,,Z) were constructed to get a
generator of the first cohomology class of the mapping class group. Earle [2] first constructed a crossed
homomorphism MCG (2, .) - Zg;_z Hy(24;Z) for g = 2 and a crossed homomorphism MCG (Z'g,*) —

Hy(Z4; Z) can be obtained after the multiplication by (2g — 2).

Morita [3] proved the following isomorphisms:
HY (MCG(3y1); H' (55 Z)) = H' (MCG(5,,.); H'(3y; T)) = .

Moreover, Morita [3] gave a combinatorial construction of a crossed homomorphism representing a
generator of H?! (MC G (Zg,l); H 1(279; Z)) Kuno [4] compared Earle’s and Morita’s constructions.

Recently, Chen [5] and Maruyama [6] constructed new crossed homomorphisms.

Trapp and Furuta also constructed crossed homomorphisms representing a generator of
H? (M CG(Z51); H' (2, Z)) using winding numbers. In this paper, we provide a survey of different
constructions given by Trapp [7] and proposed by Furuta [8]. We also show that both constructions are

equivalent by using difference cocycles after we present an overview to provide the necessary
background information.

MATERIALS AND METHODS

This section is devoted to the basic definitions which will be needed in the next section. We define
crossed homomorphisms, the winding number of a smooth curve, and the difference cocycle. We refer
the reader to [9] for any unexplained terminology on the homology and cohomology of surfaces. In this
paper, we are interested in homologies and cohomologies with Z coefficients, so we will no longer
emphize the coefficients.

Crossed Homomorphism

Let us recall the definition of the first cohomology group H'(MCG(Zy,); H'(Z,1)) of
MCG(2,,1) with coefficients in H! (Zg,1) [10].

There is an action of MCG(Zy,1) on Hy(Zy 1) via the symplectic representation p, which takes an
element of MCG (2, 1) to an automorphism of H; (X ;) preserving the intersection form. If we identify
H'(Z4,) with Hom(Hl(Zg,l),Z), the action of MCG(Z,1) on H'(Z,1) is defined to be ¢, f(x) =
f(@)71() = f(p(@1"(x)), where ¢y € MCG(Zy1), f € H' (Z41), x € H1(Zg,1), and (¢y). is the
induced homomorphism from ¢;.

A crossed homomorphism Y is a function Y: MCG (29,1) — H 1(29,1) such that Y(uu,) =
Y(u) + ug Y(uy) for all pq, p, € MCG(Zg’l). Let Zl(MCG(Zgyl); Hl(Zgrl)) denote the set of all
crossed homomorphisms : MCG(Zg,l) — Hl(Zg,l).
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Let us define a function y,,,: MCG (Zg,l) — Hl(Zgll) such that y,, (1) = 4y m — m, where m
is a fixed element of H* (Zg,1)- This defined function vy, is called a principal crossed homomorphism.
Let us denote the set of all such principal crossed homomorphisms by B*(MC G(2g1); H 1(29,1)).

The first cohomology group of MCG (Z’ g,1) with coefficients in H1(Z g,1) 18 defined as the quotient
24 (MCG(Zg,1); H'(%4,))
B (MCG(5g,1); HY(341))

Similarly, we can define H?! (MCG(2g,1); Hi(Zg1))-

HY (MCG(5,); HY(51)): =

Winding Number

In this subsection, we provide the definition of the winding number [11]. Intuitively, the winding
number of a smooth oriented closed curve is the number of rotations made by its tangent vector with
respect to a nonvanishing vector field X, as the curve is traversed once in the positive direction.

Assume that X ; is given some Riemannian structure. Let Tllg,l be the unit tangent bundle of
24,1 and pryj: T12g‘1 — X, 1 be the natural projection defined by prj(t,v) = t for each unit vector v €
T2y, and t € X 4, where T¢2y ; is the tangent space over the point t. Let 8: S 1o 241 be a smooth
oriented closed curve with S(S1) = y based at the point ¢ and continuously varying non-zero tangents
exist at all points of y. The continuous map g induces a pullback over S* from TlZ'gll to Xy 1. That is,

if prjB: S1 x ST — S is the first projection map, then there exists a map F taking the fiber of ST x S?
over each point a € ST isomorphically onto the fiber of Tllgll over f(a) such that the following

diagram is commutative:

F
SIxSt —> T3,

. 1
prjf prj )

st 5 X,
B

Here, the total space is ST X S, as B(S1) = y is an orientation preserving curve.

Since the surface X ; has a nonempty boundary, a nonvanishing vector field X on X ; exists. If

a nonvanishing vector field X is given, there is a section X#: §T — S x §1 such that F o Xf = X o 3,
where X(t) = X(t)/IX ()|l for t € X, and || X(t) ||, denotes the norm of X(t) on T;. X ;. This section

is defined so that X# (a) = (a, X(B(a)) for every a € S?.

Now by considering the tangent map dB: TS' — TX,,;, we can define dof: S - T'X,; as
follows:

dp(a, 1)
lldB(a, Dllgay

This defined map d,f8 pulls back to a unique section Y7 : S — S x ST which satisfies the equality F o
B — dO '8 X
Assume that X8 (a) = Y® (a) = a, for a point a € S*. Then X# and Y” represent elements of

doB(a) =
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m1(S* X S',ay). The projection map prjf induces the homomorphism prjf (ST x S1,ay) -
(81, a). Clearly, prjf (Xﬂ ) = prjf (Y#). Therefore, we see that YA (Xﬁ )_1is an element of the

kernel of prjf. Let A, denote the fiber over a € S, and if: A, — S x S be the inclusion map. By the
exactness of the following sequence

if L prif .
0 - my(Ap, ag) — my (S X st ap) —— (S, a), 2)

we get
i (wh) = v# (x)""

for some unique w# € m;(4,, ay). Indeed, the exactness of the sequence (2) implies that if is one to

one and there exists an element w# of ; (4, ap) such that the image of w# is Y# (X B )_1, which is an

element of the kernel of prjf . Because of the injectivity of if , wh is unique. A choice of the orientation
of TyXy, for t € ¥ gives us an orientation of Ay. Hence, we can regard wh as an integer, which is
defined to be the winding number wind(y, X) of y with respect to X.

Difference Cocycle

In this subsection, the difference cocycle introduced by Chillingworth [11] is constructed. To see
that we get the same integer in the image of the difference cocycle for the different smooth
representatives of a homology class, we present an example.

For a Riemannian metric on X ; and two nonvanishing vector fields X; and X, on X ;, one can
define sections X; and X, from g1 to TlZg'l by X,(t) =X, (®)/I1X. (Ol and X,(t) =
Xo(®)/X2(Oll¢ for t € £54. Let y = B(S') be an oriented closed curve and let us consider the
commutative diagram (1) exhibited in the construction of the winding number. Suppose that X; (t) =
X,(t) for some t € X;;. The composition maps X, B and X, B pull back to unique sections

-1
Xf,Xf: S1 - St x S1, respectively. From the exact sequence (2), we obtain if (uﬁ) = Xf (Xf) for

a unique uf € m;(Ay,a0) = Z and u®f can be identified with an integer which is the total number of
times that X; rotates relative to the X, as y traversed once.

Definition [11] Let y4,¥5, ..., Y24 be smooth simple closed curves on X ;, based at t, and their
homotopy classes generate 771 (X 1, t). Then {[y1], [¥2], -, [V24]} form a basis of H; (2, 1). A difference
cocycle is a homomorphism

d(X1,X,):Hi(2,1) — Z
defined by d(Xy, X,)[y;] = uPi, where y; = B;(SY).

Given an oriented closed curve y = B(S1), we have uf = d(Xy, X,)[y]. Because y is homotopic
to a product of y; or y; 1.

Chillingworth [11] obtains that d(Xy,X2)[y] = wind(y,X,) — wind(y,X;) for a smooth
oriented closed curve y.

Notice that the image of [y] under d(X;,X;) does not change for different choices of
representatives. To be clear, let us consider the following example.

209



Journal of Science and Engineering

Example

Figure 1
Orientable genus-2 surface with one boundary.

Consider a cellular decomposition of X, ;. Let x be a 0-cell on the boundary of X, and
aq, by, a3, by, ¢ be 1-cells as depicted in Figure 1. The unique 2-cell X ;\{ay, by, ay, by, c} will be
denoted by A. Let < x >, < aq, by, a,, by, ¢ >, and < A > be the free abelian groups generated by {x},
{aq, b1, a5, by, c}, and {A}, respectively. We have the following cellular chain complex:

d 0
0—-<A4 >—2><a1,b1,a2,b2,c >— <x>—0.

In the above chain complex d, denotes the boundary map and the image of it is d, (4) = c.

For two nonvanishing vector fields X; and X, on X, 1, d(X;,X;) is defined on the free abelian
group < aq,bq,ay,by,c >and itsimage is an integer. Now, we aim to show that it induces a
homomorphism from H; (2, ;) to Z. Therefore, we need to get d(X;, X;)(c) = 0, because the boundary
of the 2-cell A is c.

By Lemma 5.7 in [11], we have wind(c,X;) = wind(c,X;). By Lemma 4.1 in [11],
d(Xy,X,)(c) = wind(c,X;) — wind(c,X;) =0 is obtained. Similarly, one can show
that d (X1, X,)(y) = 0 for any separating curve y. By the universal property of quotient groups, we get
a homomorphism d(X;, X,): H;(231) — Z, as desired.

MAIN RESULT

This section is devoted to two crossed homomorphisms defined by Trapp and proposed by Furuta,
and it is shown that these definitions are equivalent.

Trapp [7] defined a map
Tx: MCG(2,,) — H*(Zg1)
such that 74 (f)[y] = wind(fy,X) —wind(y,X) for any f € MCG(Zg,l), [yl € Hi(Zg,) and a

nonvanishing vector field X on X ;. Let p: MCG (Z g,l) — Sp(2g; 7Z) be the symplectic representation.
Trapp showed that Ty is a crossed homomorphism by getting the following formula:

x(fh) = x(fp(h) + x(h),
forany f,h € MCG(Zg_l).

Lemma The cohomology class 7y (f) is equal to the difference cocycle d(X, f ~1X) for any f €
MCG (Z' g,l) and a nonvanishing vector field X on X ;.

Proof. Let [y] € H{(Zg,). From the fact that wind(fy, fX) = wind(y,X), we have
wind(fy, X) = wind(y, f ~1X) and this implies that 74 (f) is equal to d(X, f ~1X) as follows:

x(NIy] = wind(fy,X) — wind(y,X) = wind(y, f ~'X) — wind(y,X) = d(X, f ' X)[y].
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We now outline Furuta’s crossed homomorphism [8].

Recall that Xy ; is given a Riemannian structure. Let X be a nonvanishing vector field on X ; and
f € MCG (2g_1). Since X is nonvanishing, fX is also a nonvanishing vector field. Let ST denote the set
of angles mod 2m. Let a fixed orientation be chosen on X ;. Furuta defined a map

Y2y — S?

such that Y (p): = £(Xp, (f X)p) is the angle mod 27 from X, to (f X),. Let the cohomology class
P;([S*]) € H'(Z41) be denoted by [¢]. Here [S*] indicates the generator of H*(S*). The Poincaré
dual of [d)f] gives us a homology class my(f) € Hy(Zg4). In summary, Furuta obtained a map
my: MCG(Zgll) — H;(2,,1) depending on X. In [8], it is proved that my: MCG(Zg'l) — Hi(Zg1)isa
crossed homomorphism. It is also shown that its cohomology class [my] is independent of X and is a
generator of Hl(MCG(Zg,l);Hl(Zgll)). Moreover, it can be seen that the map Wy: MCG(Zgll) —
H(Z,1) defined by ¥y (f) = [l,l)f] is also a crossed homomorphism.

Now our task is to give the relation between these two above crossed homomorphisms.

Theorem Let X be a nonvanishing vector field on X ;. Then we have 74 (f)[y] = ¥x(f Dyl =
[Yp-1][y] forany f € MCG(Z'g'l) and [y] € Hy(Zg,1).

Proof. Let B:S1 - 241 be a smooth closed oriented curve with S(S 1) =y and continuously
varying non-zero tangents exist at all points of y. Consider the commutative diagram (1) which is
depicted in the winding number subsection.

Let X and fﬂ:rX be the unit vector fields induced by X and f~1X, respectively. There exist
sections XPand (f~1X)# suchthat F o Xf = X o B and F o (f"2X)P = f~1X o B. Suppose that X and
f‘:rX rotate k and [-times, respectively, around the fiber on leg,l restricted to y. Then by the
construction of the difference cocycle, Xfand (f ~1X)# are homotopic to maps sending 6 to (6, k@) and
0 to (6,10), respectively. After the compositions of Xfand (f ~1X)# with the second projection map
pry: ST x ST — S, we get pry o XP: ST — S taking 0 to k6 and pr, o (f 1X)B:S* - ST taking 6 to
16. Therefore, the image of [y] under d(X, f ~1X) can be regarded as the degree of the map St - S?
sending 6 to (k — 1)6.

Now recall the map p-1:55,1 = St defined by Yr-1(p) = 2(X)p, (f7'X),). From the
restriction of the map ¢-1 to y we have a map denoted by ;-1 0 5:S 1 - S, Since we assumed that
X and fF‘T)/( rotate k and [-times, respectively, around the fiber on TlZgyl restricted to y, by the
definition of -1 the composition map -1 o f is homotopic to a map sending 6 to (k —[)6.
Therefore, we have d(X, f ~1X)[y] = deg(¥s-1 2 B).

Our next step is to show the equality [(¢-1][y] = deg(ipy-1 ° B) in an explicit way. After
identifying H 1(2g_1) with Hom(Hl(Zg,l), Z), the cohomology class [t);-1] is obtained from the
induced map (1/)f—1)*. Indeed, the induced map ('l’f-l)*: Hi(Zg1) — Hi(S 1) will give us a cohomology

class after identifying H, (S) with Z. Let us consider the following sequence:

B (p-1). L
Hy(S*) = Hi(Zg1) — Hi(SH=Z.

The isomorphism in the above sequence comes from the cohomology class [S1] € H1(S1). If [a]
is a generator of H; (S1), we have
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(W10 8) (a]) = (Y1) o B.(laD) = (1), (YD
Consequently, we obtain
[Wr-11ly] = (1) (YD = (Yp-1 0 B) ([a]) = deg(vpy-10B) = d(X,f X))yl = x(Ny],
for any smooth representative y.

Corollary Let X be a nonvanishing vector field on X, ; and f € MCG (Zgjl). If ngy(f) is the
Poincaré dual of T4 (f) defined by Trapp, then ny: MCG (Zg,l) - H; (Zg_l) depends only on X and it is
also a crossed homomorphism. Moreover, the cohomology class [ny] € H}(MCG (29,1); Hi(Zg1)) is
independent of X.

Proof. Recall that the Poincaré dual of [ll)f—1] ismy(f~1) € Hy (Zg,1) and the cohomology class
[my] is a generator of Hl(MCG(Zg,l); H1(24,1)). In [8], it is also proved that my is a crossed
homomorphism. By the previous theorem, we obtain [(p¢-1][y] = Tx(f)[y]. Therefore, the homology
class ny (f) is equal to my (f ~1), which completes the proof.

DISCUSSION AND CONCLUSIONS

In this study, we obtain the equivalence of two crossed homomorphisms defined by Trapp and
proposed by Furuta. Morita was aware of the equivalence, but to our knowledge, there is no explicit
proof showing this equivalence. We fill this gap with this study. In the construction of difference
cocycles, algebraic and geometric features are used. Moreover, crossed homomorphisms and winding
numbers can be applied in other areas of mathematics such as Banach spaces. Therefore, we can consider
this subject as an interdisciplinary subject in mathematics [12-14]. For future work, it can be constructed
other crossed homomorphisms on the mapping class group of an orientable surface that contains more
than one boundary component with the help of difference cocycles.
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