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Abstract — In this present study, some properties of bipolar soft closed sets are introduced and the
concept of closure, interior, basis and subspaces which are the building blocks of classical topology
are defined on bipolar soft topological spaces. In addition, examples have been presented so that
the subject can be better understood.
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1 Introduction

Introducing fuzzy sets [11], intiutionistic fuzzy sets [1], soft sets [6] and etc. theories
which contribute to solution of problems such as decision making and uncertainity.
A lot of researcher has been done on these theories [2, 3, 7, 10].

In the past years, Shabir & Naz [9] and Karaaslan & Karatas [4] differently defined
bipolar soft set. Obviously, bipolar soft sets satisfied more sharp results than soft
sets. Therefore the concept of bipolar soft topology has a great importance.

In this study, we define a short notation for writing simplicity in the application of
bipolar soft sets and investigate the relationship between the soft topological spaces
and the bipolar soft topological spaces. Moreover, we define the notion of bipolar
soft closure, bipolar soft interior, bipolar soft basis, bipolar soft subspace. The basis
theorems of these notations are provided and supported with examples.

2 Preliminary

In this section, we will give some preliminary information about bipolar soft sets and
bipolar soft topological spaces. Let X be an initial universe set and E be a set of
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parameters. Let P(X) denotes the power set of X and A, B,C C E.

Definition 2.1. [5] Let £ = {e1, ey, e3,...,e,} be a set of parameters. The not set
of E denoted by —FE is defined by =FE = {—e;, —ey, —es,..., e, } where for all i,
—e; = not e;.

Definition 2.2. [9] A triplet (F, G, A) is called a bipolar soft set over X, where F
and G are mappings, F': A — P(X) and G : =A — P(X) such that F(e)NG(—e) = )
for all e € A and —e € —A.

Definition 2.3. [9] For two bipolar soft sets (Fi,G1,A) and (Fy, Gy, B) over X,
(F1,Gq, A) is called a bipolar soft subset of (Fy, G, B) if

1. AC B and

2. Fi(e) C Fy(e) and Ga(—e) C Gy(—e) for all e € A.

This relationship is denoted by (Fy, Gy, A) C (Fy, Gy, B). (Fy, Gy, A) and (Fy, G, B)
are said to be equal if (Fy,Gq, A) is a bipolar soft subset of (F», Go, B) and
(Fy, Gy, A) is a bipolar soft subset of (Fi,G1, B).

Definition 2.4. [9] Bipolar soft complement of a bipolar soft set (F, G, A) over X
is denoted by (F,G, A)® and is defined by (F,G,A)° = (F°, G, A) where F°: A —
P(X) and G°: =A — P(X) are given by F¢(e) = G(—e) and G°(—e) = F(e) for all
e € A and —e € -A.

Definition 2.5. [9] Bipolar soft union of two bipolar soft sets (Fi,Gi, A) and
(Fy, Gy, B) over X is the bipolar soft set (H,I,C) over X where C' = AU B and for
all e € C,

Fi(e), ifee A— B,
H(e) = ¢ Fye), ifee B—A,
Fi(e) U Fy(e), ifeec ANB.

G1(—e), if me € (=A) —(=B),

(~4) - (-8
I(—e) = ¢ Ga(—e), if me € (=B) —(—A),
G1(—e) N Gy(—e), if me € (mA)N(—B).
It is denoted by (Fy,G1, A)U(Fy, Gy, B) = (H,I,0).

Definition 2.6. [9] Bipolar soft intersection of two bipolar soft sets (F, Gy, A) and
(Fy, Gy, B) over X is the bipolar soft set (H,I,C) over X where C' = AU B is
non-empty and for all e € C,

H(e) = Fi(e)NFy(e) and I(—e) = G1(—e)UGy(—e).
It is denoted by (Fl,Gl,A) ﬁ (FQ,GQ,B) = (H, I,C)

Definition 2.7. [9] Let (F}, Gy, A) and (F,, Go, B) be two bipolar soft sets over X.
Then,

1. ((FIJ G17A> O (F27G27B))c - (FIJ C"Y17"4>Cﬁ (F27 G27 B)CJ
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2. ((F1,G1, A)N (Fy,Ga, B)) = (F1, G, A)°U (Fy, Ga, B)°.

Definition 2.8. [9] A bipolar soft set (F,G,A) over X is said to be relative null
bipolar soft set, denoted by <<I>, 55, A), if foralle € A, F(e) = () and for all —e € —A,

G (—e) = X.
The relative null bipolar soft set with respect to the universe set of parameters
E is called a NULL bipolar soft set over X and is denoted by (q), X, E)

Definition 2.9. [9] A bipolar soft set (F, G, A) over X is said to be relative absolute
bipolar soft set, denoted by ()?,@,A), if for all e € A, F(e) = X and for all

—e € mA, G(—e) =0.
The relative absolute bipolar soft set with respect to the universe set of parame-
ters E is called a ABSOLUTE bipolar soft set over X and is denoted by <)N( , D, E)

Definition 2.10. [8] Let 7 be the collection of bipolar soft sets over X with E as
the set of parameters. Then 7 is said to be a bipolar soft topology over X if

1. (@,)?,E) and ()?,@,E) belong to 7

2. the bipolar soft union of any number of bipolar soft sets in 7 belongs to 7

3. the bipolar soft intersection of finite number of bipolar soft sets in 7 belongs
to 7.

Then (X , %, b, ﬂE> is called a bipolar soft topological space over X .

Definition 2.11. [8] Let (X, 7. E, —|E> be a bipolar soft topological space over X,

then the members of 7 are said to be bipolar soft open sets in X.

Definition 2.12. [8] Let <X, %, E, ﬁE> be a bipolar soft topological space over X.
A bipolar soft set (F, G, E) over X is said to be a bipolar soft closed set in X, if its
bipolar soft complemet (F, G, E)® belongs to 7.

Definition 2.13. [8] Let (X, 7. E, —|E> be a bipolar soft topological space over X.

A bipolar soft set (F,G, E) over X is said to be a bipolar soft clopen set in X, if it
is both a bipolar soft closed set and a bipolar soft open set over X.

3 The Main Results

Definition 3.1. Let (F, G, A) be a bipolar soft set over X. The presentation of
(F,G,A)={(e, F(e), G(—e)):e€ ACE, me € ~AC —-F and F(e), G(—e) € P(X)}

is said to be a short expansion of bipolar soft set (F, G, A).
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From now on, BSS (X) _ denotes the family of all bipolar soft sets over X with
E as the set of parameters and BST'S denotes a bipolar soft topolological space.

Example 3.2. Let X = {z1, 223,24} be an universe set, £ = {ey,e5e3} be the
set of parameters and A = {ej,e3} C E be a subset of parameters. Then —F =
{—e1,nes,mes3} and =A = {—ey, mes}. Suppose that a bipolar soft set (F, G, A) is
given as follows.
F(e1) = {x1, 23}, F(e3) = {za}
G(er) = {za}, G(mes) = {a1, 22} .
Then the short expansion of bipolar soft set (F, G, A) is denoted by (F,G, A) =

{<61’ {xlv 333} ) {'T?}) ) (637 {'T4} ’ {xb 332})}
Proposition 3.3. [8] Let <X,%,E, —|E) be a BSTS over X. Then the collection
7. ={F(e): (F,G,FE) € %} for each e € F, defines a topology on X.

Theorem 3.4. [8] Let (X,7,E) be a soft topological space over X. Then the
collection 7 consisting of bipolar soft sets (F,G, E) such that (F,E) € 7 and

G(—e) = F'(e) = U\F(e) for all me € =F, defines a BST'S over X.

Proposition 3.5. Let (X, :7?, B, —|E> be a BSTS over X. Then the collection 7 =
{(F, E):(F,G,FE) € ;} defines a soft topology and (X, 7, F) is a soft topological
space over X.

Proof. Suppose that (X , %, E, ﬂE) is a BSTS over X. Let us show that the collec-
tion 7 = {(F7 E):(F,G,E) € %} provides the conditions of soft topological spaces.

1. (@,X,E), ()?,@,E) € 7 implies that (&, E), ()ZE) €7
2. Let {(F}, E)},c; be a collection of sets in 7. Since (F;, Gy, E) € T foralliel
so that OI(E-, Gi, E) € T thus .LNJI(Fi, E)eT.
1€ 1€

i=1n

3. Let {(F}, E)},_1= be a collection of finite sets in 7. Then 461(Fi’ Gi,E) €T so

N(F,E)eT.

=1
Hence 7 defines a soft topology over X. m

Remark 3.6. Let <X,?, B, ﬁE> be a BSTS over X. It can be easily shown that, if
the collection 7 is finite then =7 = {(G, -F):(F,G,E) € ?} defines a soft topology

and (X, =7, F) is a soft topological space over X.
Similarly, if the collection 7 is finite then 7, = {G (me): (F,G,E) €7, for all —e € —|E}
defines a topology and (X, 7-.) is a topological space over X.
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Definition 3.7. Let X be an initial universe set, E' be the set of parameters and
T = {((I), X, E) , <X, b, E) } Then 7 is called the bipolar soft indiscrete topology

over X and (X , ?, E, —|E> is said to be a bipolar soft indiscrete topological space
over X.

Definition 3.8. Let X be an initial universe set, E' be the set of parameters and 7
be the collection of all bipolar soft sets that can be defined over X. Then 7 is called

the bipolar soft discrete topology over X and (X , %, E, ﬂE> is said to be a bipolar
soft discrete topological space over X.

Definition 3.9. Let (X %,E, ﬁE> and <X %,E, —E)be two BSTS’s over the

same initial universe set X. Then 7; is said to be bipolar soft finer than 7 7'1, or 7'1 is
said to be bipolar soft coarser than 7, if 75 O 77.

Example 3.10. Let X be an initial universe set and F be the set of parameters.
The bipolar soft indiscrete topology is the coarsest bipolar soft topology and the
bipolar discrete topology is the finest bipolar soft topology over X.

Proposition 3.11. Let (X,%,E, —|E) and (X,%, E, —|E>be two BSTS’s over the
same initial universe set X, then <X, ?1 N ?2, B, —|E> is a BSTS over X.

Proof. 1) (@,X,E) , (55 ) E) €71 NTy.
2) Let {(F;, Gi, E)}ZGI be a family of bipolar soft sets in 7'1 N7. Then (F;, Gy, E)
7'1 and (F;,G;, E) € T, for all i € I, so U (FZ,GZ,E) € 71 and U (FZ,GZ,E) € To.

Therefore 'U[(Fi, G, F) e 7'1 N 7'2
1€

3) Let {(Fi,Gi, E)}iim

(F;,Gi,E) € 71 and (F;,Gi,E) € 7 for i = I,n. Since .rjl(Fi,Gi,E) € 71 and

be a finite family of bipolar soft sets in 7'1 N 7-2 Then

n

61(E7Gi7 E) e 7, then ﬁl(Fi»GuE) €mN. .

Remark 3.12. The union of two bipolar soft topologies over the same initial universe
set X may not be a bipolar soft topology over X.

Example313 Let X = {.’El,x2,$3,$4} E ={ej,eq,e3}. Then - E = {—ey, neq, mes}.
Supposethatﬁ {<<I> X E) (X ) E) (F1,G1, E), (Fy,Go, E), (F3, Gs, )}, Ty =

{(@,X,E) , (X, cI),E) (Hy, Ky, E), (Hy, Ko, E), (Hs, K, E)} are two bipolar soft

topologies defined over X where (Fy,G4, E), (Fy, Gy, E), (F3,G3, E), (Hy, Ky, E),
(Hs, Ky, E), (Hs, K3, E') are bipolar soft sets over X, defined as follows:

(FllevE) = {(61,{{E1,ZL‘3,ZE4},{{EQ}),(62,{:132,1'3},{1‘4}),(63,{$3,$4},{$1})},
(FQJGQJE) - {(61,{I2,JI4},{ZL’1}),(62,{$1,$4},{I2}),(63,{1’1,ZE2},{I3})},
<F37G37E) = {(61,{1'4},{1‘1,332}),(62,®,{$2,x4}),(63,@, {xhxi’)})}’
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and
(HvilvE) = {(61,{1’2,ZE3},{I1}),(62,{£E1,IE2},{1‘3,1'4}),(63,{$3,1‘4},{[L‘2})},
<H27K2=E) = {(61,{I1,SL‘4},{$2,I3}),(62,X, @),(63,{1’1,132,.7}3},@)},
(H?HK?HE) - {(617®> {.Il,l‘g,xg}),(62,{$1,1‘2},{$3,$4}),(63,{x3},{$2})}.
Then
=,z _ | (2.XEB),(X0,E).(R.G,E) (F. G, E),
U0 (B, Gy E), (Hy, K1 E), (Hy, Ky, B), (Hs, K3, E) |

For example, we take
(Flu G17 E)O(HILKMNE) - (Su T7 E)~: {(f?h X) Q)) ) (62) {xlu T2, .5[?3} ) {554}) (637 {.’1737 $4} ) 0)} )
but (S,T, F) ¢ 71 UTy. Therefore 7 U 75 is not a bipolar soft topology over X.

Theorem 3.14. Let (X, ?, E, —|E’> be a BSTS over X. Then

1. (@,X, E) , ()Z, P, E) are bipolar soft closed sets over X,

2. Arbitrary bipolar soft interscetions of the bipolar soft closed sets are bipolar
soft closed set over X,

3. Finite bipolar soft unions of the bipolar soft closed sets are bipolar soft closed
set over X.

Proof. 1. Since (@,X,E)C _ ()N(,@,E) € 7 and ()N(,@,E)C - (@,)?,E) €7
then (CD, )Af, E) , (55, P, E) are bipolar soft closed sets over X.
2. Let {(F},G;, E)},c; be a family of bipolar soft closed sets over X. Then

<ﬁ (F, Gi,E)> = U (F,Gi, BE) € 7.
1€

i€l

Therefore, ﬁl(Fi, G, E) is a bipolar soft closed set over X.
1€
3. Let {(F}, G;, E)},_i be a finite family of bipolar soft closed sets over X. Then

i=1n

Thus, '91(Fi’ G, F) is a bipolar soft closed set over X. n

Definition 3.15. Let (X, ?, E, —|E> be a BSTS over X and (F,G, E) be a bipolar

soft set over X. Then the bipolar soft closure of (F, G, E), denoted by (F,G, E), is
the bipolar soft intersection of all bipolar soft closed super sets of (F, G, E).

Obviously, (F, G, F) is the smallest bipolar soft closed set over X that containing
(F.G, E).
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Theorem 3.16. Let <X, 7 E, ﬁE) be a BSTS over X, (F,G, E) and (F1,G\, E)
be two bipolar soft sets over X. Then

2. (F,G,E)C(F, G, E),

b

(F,G, E) is a bipolar soft closed set iff (F,G, E) = (F,G, E),

,.lk

F.G E
F.G E

(F? G7 E)?

5. (F\,G1,E) = (F,G,E)C(F,,Gy, E)

6. (F,G,E)J(F,,G,E) = (F,G,E)U(F,,G1, E)

)C
)
(FG.B) =
( )C
( )
( )

7. (F,G,E)A(Fy, Gy, E)C(F,G, E)N(Fy,Gy,E).

Proof. 1. and 2. are obvious.

3. Suppose that (F, G, E) is a bipolar soft closed. Then (F,G, F) is the smallest
bipolar soft closed set containing (F, G, E) and (F,G,F) = (F,G, E).

Conversely, let (F,G, E) = (F,G, E). Since (F,G, E) is a bipolar soft closed set,
then (F, G, E) is a bipolar soft closed set over X.

4. Since (F,G, E) is a bipolar soft closed then we have (F,G,E) = (F,G, E)
from the part (3.).

5. Let (F,G,E)C(Fy,Gy,E). From the part (2.), (F,G,E)C(F,G,E) and
(Fl,Gl,E)i(Fl,Gl,E). (F,G, E) is the smallest bipolar soft closed set that con-
taining (F, G, E). Then (F,G, E)C(Fy, Gy, E).

6. Since (F,G, E)C(F, G, EYU(Fy, Gy, E) and (Fy,Gy, E)C(F, G, E)U(Fy,G4, E)
then (F,G,E)C(F,.G, B)J(F1, Gy, B) and (Fy, Gy, E)C(F,G, E)O(F1, Gy, E) from
the part (5.). Therefore, (F,G, E)O(Fy, Gy, E)C(F,G, ,E)U(F1, Gy, E).

Conversely, since (F, G, E) (F G, E) and (F,Gy, E)C(Fy,Gy, E). Then
(F,G,E)U(Fy,Gy, E)C (F G,E)U (Fl,Gl, E). Since (F,G, E)U(Fy, G, E) is a bipo-
lar soft closed set and (F, G, E)U(Fy, Gy, F) is the smallest bipolar soft closed set that
containing (F, G, E)J(Fy, Gy, E). Then (F, G, E)U(F, Gy, E)Q(F, G,E)U(F, Gy, E).
Hence, (F, G, E)G(Fl, Gl, E) = (F, G, E)G(Fl, Gl, E)

7. Since (F, G, E)N(Fy, Gy, E)C(F,G, E) and (F,G, E)YN(Fy, Gy, E)C(Fy, Gy, E)
then (F, G, E)N(Fy, Gy, E)C(F, G, E) and (F, G, E)D(Fy, Gy, E)C(Fy, Gy, E). There-
fore, (F,G, E)O(Fy, Gy, E)C(F, G, EYN(Fy, Gy, E). O

Example 3.17. Let X = {z1, 29,23, 24,5}, E = {€1,€2,e3}. Then ~F = {—e;, neqs, mes}.
Suppose that 7 = { (@, X, E) , (X,®,E) , (R, Gy, E), (Fy, Ga, ), (s, Gs, E). (Fy, Gy, E) },
is a bipolar soft topology defined over X where (Fy, Gy, E), (Fy, Gs, E), (F3,G3, E),

(Fy, Gy, E) are bipolar soft sets over X, defined as follows:

(F Gla ) = {(61,{I2,$3,$4},{$5}>,(62,{$1,J]2,$3},{ZL’4,J]5}),(63,{263,1’4,5(]5},{1‘2})},
(F2, G2, B) = {(er,{w1, 22,25} {ws,x4}) , (€2, {2, 24} {23, ws}) , (es, {w1, w5} {22, 23})},
(F G3’E) = {(61,{$2},{$3,[B4,£L‘5}),(62,{$2},{£L‘3,9§4,$5}),(63,{1‘5},{$2})},

(F47G47 ) = {(617X7 @),(62,{JZ1,J}2,I3,ZL’4},{$5}),(63,{[L’1,JZ3,$4,ZE5},{1’2})}.
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According to the bipolar soft topological space <X , %, E, —|E>;

(?)c _ {(M?E) (%.0,5)" (R G, Y, (P Ga, B, (R, G, BY (P G )

is the family of all bipolar soft closed sets such that

(F1,G1, B) = {(en, {as}t, {z2, 23, 24}) , (€2, {ma, w5}, {21, 2, w3}) (€5, {22}, {ws, 24, 25})},
(F2, G2, E) = {(er, {ws, za} ,{w1, 22, 25}) s (€2, {ws, w5}, {w2, wa}) (es,{w2, w3}, {z1,25})},
(F3,G3, E)° = {(en, {33375547565} {2}), (2, {z3, w4, x5}, {z2}) (€3, {z2}, {as})},
(F1, Ga, B)° = {(e1,0, X)), (e2, {zs}, {w1, w2, w3, 24}) , (€3, {22}, {21, w3, 24,25 }) } -

Let (Ka Sa E) = {(617 {$3} 5 {xb Lo, Ty, 1'5}) ) (627 {'175} ; {xla X2, '174}) 3 (63, {1'2} ) {'xla x3, 1'5})}
be a bipolar soft set over X. Then the bipolar soft closure of (K, S, F),

(K, S, E) = (F», Go, E)F(Fy, Gy, E)0 ()’Z (I),E) — (Fy, G, B)°.

Corollary 3.18. It is clear that whereas only intersection operation on soft closed
sets containing (F), E') depending on an appropriate parameter is performed for the
soft closure operation of (F,E) in the studies [3, 10], in the bipolar soft set the-
ory, an intersection operation according to an appropriate parameter on the bipolar
soft closed sets containing the set and union operation according to not element of
parameter on the bipolar soft closed sets containing the set are performed.

Definition 3.19. Let (X, 7 E, ﬁE) be a BSTS over X and (F,G, E) be a bipolar

soft set over X. Then the bipolar soft interior of (F,G, E), denoted by (F,G, E)°,
is the bipolar soft union of all bipolar soft open subsets of (F, G, E).

Obviously, (F, G, E)° is the biggest bipolar soft open set over X that is contained
by (F,G, E).

Theorem 3.20. Let <X, 7 E, ﬁE) be a BSTS over X, (F,G,E) and (F1,G\, E)
be two bipolar soft sets over X. Then

1. (@,X,E)O - (@,X,E), (X’,@,E)O - ()?,@,E) ,

2. (F,G,E)°C(F,G,F),

3. (F,G, E) is a bipolar soft open set iff (F,G, E) = (F,G, E)°,

e~

(
(

. ((F,G,E)°)° = (F,G,E)°,
(F,G,E)C(F,G1,E) = (F,G,E)°C(Fy,Gy, E)°,
(

F,G,E)°N(Fy, Gy, E)° = [(F,G,E)N(Fy, G, E)]°,

7. (F,G,E)’°U(F, Gy, BE)°C [(F,G, E)U(Fy, G, B)]°.
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Proof. 1. and 2. are obvious.

3. Suppose that (F, G, F) is a bipolar soft open set. Then (F, G, E) is the biggest
bipolar soft open set that is contained by (F, G, E) and (F,G, E) = (F,G, E)°.

Conversely, let (F,G, E) = (F,G, E)°. Since (F,G, E)° is a bipolar soft open set,
then (F,G, F) is a bipolar soft open set over X.

4. Let (F\G,E)° = (K,S,FE). Then (K,S,FE) is a bipolar soft open set iff
(K,S,E) = (K,S,E)°. Therefore, ((F,G,E)°)° = (F,G, E)°.

5. Suppose that (F), G,E)é(Fl,Gl, E). From the part( ), (F,G,E)° (F, G, FE)
and (Fy, Gy, E)°C(Fy, Gy, E). (Fy,Gy, E)° is the biggest bipolar soft open set that
is contained by (Fy, Gy, E). So, (F,G, E)°C(Fy,Gy, E)°.

6. Since (F,G,E)°C(F,G, E) and (Fy, Gy, E)°C(F}, Gy, E), then
(F,G,E)°N(F,,Gy, E)°C(F,G,E)N(Fy, Gy, E). [(F.G, E)O(F1, Gy, E)]” is the biggest
bipolar soft open set that is contained by (F,G E) (F1, Gy, E). Therefore,
(F,G,E)°N(F, Gy, E)°C [(F, G, E)N(Fy, Gy, )] .

Conversely, since (F, G, E)\(Fy, Gy, E)C(F,G, E) and (F, G, E)N(Fy, Gy, E)C(Fy, Gy,
then [(F, G, E)N(Fy,G1, E)]" C(F,G, E)° and [(F, G, E)\(Fy, G4, E)|” C(Fy, Gy, E)°.
Hence, [(F,G, E)N(Fy, Gy, E)]° C(F, G, E)°N(F1, G, B)°.

7. Since (F,G,E)°C(F,G, E) and (Fy, Gy, E)°C(F}, Gy, E), then
(F,G, EB)°U(Fy, Gy, E)°C(F, G, E)J(Fy,G1, E). [(F,G,E)J(F,G1, E)] is the biggest
bipolar soft open set that is contained by (F, G, E)J(Fy, G, E). So,

(F,G, E)°U(Fy, Gy, E)°C [(F,G,E)U(Fy,G1, E)]". O

Example 3.21. Let us consider the bipolar soft topology over X that is given in
Example 3.17. Suppose that

(K7 S? E) = {(ela {1’2, x3, $4} ) {1’5}) ’ (627 Xa Q) (637 X7 @)}
is a bipolar soft set over X. Then the bipolar soft interior of (K, S, E),

(K, S, E)° = (F1, Gy, E)O(Fy, Gy, E)U (@,X’,E) — (F1,G1, E).

Corollary 3.22. It is clear that whereas only union operation on soft open sets
contained in (F, E) depending on an appropriate parameter is performed for the
soft interior operation of (F, E) in the studies [3, 10], in the bipolar soft set theory,
a union operation according to an appropriate parameter on the bipolar soft open
sets contained in the set and an intersection operation according to not element of
parameter on the bipolar soft open sets contained in the set are performed.

Theorem 3.23. Let (X,%,E, —|E> be a BSTS over X, (F,G, E) be a bipolar soft
sets over X. Then [(F, G’,E)]C =[(F,G, E)]°.

Proof. From the definitions of a bipolar soft closure and a bipolar soft interior, we

have
C

[(F,G,E)}C: m (Fi,Gi’E) :U(FiaGi,E)CZ [(F,G,E)C]O,
(F;, Gy, E)D(F, G, E)
(F,Gi, E) € 7

E),
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O

Definition 3.24. Let (X, ?, E, —|E> be a BSTS over X and B C 7. B is said to

be a bipolar soft basis for the bipolar soft topology 7 if every element of 7 can be

written as the bipolar soft union of elements of B.

Theorem 3.25. Let (X, % E, ﬂE> be a BSTS over X and B be a bipolar soft basis

for 7. Then, 7 equals the collection of all bipolar soft unions of elements of B.
Proof. This is eaisly seen from the definition of bipolar soft basis. O

Example 3.26. Let us consider the bipolar soft topology over X that is given
in Example 3.17. Then B = {(@,)?,E) (Fy, G B, (Fy, Ga, B, (Fg,GS,E)} is a
bipolar soft basis for the bipolar soft topology 7.

Definition 3.27. [8] Let (F,G, E) be a bipolar soft set over X and Y be a non-
empty subset of X. Then the bipolar sub soft set of (F,G, E) over Y denoted by
(YFY G, E), is defined as follows

YEF(e) =Y NF(e) and YG(—e) = Y N G(—e), for each e € E.

Proposition 3.28. [8] Let (X, 7. E, —|E> be a BST'S over X and Y be a non-empty

subset of X. Then 7y = {(YF,Y G, E): (F,G,FE) € %} is a bipolar soft topology on
Y. _
The collection Ty is called a bipolar soft subspace topology.

In the above Definition 3.25., Shabir and Bakhtawar have defined bipolar soft
subspace according to universal subset Y C X. However, the following definition
defines a bipolar soft subspace according to a bipolar soft set.

Theorem 3.29. Let (X,?, E, ﬁE) be a BSTS over X and (F,G, E)C (5( o, E>
Then the collection

FreE) = {(F, G, E)(F, Gy, E) : (F, Gy, E) € 7 for i 1}

is a bipolar soft topology on (F, G, E') and <X(F7G,E), T(reE), L, —|E> is a bipolar

soft topological space.
Proof. Since (cb,f(, E) A(F,G,E) = <<1>,)~<, E) and ()N( o, E> A(F,G,E) = (F,G, E),

then (®, X, B) , (F.G. E) € F(rc.m).
Moreover,

=1

0, (£, G EYAF.G. ) = ( ARG B) ) ACF G )
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and
U ((F, Gs, E)DN(F,G,E)) = (EI(FZ-,Gi,E)) N(F,G,E)

el

for 7 = {(F;,G;, E) : i € I}. Therefore, the bipolar soft union of any number of
bipolar soft sets in 7(p g gy belongs to 7(rq,g) and the finite bipolar soft intersection

of bipolar soft sets in 7(pq,g) belongs to T(p ). Hence, T(rq g) is a bipolar soft
topology on (F,G, E). ]

Definition 3.30. Let (X,?, E, ﬁE) be a BSTS over X and (F, G, E)C ()Nc O, E>
Then the collection

Fram = {(F.G,EYA(F, Gy, B) : (F, Gy, E) € F fori € I}

is called a bipolar soft subspace topology on (F, G, E') and (X(EG,E) , ?(F,G,E), E, —|E)
is called a bipolar soft topological subspace of <X , ?, E, —|E).

Example 3.31. Let us consider the bipolar soft topology over X that is given in
Example 3.17. and (F, G, E)C (5( o, E) such that

(F, G, E) = {(ex, {wr, w2, w5}, {ws, 25}) , (€2, {ws, 25}, {w2, 2a}) (€3, {x2, 74,25}, {1})} -
Then the collection
= o = { (2. X, B) A(F.G.E), (X..E) A(F.G.E).(F. Gy, E)A(F.G. B), }
(Fy, Gy, E)N(F, G, E), (Fs,Gs, EYN(F,G, E), (Fy, Gy, EYN(F,G, E)
is a bipolar soft subspace topology on (F,G, E) and (X(RG,E),?(F,G,E),E, —|E>
is a bipolar soft topological subspace of (X ,?, b, ﬂE> .

4 Conclusion

In this paper, we introduced some properties of bipolar soft topological spaces and
the relationships between soft topological spaces and bipolar soft topological spaces.
We hope that, the results of this study may help to next studies for many researchers.
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