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ABSTRACT. Minkowski 3-space is important because it is the spatial structure
in which physical events occur. Therefore, in this study, we examined the time-
dependent Lagrangian energy equations in Minkowski 3-space. To facilitate the
examination of the necessary mechanical structure and solutions with respect
to time, we employed the jet bundle structure. This approach has made the
creation of the necessary geometric structures more comprehensible in terms
of coordinate basis. To interpret the obtained Lagrangian energy equations
and to understand the significance of the time parameter, an example is also
provided in our study.

1. INTRODUCTION

We worked on the Lagrangian energy structure previously studied in Euclidean
space by establishing the necessary mechanical structure in Minkowski space. This
energy structure had not been obtained before in 3-dimensional Minkowski space.The
structure of Minkowski metric is different from Euclid metric. Also for this dif-
ference, it can be seen no studies in this subject. Mathematicians, working in
Minkowski space, believe that there is natural phenomenon with Minkowski geom-
etry for explaining physical phenomena occuring in 3-dimensional Euclid space. To
obtain the time-dependent energy structure, we constructed the jet bundle structure
in 3-dimensional Minkowski space and based our study on the coordinate system
of this bundle structure.

The jet bundles can be classfied into two manifold:

1) Total complex manifold,

2) Phase manifold.

The inclusion of time-dependent differential coordinates in the jet bundle structure
makes it more suitable for the creation of time-dependent mechanical systems.
The consraint, real, complex and Para-complex structures on the time-dependent
Lagrangian systems can be researched in [2] and [5]. Then found that in the paper
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[1] Lagrangian and Hamiltonian mechanical systems were instructed on the vector
bundle structures and jet bundle forms.Lagrangian equations are solved with real
bundles by [2] , [3], [6], [5]. As shown in the studies presented in the references,
none of them have been conducted in Minkowski space. Therefore, we chose to
carry out our work in Minkowski space as a distinctive approach.

Let T'Q be the tangent bundle of an m-dimensional configuration manifold Q. Given
a Lagrangian energy function L : T'Q) — R, the vector field X satisfying the energy
equation

(1) iXLwLZdEL

is unique. Here, w is a 2-form on the bundle T*@ , and FEj, represents the energy
associated with L.[6], [5] If the families of curves that are solutions to the above
energy equation on T'Q) are integral curves of the vector field X , then the vector
field X is called a semi-spray.

The triple (T'Q,wr, L ) is called Lagrangian system on the tangent bundle TQ. [6],
[5]

Let, L:RxTQ=J (R,Q) =R and TQ={t} xTQ be Lagrangian function. The co-
ordinate system on T'Q is {q;,v;} -

The Poincare cartan 1-form on the T*(Q associated with L Lagrangian energy func-
tion is

L
ar=djL+Ldv;, = a— dq;+Ldv;

ov

The Poincare cartan 2-form associated with L Lagrangian energy function is
QL:ddjL+dL A Ldv;
If the paths of semisprays verify

d oL oL
<2) dt ( 81)7; ) 8qi B
then this is called as Euler-Lagrange equation.
[1], proved that equation (2) is not changed; but, this study investigates the possible
shapes of Euler-Lagrange system (2) on jet bundles.
Bundles on Minkowski 3-Space
A bundle is a triple (E,m, M) where E and M are manifolds and m:F — M is a
surjective submersion. E is called the total space, m, the projection and M the
base space. This bundle denoted by 7w or E. The first jet manifold of 7 is the set
{J;(;S:p eM,pcT, (7r)} and denoted by J'E. Here, ¢ is a map ¢:M — E and is
called a section of 7. If it is satisfies the condition 7 o ¢p=idy;, then the set of all
sections of 7 will be denoted I (7).
Let (E, 7, M) a bundle and let (U, u) be an adapted coordinate system on E, where
u= (z,y, z,Ua). The induced coordinate system (U',u') on J'E is defined by

U'={J,0:6(p) € U}

u1: (l’,y, 2y Uars ufl)

where 2(J}¢) =x(p)y(J)d) =y(p),2(Jy¢) =2(p), ua(Jy¢) =tq(¢m) and are known
as derivative coordinates.[1]

In this study, we consider the bundle structure (Eio’,w,R). The coordinates of
the manifold E$are (z,y,z), the coordinate of the manifold R is (¢). Also, the
coordinates of the manifold J'E} are (¢,z,y, 2,2y, 2").
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Here derivative coordinates denoted by

dzx
dt

. dy
Y=

s
T dt

Lagrangian Mechanical Systems of Minkowski Space with Bundle
Structure
The Minkowski 3-space E3 is the Euclidean 3-space E? provided with the standard
flat metric given by

g= — da* + dy? + d2*
where (z,y,2) is a rectangular coordinate system of E®. Let g be the Minkowski
metric, and let v € E} be,

e g(v,u)>0or g(v)=0, v is spacelike vector
e g(v,v) <0, v is timelike vector
e g(v,v)=0and v # 0, v is null( lightlike)

A similar analysis can be performed within an « curve on E .
7 is the set of all time-like vectors in E$. For Vu € 7; the set

0(7):{7ET:(?,?)<0}:{7€Ei’:g(x7u,m7u)<0}

defined as timecone.
Theorem 1. The time-like vectors X and 7 in Minkowski 3-space E3 are in the
same timecone,

C timecone

Light-like

FIGURE 1

(7, 7> =— H?H H?H coshd and here 0 is the Lorentz timelike angle between 7 and

vectors.
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Definition 1.1. A (1,1)- type tensor field J that satisfies the J? = 0 condition is
approximately called a tangent structure. Here, J:T (J'E}) — T (J'E}) is

B2 ) @2
) ()-+(2)

0 .0 0 0
3 J| =
®) (815) "5 Yoy T ox
J can be calculated as a tensor field from (3), as
(4) J:(—dx—x'dt)x%—k(dy—i—ydt)x%—f—(dz—&—édt)x%
A semi-spray is a vector field over E} and defined as below;

(5) E—Q 3-&- g—i—za 0 -+e€ 0
ot Tor Yoy TFo: o oy

By calculate J(¢), then equation (6) are found

-i-<€3a

.0 .0 .0
6 V=Je=—-92¢ — 4+ 92¢ — +25 ——
(6) c x8x~+ y@y-+ ‘9z
which is called ” Liouville vector field”
Moreover, ”Poincare-Cartan 1-form” is written as:

aL=d;L + Ldt

. 0L oL . 0L oL oL oL
L=—z—dt+y—dt —dt — —dx+ —dy+ —dz+ Ld
(1) al=—dgrdidg g dit2gmd —grdet gody+ 5 dat
Then we can write differential operator d,

0 0 o o o b o
(8) d=dt — axdx+?ydy+£dz axdw—l—a—dy—&—a—dz

By using the differentiation d (8), then Poincare-Cartan 2-form is obtained.
Qp =ddy;L+dL Adt
0?L i 0?L - 0?L . 0?L 8L>
otoz Ox 0z 0z 0y 0zx0z Oz
+ (dy A dt) (— 32; -z aZL. +y 62L. +z azL. - aL)
otdy Oyox Oydy oyoz Oy

27 2 2 2
+(dz/\dt)( oL 8L.+"9L.+z“.—‘%>

Qp = (dz A dt) <

oto: T 0z0¢  Vozay T “0:0: 02
L L 9L
9:° 070y 930z

. . 0°L 82L . 0%L oL
+ (dy A dt) (:17.. +y 5 +2 +2‘>

0xdy 0yoz Jy

L a2L LLOPL 0L
910z " Y9y0z T 52 T "0z
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PL L PL L
dendy) (=25 4 T2 Lo nd) (- 22 4 I8
+(de y)( 8x8y+8y8:b>+( g Z>< 8m82+8z&t)

2L 9L N
_ de Ada) [ 2=
a;,az*awy)”“ m)< -2>

( -
+ (dz A dy) (;jgy) + (dz A d2) (;;;;)
(

0L
0505 ) (dy A dy) ( )
32L

+ (dy A dz)

(9)
Definition 1.2. Solutions of the Euler-Lagrange equation can be found by assum-
ing
1eQr =Qr(e)=0
1eQr = Qp(e)

0’L . 0’L _O0*L . 9°L 0L
~Gor t o0 Vowoy  owor oz
. 0°L . 9*L . 9*L . 9°L
“Vowoy Vayor  “owo: 90w

0%L 0%L 0%L

teo s Feagan Y eaggr )0

2L 9L oL L oL
oy “agar Vagay T Coge: oy
DL . ’L L . O°L
T oxoy  Toyor  “o:0y  “oyor
L oL &L
00y oy’ 010z3
o°L 9L 0L 0L oL
~a0: 5208 Vamay tem0: T oe
LPL L oL 2L
Yozaz: T To:00  Yoyar T Yozay

)dy

— —62L —€ —aQL —€ 82—L)d
Yoroz ~ Pogo: a2’
0’L . ’L . 0°L

~@27 V0 " “0i0s
L 9L 8L 9L
“9:2  Yoroy ~ “oios
L 9L 8L _OL

—(= [t
o may TV a0 T 2ay

)di
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+ oL +9 L +z ik ——)dy
Yooy Vo2 " Toyoz
_(.82 +.82L+82 L
910z " Yoyoz T 92 | T8k
+ oL +9 , 0L +z L )d:
Xr—— V4
919z ' Yoyoz |~ 957
+(—z PL 2 0L + iy L + i3 L +:2L
otor . 0zor | Joxdy | ozd:z | oz
2L L, 2 #L . 9L L
Yoron ~ agar Y ayay T Vage: oy
oL L 0L 2 0P 0L
otz o080  Vozay T ° 020: ' “9-
- x62L+ L, . L
P TR TR
L L OPL
—EQX ——(— E2Y——5 EQZ———
> 9w0y 2yayz 2090z
— &L —&—5'82 + € 82L+256—L+25 8L)dt
8T grgs T ey TR 2R, 2e s

(10)
By equalizing equation (10) to zero, then (11) are obtained.

9L 0 .OL 0L 0L
R A T T P
v L L L L
0xdy Oyox 0x0z 0z0x
0 oL oL 8L)

95 C1gr tog; Y

I : 0=-—

)

0L & 9L oL oL
I o=22 9%, s
0= %05 a3y Tar TV Tiar TV

oL . 9’L . 9*L . 9L

M P i e
o oL oL oL
+87y(51% +€2@ 835)
9L o 0L 0oL 0L
I 0= gt - (i Sl i S 4 D)
Pl g PLPL L PL
9205 | “oz0z  Yoz05 ' Yoyoz
o oL oL oL
(‘32( a—+s28y +53&)
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9°L L . 9L  OL

tr—" +14
ox

Yoroy 950z o

C9L . 9°L 9L oL

x —y—s — - —
020y Va7 Topor oy

L 8L L 0L
~Yoroy  Vor  Towo: oy
8L 9L L oL
“oroy  Vor  Towo: oy

V 0

8L 9L 9L AL
~0r0: Yogo: "9 0%
L 9L 8L 9L 0L
Yooz Yayer 92 0z

Vi : 0

vir - 0= a0k 2 0L L 0L oL
otox Ox0x 0xdy 0x0z ox
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Yoty Voyor Y ayoy T Vaye: T Vay
GOL G OL L 0L 0L
Moz 0207 020y 0:20: 0z
9L 9%L 0L
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00y 0y 090z
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U505 3yaya 3 952
+2e9 — +2€36j
0 0z

(11)
This equation (11) represents a non-linear equations system. By assuming
(12) g1 =—x, €3 =y, €3= z

In this approach, it must be a negative term, because Minkowski metric is negatie
definitly. Then following equalities can be written as below;

(13) z(I)—yII)—z(II)+2(IV)—y(V) —2(VI)+ (VII) =0
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Solving (13) lead to the equation

CO0’L 0L . 2L
VIIT : 0=— _ _
Yoror  Yotay ~ “oto:

e PL 0L 0L 0L
T 9205 T Voray T om0z T Ton
Ly PL L aPL L L
Oyox oYy dyoz oy
0L L L 0L 0L
T 0z0r  Vosey 7 920 T 70
L 0L 0L . &L
T rer  Yorey  “Foros
L L L &L
T rer T Voray T 050s
0%2L 2 %L . 0%L
Y oras TV aes TV a0z
0% . 0L 9 0%L
T oz0: T V%50: 7 9i0k
2 2L L . 0L
“ zor  Yozay T oraz
-‘v-QQ% + QZg—L

(14)

We can write this equation in a general form. But for this writing, we can assume
a notation for negative terms. We denote this notation as follows,

-1, ,i=1
0i = { 1 ,i=2,3
Also we can write

0 (.0L ,L 8L 0L oL . OL oL oL .OL
—m(mam ) ( Tor oy T a)*( o “’ay“a)
oL

0%

0L ,8L 8L P oL oL oL oL (0L OL . OL
+yay(a 8y+ >+<x8$+yay+za>+ 9z (xa:,c+yay+zaé>

oL oL 0L 0L 0L 0L .OL oL 0L
+( ar era +2z Ep >+(_$a¢+yay+zaz‘>+( 95 +yay+ 82’)

8 .8L 8
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.OL oL 0L

xa—l—yafy.—l—zg:M
oL 0L 0L
_xF+y?y+ZF_N
oL 0L 0L
a—+y6—y+z8—:P
(15) —%(M)—;i:%(N+P)+ya%(M+P)+z%(M+P)+(N+M+P):0

(15) is the Lagrange equation in Minkowski space . Following examples show an
application of equation (14).

Example In this example, we will derive the Lagrangian energy equations for a
particle moving within a time cone. We will assume that we use the same approach
as outlined above for the solution method. First, let us define a helical curve within
a time cone and examine the coordinate structure of this curve. In Figure-1, we
show the helical curve within the time cone. Since the curve we are working with
remains entirely within the time cone, it is also a timelike curve.

FIGURE 2

This helix is also referred to as a Minkowski helix and is represented as follows.
a (0) = (rsinhuf, rcoshufsing, rcoshubcosh)

Here, r = r(t) is the radius function depending on the time parameter ¢, 6 is fixed
angle.
For the reason mentioned above, the a curve is also a timelike curve, and thus

<a/,a;}<0.
If 7, Y

is timelike vector,
(@, y)=—12" ||| ¥’ cosho
The velocity vector for this curve is

o’ (0) = (urcoshud, ursinhudsing + rcoshufcosd, ursinhufcosd — rcoshudsing)
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If this curve is time-like, then it can be
(16) <a 0),a’ (9)> =r? (cosh2u9 —u?)
Thus, taking into account the condition provided above,

(17) —u< coshuf<u
On the other hand, for the helix, the jet bundle coordinate is

(t, rsinhuf, rcoshufsing, rcoshufcosé, r sinhuf, r coshufsing, r coshubcosh)

(18)

When we rearrange equation (14) according to these bundle coordinates,
. 0%’L 2 0°L . 0L 2 0L . OL

19 -3 3 3r — 4+ 5 ——— 4+ 4r—=0

(19) "o 2 aror T ar T v or

we obtain the equation.

Equation (19) is the Lagrangian energy equation for the Minkowski helix.

In this equation, it can be seen that the Lagrangian energy function depends on
the parameter r .

Since r = r(t), the energy function L also depends on time.

Also, we consider

dL .
—=A= L=A\r
dr
With calculation the equation (18), we get solution of Lagrange energy function;
4
Furthermore, for radius function
4 .
— = Ar=AT
AT
In the solution of the equation, the radius function
r=e~ 3t
By using this value, the Lagrangian energy is,
4
(21) L=— gxe*%t

From this equation, it can be noticed that radius related by time. Really, with our
accaptance, the main parameter is time. The progress of movement is related to
time.

2. CONCLUSION

In this paper, unlike in Euclidean space, we have worked in 3-dimensional Minkowski
space. Specifically, a jet bundle structure has been established in this space, and
all proofs have been examined using the coordinate system of this bundle structure.
The advantage of working with the bundle structure is that it allows us to directly
construct the time-dependent mechanical system. Lagrangian energy equations are
divided into time-dependent and time-independent categories. In applications and
physical contexts, it is more practical to work with the time-dependent equation.
Using or not using the time parameter in deriving these two equation structures
changes and complicates the entire proof in the classical approach. Our method,
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which involves using the jet bundle structure, makes the entire analysis more com-
prehensible by incorporating time within these bundle coordinates.

In our study, we demonstrated the ease of obtaining the energy function using
bundle coordinates within the example structure we presented. As shown in the
example, due to the differences in the metric structure of Minkowski space, the
curves and vectors studied are categorized as timelike, spacelike, or null. Since we
worked with a helix lying within a time cone, we dealt with timelike curves and
vectors. However, as can be shown with other examples, the obtained equation (14)
can also be applied to spacelike curves and vectors.

The system given in equation (11) is a nonlinear system of equations. Its solution
is possible under special conditions. When proving this, we considered the general
form of the Lagrangian energy structure based on our previous work in Euclidean
space and complex space. Accordingly, by experimenting with all the special con-
ditions that would allow us to obtain the Lagrangian energy equation in Minkowski
space, we found that the conditions provided in equation (12) are the most suitable
and developed the proof based on these. The negativity here is entirely due to the
structure of the Minkowski metric.

As a result of energy equations (21), where time provide to in a big-far time interval
or partial movement in all large velocity, Lagrange energy is in a develop state case.
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