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Abstract 

 

The aim of this paper is to define the 𝑘-Vieta-Pell and 𝑘-Vieta-Pell-Lucas sequences, and some terms 

of these sequences are given. Then, we find the relations between the terms of the 𝑘-Vieta-Pell and 𝑘-

Vieta-Pell-Lucas sequences. Also, we give the summation formulas, generating functions, etc. We also 

derive the Binet formulas using two different approaches. The first is in the known classical way and 

the second is with the help of the sequence's generating functions. Moreover, we calculate the special 

identities of these sequences like Catalan and Melham. Finally, we examine the relations between the 

𝑘-Vieta-Pell sequence and various other sequences, including Fibonacci, Pell, and Chebyshev 

polynomials of the first kind. Similarly, we analyze the 𝑘-Vieta-Pell-Lucas sequence in relation to 

Lucas, Pell-Lucas numbers, Chebyshev polynomials of the second kind, and other sequences. In 

addition, for special 𝑘 values, these sequences are associated with the sequences in OEIS. 

 

 

Keywords: Vieta polynomials, Generating function, Pell number, Cassini Identity, Binet formula 

 

 

1. Introduction 
  

The Fibonacci and Lucas sequences are famous sequences of numbers. The golden ratio that 

we can reach with the Fibonacci sequence is revealed by the proportions of the sensory organs 

on the human face. For example, the area from under our ears and nose to our chin contains the 

golden ratio. To give another example, the ratio of the base to the height of the Egyptian 

Pyramids gives the golden ratio. These sequences have intrigued scientists for a long time. The 

Fibonacci sequence has applications in diverse fields such as Cryptology [1], Phylotaxis [2], 

Biomathematics [3], Chemistry [4], Engineering [5], etc. Many generalizations of the Fibonacci 

sequence have been given. The known examples of such sequences are the 𝑘-Jacobsthal-Lucas 
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[6], 𝑘-Pell [7-8], 𝑘-Fibonacci [8], Perrin [20], Horadam [22], sequences, Gaussian Fibonacci 

numbers [22], Bronze Leonardo [23] and 𝑘-Leonardo [24] sequences, etc. 

 

For 𝑛 ∈ ℕ, the Fibonacci numbers 𝐹𝑛, Bronze Fibonacci 𝐵𝐹𝑛, Lucas numbers 𝐿𝑛, and Bronze 

Lucas numbers 𝐵𝐿𝑛 defined by the recurrence relations, respectively, 

 

𝐹𝑛+2 = 𝐹𝑛+1 + 𝐹𝑛, 𝐵𝐹𝑛+2 = 3𝐵𝐹𝑛+1 + 𝐵𝐹𝑛, 𝐿𝑛+2 = 𝐿𝑛+1 + 𝐿𝑛, 𝐵𝐿𝑛+2 = 3𝐵𝐿𝑛+1 + 𝐵𝐿𝑛 

 

with the initial conditions 𝐹0 = 0, 𝐹1 = 1, 𝐵𝐹0 = 0, 𝐵𝐹1 = 1, 𝐿0 = 2, 𝐿1 = 1, and 𝐵𝐿0 = 2, 

𝐵𝐿1 = 3. 

𝐹𝑛 =
𝛼𝑛−𝛽𝑛

𝛼−𝛽
, 𝐿𝑛 = 𝛼𝑛 + 𝛽𝑛, 𝐵𝐹𝑛 =

𝜆𝑛−𝜓𝑛

𝜆−𝜓
, 𝐵𝐿𝑛 = 𝜆𝑛 + 𝜓𝑛 

where: 

𝛼 =
1+√5

2
, 𝛽 =

1−√5

2
, 𝜆 =

3+√13

2
, 𝜓 =

3+√13

2
 

The characteristic equation for these terms are 𝑟2 − 𝑟 − 1 = 0, and 𝑟2 − 3𝑟 − 1 = 0. 

Additionaly, clarify the significance of 𝛼 and 𝜆 as the known golden and bronze ratios, 

respectively. Metallic ratios appear frequently in such sequences. 

 

The recurrence relations for the Pell numbers 𝑝𝑛, Pell-Lucas numbers 𝑞𝑛, Balancing number  

𝐵𝑛, Balancing-Lucas number 𝐶𝑛, Mersenne numbers 𝑀𝑛, and Mersenne-Lucas numbers 𝑁𝑛 are 

presented. For improved readability, it might be beneficial to align the relations as follows:  

 

𝑝𝑛+2 = 2𝑝𝑛+1 + 𝑝𝑛, 𝑞𝑛+2 = 2𝑞𝑛+1 + 𝑞𝑛, 𝐵𝑛+2 = 6𝐵𝑛+1 − 𝐵𝑛, 

 𝐶𝑛+2 = 6𝐶𝑛+1 − 𝐶𝑛, 𝑀𝑛+2 = 3𝑀𝑛+1 − 2𝑀𝑛, 𝑁𝑛+2 = 3𝑁𝑛+1 − 2𝑁𝑛 

 

with the initial conditions: 

 

𝑝0 = 0, 𝑝1 = 1, 𝑞0 = 2, 𝑞1 = 2, 𝐵0 = 0, 𝐵1 = 1, 

𝐶0 = 2, 𝐶1 = 6, 𝑀0 = 0, 𝑀1 = 1, 𝑁0 = 2, 𝑁1 = 5. 

 

The Binet formulas for these sequences are given as follows. Ensure consistency by defining 

the parameters used in each formula: 

 

𝑝𝑛 =
𝜑𝑛−𝜔𝑛

𝜑−𝜔
, 𝑞𝑛 = 𝜑𝑛 + 𝜔𝑛, 𝐵𝑛 =

𝛾𝑛−𝛿𝑛

𝛾−𝛿
, 𝐶𝑛 = 𝛾𝑛 + 𝛿𝑛, 𝑀𝑛 =

𝜇𝑛−𝜎𝑛

𝜇−𝜎
, 𝑁𝑛 = 𝜇𝑛 + 𝜎𝑛. 

 

where:  

 

𝜑 = 1 + √2, 𝜔 = 1 − √2, 𝛾 = 3 + 2√2, 𝛿 = 3 − 2√2, 𝜇 = 2,  𝜎 = 1 

 

The characteristic equation for these terms are 𝑟2 − 2𝑟 − 1 = 0, 𝑟2 − 6𝑟 − 1 = 0, and 𝑟2 −
3𝑟 + 2 = 0. Additionaly, clarify the significance of 𝜑 the known silver ratio. The silver ratio 

𝜑 = 2.414213562… 

 

In [11], Horadam worked on Vieta polynomials. In addition, Shannon and Horadam studied the 

relationship between the Vieta, Morgan Voyce, and Jacobsthal polynomials [12]. Also, Neville 

defined a new sequence of triangles with Vieta polynomials, and she found the properties of 

this sequence [13]. In [14], for 𝑛 ∈ ℕ, Mason and Handscomb defined the Chebyshev 

polynomials of the first kind 𝑈𝑛 and Chebyshev polynomials of the second kind 𝑇𝑛 by the 

recurrence relations, respectively, 
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𝑈𝑛+2(𝑥) = 2𝑥𝑈𝑛+1(𝑥) − 𝑈𝑛(𝑥) and 𝑇𝑛+2(𝑥) = 2𝑥𝑇𝑛+1(𝑥) − 𝑇𝑛(𝑥), 

 

with the initial conditions 𝑈0(𝑥) = 1, 𝑈1(𝑥) = 2𝑥 and 𝑇0(𝑥) = 1, 𝑇1 = 𝑥. 

 

In addition, Binet formulas 𝑈𝑛(𝑥) and 𝑇𝑛(𝑥) gave by relations, respectively, 

 

𝑈𝑛(𝑥) =
𝜏𝑛+1−𝜌𝑛+1

𝜏−𝜌
 and 𝑇𝑛(𝑥) =

𝜏𝑛+𝜌𝑛

2
 

 

where 𝜏 = 𝑥 + √𝑥2 − 1  and 𝜌 = 𝑥 − √𝑥2 − 1 are the roots of the characteristic equation 𝑟2 −
2𝑥𝑟 + 1 = 0.  

 

With the help of the recurrence relation of the Fibonacci sequence, 𝑘-sequences were 

introduced, and these sequences have an important place in number theory [15]. In [16], Falcon 

and Plaza introduced the 𝑘-Fibonacci sequence and obtained many properties related to this 

sequence. In addition, Falcon defined the 𝑘-Lucas sequences [17]. Moreover, Falcon applied 

the Hankel transform to the 𝑘-Fibonacci sequence and obtained the terms of Fibonacci 

sequences differently [18]. Furthermore, Shannon et al defined the partial recurrence Fibonacci 

link and found many of its properties [19]. 

 

The initial conditions for the 𝑘-Oresme sequence [21] 𝑂𝑘,𝑛 and 𝑘-Oresme-Lucas sequence [21] 

𝑃𝑘,𝑛 are specified as:  

𝑂𝑘,0 = 0, 𝑂𝑘,1(𝑥) =
1

𝑘
, 𝑃𝑘,0(𝑥) = 2, 𝑃𝑘,1 = 1 

𝑂𝑘,𝑛+2 = 𝑂𝑘,𝑛+1 −
1

𝑘2 𝑂𝑘,𝑛(𝑥),  𝑃𝑘,𝑛+2 = 𝑃𝑘,𝑛+1 −
1

𝑘2 𝑃𝑘,𝑛, 

 

The Binet formulas are given as: 

 

𝑂𝑘,𝑛 =
𝜗𝑛−𝜃𝑛

(𝜗−𝜃)𝑘
 and 𝑃𝑘,𝑛 = 𝜗𝑛 + 𝜃𝑛 

 

where: 

 

𝜗 =
𝑘+√𝑘2−4

2𝑘
, 𝜃 =

𝑘−√𝑘2−4

2𝑘
 

 

These values are the roots of the characteristic equation: 

 

𝑟2 − 𝑟 +
1

𝑘2 = 0. 

 

As seen above, many generalizations of Fibonacci and Lucas sequences have been given so far. 

In this study, we give new generalizations inspired by the 𝑘-Fibonacci sequence and Vieta 

polynomials. We call these sequences the 𝑘-Vieta-Pell and 𝑘-Vieta-Pell-Lucas sequences and 

denote them as 𝑉𝒫𝑘,𝑛, and 𝑉ℚ𝑘,𝑛, respectively. 

 

2. 𝒌-Vieta-Pell and 𝒌-Vieta-Pell-Lucas sequences 
 

For 𝑘 ∈ ℝ and 𝑛 ∈ ℕ, the sequences 𝑘-Vieta-Pell 𝑉𝒫𝑘,𝑛 and 𝑘-Vieta-Pell-Lucas 𝑉ℚ𝑘,𝑛 are 

defined by the recurrence relations: 
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                                  𝑉𝒫𝑘,𝑛+2 = 2𝑘𝑉𝒫𝑘,𝑛+1 − 𝑉𝒫𝑘,𝑛,    𝑉𝒫𝑘,0 = 0, 𝑉𝒫𝑘,1 = 1,                    (1) 

                                  𝑉ℚ𝑘,𝑛+2 = 2𝑘𝑉ℚ𝑘,𝑛+1 − 𝑉ℚ𝑘,𝑛,  𝑉ℚ𝑘,0 = 2, 𝑉ℚ𝑘,1 = 2𝑘.                 (2) 

 

Then, let’s give some information about the equations of these sequences. 

 

The characteristic equation for both sequences is provided as: 

 

                                               𝑟2 − 2𝑘𝑟 + 1 = 0                                                                                          (3) 

 

with roots: 

 

𝑟1 = 𝑘 + √𝑘2 − 1,    𝑟2 = 𝑘 − √𝑘2 − 1. 

 

The relationship between these roots is given below; 

 

𝑟1 + 𝑟2 = 2𝑘, 𝑟1 − 𝑟2 = 2√𝑘2 − 1, 𝑟1
2 + 𝑟2

2 = 4𝑘2 − 2 and 𝑟1𝑟2 = 1. 

 

The 𝑉𝒫𝑘,𝑛 and 𝑉ℚ𝑘,𝑛 values for the first four 𝑛 natural numbers are given below; 

𝑉𝒫𝑘,0 = 0, 𝑉𝒫𝑘,1 = 1, 𝑉𝒫𝑘,2 = 2𝑘, 𝑉𝒫𝑘,3 = 4𝑘2 − 1, 𝑉𝒫𝑘,4 = 8𝑘3 − 4𝑘,   

and 

𝑉ℚ𝑘,0 = 2, 𝑉ℚ𝑘,1 = 2𝑘, 𝑉ℚ𝑘,2 = 4𝑘2 − 2, 𝑉ℚ𝑘,3 = 8𝑘3 − 6𝑘, 𝑉ℚ𝑘,4 = 16𝑘4 − 16𝑘2 + 2. 

Also, the terms of the 𝑘-Vieta-Pell and 𝑘-Vieta-Pell-Lucas sequences can be found with the 

help of the following relations. Let 𝑛 ∈ ℕ+: 

 

 𝑉ℚ𝑘,𝑛 = ∑ (𝑛−𝑖
𝑖

)
𝑛

𝑛−𝑖
(−1)𝑖(2𝑘)𝑛−2𝑖

⌊
𝑛

2
⌋

𝑖=0
 and 𝑉𝒫𝑘,𝑛 = ∑ (𝑛−1−𝑖

𝑖
)(2𝑘)𝑛−1−2𝑖(−1)𝑖

⌊
𝑛−1

2
⌋

𝑖=0
 . 

 

In the following theorem, the Binet formulas of the 𝑘-Vieta-Pell sequence 𝑉𝒫𝑘,𝑛, and 𝑘-Vieta-

Pell-Lucas sequence 𝑉ℚ𝑘,𝑛 are expressed. 

 

Theorem 2.1. Let 𝑛 ∈ ℕ. We obtain 

i. 𝑉𝒫𝑘,𝑛 =  
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
,                        ii. 𝑉ℚ𝑘,𝑛 = 𝑟1

𝑛 + 𝑟2
𝑛. 

 

Proof. The Binet form of a sequence is as follows   

𝑉𝒫𝑘,𝑛 = 𝑥𝑟1
𝑛 + 𝑦𝑟2

𝑛. 

The scalars 𝑥 and 𝑦 can be obtained by substituting the initial conditions. It is obtained by 

solving the given system of equations. For 𝑛 = 0, 𝑉𝒫𝑘,0 = 0 and for 𝑛 = 1, 𝑉𝒫𝑘,1 = 1. Thus 

𝑥 =
1

2√𝑘2−4
 and 𝑦 =

−1

2√𝑘2−4
 are obtained. From here  

 

𝑉𝒫𝑘,𝑛 = 
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
. 

 

The proof of the other is shown similarly.                                                                                 □                                                                                                                                  

 

Next, we examine the relationships between the roots of the characteristic equation of these 

sequences and these sequences. 

 

Theorem 2.2. Let 𝑖 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We have 
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i. 𝑟1
2𝑖 =

𝑉𝒫𝑘,2𝑖

𝑘
𝑟1√𝑘2 − 1 +

𝑉ℚ𝑘,2𝑖−1

2𝑘
,                  ii. 𝑟2

2𝑖 = −
𝑉𝒫𝑘,2𝑖

𝑘
𝑟2√𝑘2 − 1 +

𝑉ℚ𝑘,2𝑖−1

2𝑘
, 

iii. 𝑟1
2𝑖+1 =

𝑉𝒫𝑘,2𝑖

𝑘
√𝑘2 − 1 + 𝑟1

𝑉ℚ𝑘,2𝑖+1

2𝑘
,           iv. 𝑟2

2𝑖+1 = −
𝑉𝒫𝑘,2𝑖

𝑘
√𝑘2 − 1 + 𝑟2

𝑉ℚ𝑘,2𝑖+1

2𝑘
, 

v. 2√𝑘2 − 1 𝑉𝒫𝑘,𝑖 + 𝑉ℚ𝑘,𝑖 = 2𝑟1
𝑖,                    vi. 2√𝑘2 − 1 𝑉𝒫𝑘,𝑖 − 𝑉ℚ𝑘,𝑖 = −2𝑟2

𝑖. 

 

Proof. i. If the Binet formula is used, we obtain 

  
𝑉𝒫𝑘,2𝑖

𝑘
𝑟1√𝑘2 − 1 +

𝑉ℚ𝑘,2𝑖−1

2𝑘
= 𝑟1√𝑘2 − 1

𝑟1
2𝑖−𝑟2

2𝑖

(𝑟1−𝑟2)𝑘
+

𝑟1
2𝑖−1+𝑟2

2𝑖−1

2𝑘
 

  =
𝑟1

2𝑖+1−𝑟1𝑟2
2𝑖+𝑟1

2𝑖−1+𝑟2
2𝑖−1

2𝑘
=

𝑟1
2𝑖(𝑟1+

1

𝑟1
)+𝑟2

2𝑖(−𝑟1+
1

𝑟2
)

2𝑘
= 𝑟1

2𝑖 

The proofs of the others are shown similarly.                                                                             □                                                                                                                                  

 

Theorem 2.3. Let 𝑠 = 𝑟1 or 𝑠 = 𝑟2 and 𝑥, 𝑦, 𝑧, 𝑡 ∈ ℕ. We obtain 

i. 𝑠𝑥 = 𝑠𝑉𝒫𝑘,𝑥 − 𝑉𝒫𝑘,𝑥−1,                 ii. 𝑉𝒫𝑘,𝑥(𝑦−𝑧) = 𝑠𝑥𝑧𝑉𝒫𝑘,𝑥𝑦 − 𝑠𝑥𝑦𝑉𝒫𝑘,𝑥𝑧 

iii. 𝑠2𝑥 = 𝑠𝑥𝑉ℚ𝑘,𝑥 − 1,                     iv. 𝑠𝑥 = 𝑠𝑦𝑉𝒫𝑘,𝑥−𝑦+1 − 𝑠𝑦−1𝑉𝒫𝑘,𝑥−𝑦, 

v. 𝑠𝑥𝑡 =
𝑠𝑥𝑉𝒫𝑘,𝑥𝑡

𝑉𝒫𝑘,𝑥
−

𝑉𝒫𝑘,𝑥(𝑡−1)

𝑉𝒫𝑘,𝑥
,              vi. −1 + 2𝑘𝑠 + 𝑠2(2𝑥+1+1) = 𝑠2(2𝑥+1)𝑉ℚ𝑘,2𝑥+1. 

 

Proof. i. For 𝑠 = 𝑟1, we have 

      𝑠𝑉𝒫𝑘,𝑥 − 𝑉𝒫𝑘,𝑥−1 = 𝑟1 (
𝑟1

𝑥−𝑟2
𝑥

𝑟1−𝑟2
) − (

𝑟1
𝑥−1−𝑟2

𝑥−1

𝑟1−𝑟2
) =

𝑟1
𝑥−1(𝑟1

2−1)−𝑟2
𝑥−1(𝑟1𝑟2−1)

𝑟1−𝑟2
= 𝑟1

𝑥. 

For 𝑠 = 𝑟2, we get 

      𝑠𝑉𝒫𝑘,𝑥 − 𝑉𝒫𝑘,𝑥−1 = 𝑟2 (
𝑟1

𝑥−𝑟2
𝑥

𝑟1−𝑟2
) − (

𝑟1
𝑥−1−𝑟2

𝑥−1

𝑟1−𝑟2
) =

𝑟1
𝑥(𝑟2−

1

𝑟1
)+𝑟2

𝑥(
1

𝑟2
−𝑟2)

𝑟1−𝑟2
= 𝑟2

𝑥. 

The proofs of the others are shown similarly.                                                                             □    

In the following theorems, we give special relations between the 𝑘-Vieta-Pell 𝑉𝒫𝑘,𝑛 and 𝑘-

Vieta-Pell-Lucas 𝑉ℚ𝑘,𝑛 sequences.                                                                                                                               

 

Theorem 2.4. Let 𝑥, 𝑦 ∈ ℕ, 𝑥 > 𝑦 and 𝑘 ∈ ℝ+, 𝑘 > 1. The following equations are satisfied. 

i. 𝑉ℚ𝑘,𝑥𝑉ℚ𝑘,𝑦 = 𝑉ℚ𝑘,𝑥+𝑦 + 𝑉ℚ𝑘,𝑥−𝑦,                           ii. 𝑉ℚ𝑘,𝑦 = 𝑉𝒫𝑘,𝑦+1 − 𝑉𝒫𝑘,𝑦−1, 

iii. 2𝑉𝒫𝑘,𝑥+𝑦 = 𝑉𝒫𝑘,𝑥𝑉ℚ𝑘,𝑦 + 𝑉ℚ𝑘,𝑥𝑉𝒫𝑘,𝑦,                  iv. 𝑉𝒫𝑘,𝑦𝑉ℚ𝑘,𝑦 = 𝑉𝒫𝑘,2𝑦, 

v. 2√𝑘2 − 1 𝑉𝒫𝑘,𝑦 = 𝑉ℚ𝑘,𝑦+1 + 𝑉ℚ𝑘,𝑦−1,                   vi. 𝑉ℚ𝑘,𝑦
2 − (4𝑘2 − 16)𝑉𝒫𝑘,𝑦

2 = 4, 

 

Proof. ii. If the Binet formula is used, we obtain 

 𝑉𝒫𝑘,𝑦+1 − 𝑉𝒫𝑘,𝑦−1 =
𝑟1

𝑦+1
−𝑟2

𝑦+1

𝑟1−𝑟2
−

𝑟1
𝑦−1

−𝑟2
𝑦−1

𝑟1−𝑟2
=

𝑟1
𝑦

(𝑟1−
1

𝑟1
)+𝑟2

𝑦
(−𝑟2+

1

𝑟2
)

𝑟1−𝑟2
= 𝑟1

𝑛 + 𝑟2
𝑛 = 𝑉ℚ𝑘,𝑦.   

The proofs of the others are shown similarly.                                                                             □                                                                                                                                  

 

Theorem 2.5. Let 𝑥, 𝑦 ∈ ℕ, 𝑥 > 𝑦 and 𝑘 ∈ ℝ+, 𝑘 > 1. We have 

i. 2𝑉ℚ𝑘,𝑥−𝑦 = 𝑉ℚ𝑘,𝑦𝑉ℚ𝑘,𝑥 − (4𝑘2 − 4)𝑉𝒫𝑘,𝑦𝑉𝒫𝑘,𝑥, 

ii. 2𝑉𝒫𝑘,𝑥−𝑦 = 𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑥 − 𝑉ℚ𝑘,𝑥𝑉𝒫𝑘,𝑦, 

iii. 𝑉𝒫𝑘,𝑥+𝑦+1 = 𝑉𝒫𝑘,𝑥+1𝑉𝒫𝑘,𝑦+1 − 𝑉𝒫𝑘,𝑥𝑉𝒫𝑘,𝑦,  

iv. 𝑉ℚ𝑘,𝑥+𝑦+1 = 𝑉ℚ𝑘,𝑦+1𝑉𝒫𝑘,𝑥+1 − 𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑥.   

 

Proof. vii. If the Binet formula is used, we obtain 

 𝑉𝒫𝑘,𝑥+1𝑉𝒫𝑘,𝑦+1 − 𝑉𝒫𝑘,𝑥𝑉𝒫𝑘,𝑦 =
𝑟1

𝑥+1−𝑟2
𝑥+1

𝑟1−𝑟2

𝑟1
𝑦+1

−𝑟2
𝑦+1

𝑟1−𝑟2
−

𝑟1
𝑥−𝑟2

𝑥

𝑟1−𝑟2

𝑟1
𝑦

−𝑟2
𝑦

𝑟1−𝑟2
 

=
𝑟1

𝑥+𝑦+1
(𝑟1−𝑟2)−𝑟2

𝑥+𝑦+1
(𝑟1−𝑟2)

(𝑟1−𝑟2)2 =
𝑟1

𝑥+𝑦+1
−𝑟2

𝑥+𝑦+1

𝑟1−𝑟2
= 𝑉𝒫𝑘,𝑥+𝑦+1. 
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The proofs of the others are shown similarly.                                                                             □                                                                                                                                  

 

Theorem 2.6. Let 𝑥, 𝑦 ∈ ℕ, 𝑘 ∈ ℝ+and 𝑘 > 1. We get 

i. 𝑉ℚ𝑘,𝑥 + 𝑉ℚ𝑘,𝑥+4𝑦 = 𝑉ℚ𝑘,𝑥+2𝑦𝑉ℚ𝑘,2𝑦,         ii. 𝑉ℚ𝑘,𝑥+𝑦 + 𝑉ℚ𝑘,𝑥+3𝑦 = 𝑉ℚ𝑘,𝑥+2𝑦𝑉ℚ𝑘,𝑦, 

iii. 𝑉𝒫𝑘,𝑥+𝑦 + 𝑉𝒫𝑘,𝑥+3𝑦 = 𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑥+2𝑦,      iv. 𝑉𝒫𝑘,𝑥 + 𝑉𝒫𝑘,𝑥+4𝑦 = 𝑉𝒫𝑘,𝑥+2𝑦𝑉ℚ𝑘,2𝑦,  

v. 𝑉𝒫𝑘,𝑥+3𝑦 − 𝑉𝒫𝑘,𝑥+𝑦 = 𝑉ℚ𝑘,𝑥+2𝑦𝑉𝒫𝑘,𝑦        vi. 𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑥 = 𝑉𝒫𝑘,𝑥−𝑦 + 𝑉𝒫𝑘,𝑥+𝑦, 

vii. 𝑉ℚ𝑘,𝑦 + 2𝑘𝑉𝒫𝑘,𝑦 = 2𝑉𝒫𝑘,𝑦+1,                  viii. (4𝑘2 − 4)𝑉𝒫𝑘,𝑦+2𝑘𝑉ℚ𝑘,𝑦 = 2𝑉ℚ𝑘,𝑦+1, 

ix. 𝑉ℚ𝑘,−𝑥 = 𝑉ℚ𝑘,𝑥,                                           x. 𝑉𝒫𝑘,−𝑥 = −V𝒫𝑘,𝑥, 

xi. 𝑉𝒫𝑘,3𝑥 = 𝑉𝒫𝑘,2𝑥𝑉ℚ𝑘,𝑥 − 𝑉𝒫𝑘,𝑥,                 xii. 𝑉𝒫𝑘,3𝑥 = (4𝑘2 − 4)𝑉𝒫𝑘,𝑥
3 + 3𝑉𝒫𝑘,𝑥,                                      

 

Proof. iii. If the Binet formula is used, we get 

      𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑥+2𝑦 = (𝑟1
𝑦 + 𝑟2

𝑦)
𝑟1

𝑥+2𝑦
−𝑟2

𝑥+2𝑦

𝑟1−𝑟2
=

𝑟1
𝑥+3𝑦

−𝑟1
𝑦

𝑟2
𝑥+2𝑦

+𝑟1
𝑥+2𝑦

𝑟2
𝑦

−𝑟2
𝑥+3𝑦

𝑟1−𝑟2
 

             =
𝑟1

𝑥+3𝑦
−𝑟2

𝑥+3𝑦
+𝑟1

𝑦
𝑟2

𝑦
(𝑟1

𝑥+𝑦
−𝑟2

𝑥+𝑦
)

𝑟1−𝑟2
=

𝑟1
𝑥+3𝑦

−𝑟2
𝑥+3𝑦

𝑟1−𝑟2
+

𝑟1
𝑥+𝑦

−𝑟2
𝑥+𝑦

𝑟1−𝑟2
= 𝑉𝒫𝑘,𝑥+𝑦 + 𝑉𝒫𝑘,𝑥+3𝑦. 

The proofs of the others are shown similarly.                                                                             □                                                                                                                                  

 

Theorem 2.8. Let 𝑥, 𝑦 ∈ ℕ, 𝑥 > 𝑦 and 𝑘 ∈ ℝ+, 𝑘 > 1. We have 

i. 𝑉ℚ𝑘,𝑥+3𝑉ℚ𝑘,𝑥
2 − 𝑉ℚ𝑘,𝑥+1

3 = 𝑉ℚ𝑘,𝑥−3 − 3𝑉ℚ𝑘,𝑥+1 + 2𝑉ℚ𝑘,𝑥+3, 

ii. 𝑉𝒫𝑘,𝑥+3𝑉𝒫𝑘,𝑥
2 − 𝑉𝒫𝑘,𝑥+1

3 =
1

4𝑘2−4
(3𝑉𝒫𝑘,𝑥+1 − 2𝑉𝒫𝑘,𝑥+3 − 𝑉𝒫𝑘,𝑥−3), 

iii. (4𝑘2 − 4)𝑉𝒫𝑘,2𝑦+3𝑉𝒫𝑘,2𝑥−3 = 𝑉ℚ𝑘,4𝑥 + 𝑉ℚ𝑘,6, 

iv. 𝑉𝒫𝑘,𝑥+𝑦
2 𝑉ℚ𝑘,𝑥+𝑦

2 − 𝑉𝒫𝑘,𝑦
2 𝑉ℚ𝑘,𝑦

2 =
1

4𝑘2−4
(𝑉ℚ𝑘,4𝑥+4𝑦 + 2𝑉ℚ𝑘,2𝑥+2𝑦 − 𝑉ℚ𝑘,4𝑦 + 4), 

v. 𝑉ℚ𝑘,𝑛 = 2𝑘𝑉𝒫𝑘,𝑛+2 + (2 − 4𝑘2)𝑉𝒫𝑘,𝑛+1,   

vi. 𝑉𝒫𝑘,𝑛 =
1

2𝑘2−2
(𝑘𝑉ℚ𝑘,𝑛+2 + (−2𝑘2 + 1)𝑉ℚ𝑘,𝑛+1).  

 

Theorem 2.9. Let 𝑘 ∈ ℝ+, 𝑘 > 1 and 𝑥, 𝑦, 𝑧 ∈ ℕ. The following equations are satisfied. 

i. 4𝑉𝒫𝑘,𝑥+𝑦+𝑧 = 𝑉ℚ𝑘,𝑥𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑧 + 𝑉𝒫𝑘,𝑥𝑉ℚ𝑘,𝑦𝑉ℚ𝑘,𝑧 + 𝑉ℚ𝑘,𝑥𝑉𝒫𝑘,𝑦𝑉ℚ𝑘,𝑧 

+(4𝑘2 − 4)𝑉𝒫𝑘,𝑥𝑉𝒫𝑘,𝑦𝑉𝒫𝑘,𝑧, 

ii. 4𝑉ℚ𝑘,𝑥+𝑦+𝑧 = 𝑉ℚ𝑘,𝑥𝑉ℚ𝑘,𝑦𝑉ℚ𝑘,𝑧 + (4𝑘2 − 4)𝑉ℚ𝑘,𝑥𝑉𝒫𝑘,𝑦𝑉𝒫𝑘,𝑧 

+(4𝑘2 − 4)𝑉𝒫𝑘,𝑥𝑉ℚ𝑘,𝑦𝑉𝒫𝑘,𝑧 + (4𝑘2 − 4)𝑉𝒫𝑘,𝑥𝑉𝒫𝑘,𝑦𝑉ℚ𝑘,𝑧. 

 

Theorem 2.10. Let 𝑘 ∈ ℝ+, 𝑘 > 1 and 𝑥 ∈ ℕ. We have 

i. 𝑉𝒫𝑘,𝑥
2 + 𝑉𝒫𝑘,𝑥+1

2 =
𝑉ℚ𝑘,2𝑥+𝑉ℚ𝑘,2𝑥+2−4

4𝑘2−4
,            

ii. 𝑉ℚ𝑘,𝑥
2 + 𝑉ℚ𝑘,𝑥+1

2 = 𝑉ℚ𝑘,2𝑥 + 𝑉ℚ𝑘,2𝑥+2 + 4, 

iii. 𝑉𝒫𝑘,𝑥+1
2 − 𝑉𝒫𝑘,𝑥−1

2 =
𝑉ℚ𝑘,2𝑥+2−𝑉ℚ𝑘,2𝑥−2

4𝑘2−4
,       

iv. 𝑉ℚ𝑘,𝑥+1
2 − 𝑉ℚ𝑘,𝑥−1

2 = 𝑉ℚ𝑘,2𝑥+2 − 𝑉ℚ𝑘,2𝑥−2, 

v. 𝑉𝒫𝑘,𝑥𝑉𝒫𝑘,𝑥+1 =
𝑉ℚk,2x+1−2𝑘

4𝑘2−4
,                        

vi. 𝑉ℚ𝑘,𝑥𝑉ℚ𝑘,𝑥+1 = ℚ𝑘,2𝑥+1 + 2𝑘, 

viii. 𝑉𝒫𝑘,𝑛 =
1

2𝑘2−2
(𝑉ℚ𝑘,𝑛+1 − 𝑘𝑉ℚ𝑘,𝑛),        

ix. 𝑉ℚ𝑘,𝑛 = 2𝑉𝒫𝑘,𝑛+1 − 2𝑘𝑉𝒫𝑘,𝑛. 

      The proofs of Theorem 2.7.,-2.11., are shown using the Binet formulas in a similar way to 

Theorem 2.6.                                                                                                                                     

 

Theorem 2.12. Let 𝑥, 𝑦, 𝑧 ∈ ℕ, 𝑧 ≠ 𝑥, 𝑘 ∈ ℝ+ and 𝑘 > 1. We obtain 

i. (4 − 4𝑘2)𝑉𝒫𝑘,𝑧−𝑥
2 = 𝑉ℚ𝑘,𝑦+𝑧

2 − 𝑉ℚ𝑘,𝑥+𝑦𝑉ℚ𝑘,𝑧−𝑥𝑉ℚ𝑘,𝑦+𝑧 + 𝑉ℚ𝑘,𝑥+𝑦
2 , 
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ii. 𝑉𝒫𝑘,𝑧−𝑥
2 = 𝑉𝒫𝑘,𝑦+𝑧

2 − 𝑉ℚ𝑘,𝑥−𝑧𝑉𝒫𝑘,𝑥+𝑦𝑉𝒫𝑘,𝑦+𝑧 + 𝑉𝒫𝑘,𝑥+𝑦
2 . 

 

Proof. ii. If the Binet formulas are used, we have 

𝑉𝒫𝑘,𝑦+𝑧
2 − 𝑉ℚ𝑘,𝑥−𝑧𝑉𝒫𝑘,𝑥+𝑦𝑉𝒫𝑘,𝑦+𝑧 + 𝑉𝒫𝑘,𝑥+𝑦

2          

          = (
𝑟1

𝑦+𝑧−𝑟2
𝑦+𝑧

𝑟1−𝑟2
)2 − (𝑟1

𝑥−𝑧 + 𝑟2
𝑥−𝑧) (

𝑟1
𝑥+𝑦−𝑟2

𝑥+𝑦

𝑟1−𝑟2
) (

𝑟1
𝑦+𝑧−𝑟2

𝑦+𝑧

𝑟1−𝑟2
) + (

𝑟1
𝑥+𝑦−𝑟2

𝑥+𝑦

𝑟1−𝑟2
)2 

          =
𝑟1

2𝑥+2𝑦+𝑟2
2𝑥+2𝑦−2−𝑟1

2𝑥+2𝑦+𝑟1
2𝑧−2𝑥+1−𝑟2

2𝑦+2𝑧−𝑟1
2𝑦+2𝑧+1+𝑟2

2𝑧−2𝑥−𝑟2
2𝑥+2𝑦+𝑟1

2𝑦+2𝑧+𝑟2
2𝑦+2𝑧−2

(𝑟1−𝑟2)2                      

          = (
𝑟1

𝑧−𝑥−𝑟2
𝑧−𝑥

𝑟1−𝑟2
)2 = 𝑉𝒫𝑘,𝑧−𝑥

2 . 

The proof of the other is shown similarly.                                                                                    □     

In the following theorems, we calculate the specific identities of the 𝑘-Vieta-Pell 𝑉𝒫𝑘,𝑛 and 𝑘-

Vieta-Pell-Lucas 𝑉ℚ𝑘,𝑛 sequences.                                                                                                                              

 

Theorem 2.13. (Cassini Identity) Let 𝑛 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We get 

i. 𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑛−1 − 𝑉𝒫𝑘,𝑛
2 = −1,             ii. 𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑛−1 − 𝑉ℚ𝑘,𝑛

2 = 4𝑘2 − 4. 

 

Proof. If the Binet formula is used, we get 

i.𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑛−1 − 𝑉𝒫𝑘,𝑛
2 =  

𝑟1
𝑛+1−𝑟2

𝑛+1

𝑟1−𝑟2

𝑟1
𝑛−1−𝑟2

𝑛−1

𝑟1−𝑟2
−

𝑟1
𝑛−𝑟2

𝑛

𝑟1−𝑟2
 
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
 

 =  
𝑟1

2𝑛−𝑟1
𝑛+1𝑟2

𝑛−1−𝑟2
𝑛+1𝑟1

𝑛−1+𝑟2
2𝑛

(𝑟1−𝑟2)2 −
𝑟1

2𝑛−2𝑟1
𝑛𝑟2

𝑛+𝑟2
2𝑛

(𝑟1−𝑟2)2  

 =
(𝑟1𝑟2)𝑛−𝑟1

𝑟2

(𝑟1−𝑟2)2  +
(𝑟1𝑟2)𝑛−𝑟2

𝑟1

(𝑟1−𝑟2)2 +
2(𝑟1𝑟2)𝑛

(𝑟1−𝑟2)2 

If the properties of the characteristic equation of the 𝑘-Vieta-Pell sequence are used, we obtain 

𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑛−1 − 𝑉𝒫𝑘,𝑛
2 = −1. 

ii. 𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑛−1 − 𝑉ℚ𝑘,𝑛
2 = (𝑟1

𝑛+1 + 𝑟2
𝑛+1)(𝑟1

𝑛−1 + 𝑟2
𝑛−1) − (𝑟1

𝑛 + 𝑟2
𝑛)(𝑟1

𝑛 + 𝑟2
𝑛) 

           = 𝑟1
2𝑛 + 𝑟1

𝑛+1𝑟2
𝑛−1 + 𝑟2

𝑛+1𝑟1
𝑛−1 + 𝑟2

2𝑛 − 𝑟1
2𝑛 − 2𝑟1

𝑛𝑟2
𝑛 − 𝑟2

2𝑛 

If the properties of the characteristic equation of the 𝑘-Vieta-Pell-Lucas sequence are used, we 

obtain 

                                        𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑛−1 − 𝑉ℚ𝑘,𝑛
2 = 4𝑘2 − 4.                                              □ 

 

Theorem 2.14. (Catalan Identity) Let 𝑘 ∈ ℝ+, 𝑘 > 1 and 𝑛, 𝑟 ∈ ℕ, 𝑟 ≤ 𝑛. We obtain 

i. 𝑉𝒫𝑘,𝑛+𝑟𝑉𝒫𝑘,𝑛−𝑟 − 𝑉𝒫𝑘,𝑛
2 = −𝑉𝒫𝑘,𝑟

2 ,        ii. 𝑉ℚ𝑘,𝑛+𝑟𝑉ℚ𝑘,𝑛−𝑟 − 𝑉ℚ𝑘,𝑛
2 = (4𝑘2 − 4)𝑉𝒫𝑘,𝑟

2 . 

 

Theorem 2.15. (D’ocagne Identity) Let 𝑘 ∈ ℝ+, 𝑘 > 1 and 𝑛, 𝑟 ∈ ℕ, 𝑟 ≤ 𝑛. We have 

i. 𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑟 − 𝑉𝒫𝑘,𝑛𝑉𝒫𝑘,𝑟+1 = −𝑉𝒫𝑘,𝑛−𝑟, 

ii. 𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑟 − 𝑉ℚ𝑘,𝑛𝑉ℚ𝑘,𝑟+1 = (4𝑘2 − 4)𝑉𝒫𝑘,𝑛−𝑟. 

 

Theorem 2.16. (Vajda Identity) Let 𝑛, 𝑖, 𝑗 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We have  

i. 𝑉𝒫𝑘,𝑛+𝑖𝑉𝒫𝑘,𝑛+𝑗 − 𝑉𝒫𝑘,𝑛𝑉𝒫𝑘,𝑛+𝑖+𝑗 = 𝑉𝒫𝑘,𝑖𝑉𝒫𝑘,𝑗, 

ii. 𝑉ℚ𝑘,𝑛+𝑖𝑉ℚ𝑘,𝑛+𝑗 − 𝑉ℚ𝑘,𝑛𝑉ℚ𝑘,𝑛+𝑖+𝑗 = (4 − 4𝑘2)𝑉𝒫𝑘,𝑖𝑉𝒫𝑘,𝑗. 

 

Theorem 2.17. (Halton Identity) Let 𝑛 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We get 

i. 𝑉𝒫𝑘,𝑛+𝑖𝑉𝒫𝑘,𝑛−𝑖 − 𝑉𝒫𝑘,𝑛+𝑗𝑉𝒫𝑘,𝑛−𝑗 =
1

4𝑘2−4
(𝑉ℚ𝑘,2𝑗 − 𝑉ℚ𝑘,2𝑖) 

ii. 𝑉ℚ𝑘,𝑛+𝑖𝑉ℚ𝑘,𝑛−𝑖 − 𝑉ℚ𝑘,𝑛+𝑗𝑉ℚ𝑘,𝑛−𝑗 = 2𝑉ℚ𝑘,2𝑛 + 𝑉ℚ𝑘,2𝑖 + 𝑉ℚ𝑘,2𝑗. 

 

Theorem 2.18. (Padilla Identity) Let 𝑛 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We obtain 

i. 𝑉𝒫𝑘,𝑛+2
3 + 𝑉𝒫𝑘,𝑛−1

3 − 3𝑉𝒫𝑘,𝑛𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑛+2 
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 =
1

4𝑘2−4
(𝑉𝒫𝑘,3𝑛+6 − 3𝑉𝒫𝑘,3𝑛+3 + 𝑉𝒫𝑘,3𝑛−3 + 3𝑉𝒫𝑘,2𝑛+3 − 3𝑉𝒫𝑘,𝑛+2 + 3𝑉𝒫𝑘,𝑛+1) 

ii. 𝑉ℚ𝑘,𝑛+2
3 + 𝑉ℚ𝑘,𝑛−1

3 − 3𝑉ℚ𝑘,𝑛𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑛+2 = 𝑉ℚ𝑘,3𝑛+6 + 3𝑉ℚ𝑘,𝑛+2+𝑉ℚ𝑘,3𝑛−3 

+3𝑉ℚ𝑘,𝑛−1+(4𝑘2 − 4)(−𝑉𝒫𝑘,3𝑛+3 − 3𝑉𝒫𝑘,𝑛−1 + 3𝑉𝒫𝑘,𝑛+1 + 3𝑉𝒫𝑘,2𝑛+3). 

 

Theorem 2.19. (Melham Identity) Let 𝑛 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We get 

i. 𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑛+2𝑉𝒫𝑘,𝑛+6 − 𝑉𝒫𝑘,𝑛
3 =

1

4𝑘2−4
(𝑉𝒫𝑘,3𝑛+9 − 𝑉𝒫𝑘,3𝑛 − 𝑉𝒫𝑘,𝑛+7 − 𝑉𝒫𝑘,𝑛+5 

+3𝑉𝒫𝑘,𝑛 − 𝑉𝒫𝑘,𝑛−3), 

ii. 𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑛+2𝑉ℚ𝑘,𝑛+6 − 𝑉ℚ𝑘,𝑛
3 = 𝑉ℚ𝑘,3𝑛+9 − 𝑉ℚ𝑘,3𝑛 + 𝑉ℚ𝑘,𝑛+7 + 𝑉ℚ𝑘,𝑛+5 

−3𝑉ℚ𝑘,𝑛 + 𝑉ℚ𝑘,𝑛−3. 

 

Theorem 2.20. (Gelin-Cesaro Identity) Let 𝑛 ∈ ℕ, 𝑘 ∈ ℝ+ and 𝑘 > 1. We obtain 

i. 𝑉𝒫𝑘,𝑛+2𝑉𝒫𝑘,𝑛+1𝑉𝒫𝑘,𝑛−1𝑉𝒫𝑘,𝑛−2 − 𝑉𝒫𝑘,𝑛
4  

=
−𝑉ℚ𝑘,2𝑛+4−𝑉ℚ𝑘,2𝑛+2+𝑉ℚ𝑘,6−𝑉ℚ𝑘,2𝑛−2−𝑉ℚ𝑘,2−𝑉ℚ𝑘,2𝑛−4+4𝑉ℚ𝑘,2𝑛−5

(4𝑘2−4)2 ,                                              

ii.𝑉ℚ𝑘,𝑛+2𝑉ℚ𝑘,𝑛+1𝑉ℚ𝑘,𝑛−1𝑉ℚ𝑘,𝑛−2 − 𝑉ℚ𝑘,𝑛
4 = 𝑉ℚ𝑘,2𝑛+4 + 𝑉ℚ𝑘,2𝑛+2 + 𝑉ℚ𝑘,6 

+𝑉ℚ𝑘,2𝑛−2 + 𝑉ℚ𝑘,2 + 𝑉ℚ𝑘,2𝑛−4 − 4𝑉ℚ𝑘,2𝑛 − 5.                                                                                                         

 

The proofs of Theorems 2.14–2.20., can be shown in the same way as the proof of the Cassini 

identity, using Binet's formulas and properties of the characteristic equation of sequences. 

 

In the following theorems, we obtain special sum formulas of the 𝑘-Vieta-Pell 𝑉𝒫𝑘,𝑛 and 𝑘-

Vieta-Pell-Lucas 𝑉ℚ𝑘,𝑛 sequences.                                                    

 

Theorem 2.21. For 𝑛 ∈ ℕ, we have 

i. ∑ 𝑉𝒫𝑘,𝑡 =𝑛
𝑡=0

1+𝑉𝒫𝑘,𝑛−1+(1−2𝑘)𝑉𝒫𝑘,𝑛

2−2𝑘
,            ii. ∑ 𝑉ℚ𝑘,𝑡 =𝑛

𝑡=0
(1−2𝑘)𝑉ℚ𝑘,𝑛+𝑉ℚ𝑘,𝑛−1−2𝑘+2

2−2𝑘
. 

 

Proof. i. From the definition of the  𝑘-Vieta-Pell sequence, we have 

𝑉𝒫𝑘,2 = 2𝑘𝑉𝒫𝑘,1 − 𝑉𝒫𝑘,0, 

                                                      𝑉𝒫𝑘,3 = 2𝑘𝑉𝒫𝑘,2 − 𝑉𝒫𝑘,1, 

                                                                   ⋮ 
                                                     𝑉𝒫𝑘,𝑛 = 2𝑘𝑉𝒫𝑘,𝑛−1 − 𝑉𝒫𝑘,𝑛−2. 

If the obtained equations are added side by side, we obtain 

 −1 + ∑ 𝑉𝒫𝑘,𝑡 = 2𝑘𝑛
𝑡=0 ∑ 𝑉𝒫𝑘,𝑡 − ∑ 𝑉𝒫𝑘,𝑡

𝑛−2
𝑡=0

𝑛−1
𝑡=1 , 

 −1 + ∑ 𝑉𝒫𝑘,𝑡
𝑛
𝑡=0 = ((−𝑉𝒫𝑘,𝑛 − 𝑉𝒫𝑘,0)2𝑘 + 2𝑘 ∑ 𝑉𝒫𝑘,𝑡

𝑛
𝑡=0 ) 

                                 −(−𝑉𝒫𝑘,𝑛−1 − 𝑉𝒫𝑘,𝑛 + ∑ 𝑉𝒫𝑘,𝑡
𝑛
𝑡=0 ). 

When the necessary adjustments are made, we obtain the following equation: 

∑ 𝑉𝒫𝑘,𝑡 =𝑛
𝑡=0

(1−2𝑘)𝑉𝒫𝑘,𝑛+𝑉𝒫𝑘,𝑛−1+1

2−2𝑘
. 

The proof of the other is shown similarly.                                                                                  □                                                                                                                                  

 

Theorem 2.22. For 𝑥, 𝑦, 𝑧 ∈ ℕ, we have 

i. ∑ 𝑉𝒫𝑘,𝑥𝑦 =
1

2−𝑉ℚ𝑘,𝑥

𝑛
𝑦=0 (𝑉𝒫𝑘,𝑥 + 𝑉𝒫𝑘,𝑛𝑥 − 𝑉𝒫𝑘,𝑛𝑥+𝑥), 

ii. ∑ 𝑉ℚ𝑘,𝑥𝑦 =
1

2−𝑉ℚ𝑘,𝑥

𝑛
𝑦=0 (−𝑉ℚ𝑘,𝑛𝑥+𝑥 + 𝑉ℚ𝑘,𝑛𝑥 − 𝑉ℚ𝑘,𝑥 + 2), 

iii. ∑ 𝑉𝒫𝑘,𝑥𝑦+𝑧 = {

−𝑉𝒫𝑘,𝑛𝑥+𝑥+𝑧+𝑉𝒫𝑘,𝑛𝑥+𝑧+𝑉𝒫𝑘,𝑥−𝑧+𝑉𝒫𝑘,𝑧

2−𝑉ℚ𝑘,𝑥
, 𝑖𝑓 𝑧 < 𝑥

−𝑉𝒫𝑘,𝑛𝑥+𝑥+𝑧+𝑉𝒫𝑘,𝑛𝑥+𝑧+𝑉𝒫𝑘,𝑧−𝑥+𝑉𝒫𝑘,𝑧

2−𝑉ℚ𝑘,𝑥
, 𝑜𝑡ℎ𝑒𝑟𝑣𝑖𝑠𝑒

𝑛
𝑦=0 , 
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iv. ∑ 𝑉ℚ𝑘,𝑥𝑦+𝑧 = {

−𝑉ℚ𝑘,𝑛𝑥+𝑥+𝑧+𝑉ℚ𝑘,𝑛𝑥+𝑧−𝑉ℚ𝑘,𝑥−𝑧+𝑉ℚ𝑘,𝑧

2−𝑉ℚ𝑘,𝑥
, 𝑖𝑓 𝑧 < 𝑥

𝑉ℚ𝑘,𝑛𝑥+𝑧−𝑉ℚ𝑘,𝑧−𝑥+𝑉ℚ𝑘,𝑧−𝑉ℚ𝑘,𝑛𝑥+𝑥+𝑧

2−𝑉ℚ𝑘,𝑥
, 𝑜𝑡ℎ𝑒𝑟𝑣𝑖𝑠𝑒

𝑛
𝑦=0 . 

 

Proof. i. If the Binet formulas are used, we get 

 ∑ 𝑉𝒫𝑘,𝑥𝑦 = ∑
𝑟1

𝑥𝑦−𝑟2
𝑥𝑦

𝑟1−𝑟2

𝑛
𝑦=0

𝑛
𝑦=0 =

1

𝑟1−𝑟2
(∑ (𝑟1

𝑥)𝑦𝑛
𝑦=0 − ∑ (𝑟2

𝑥)𝑦𝑛
𝑦=0 ) 

 =
1

𝑟1−𝑟2
(

𝑟1
𝑛𝑥+𝑥−1

𝑟1
𝑥−1

−
𝑟2

𝑛𝑥+𝑥−1

𝑟2
𝑥−1

) =
1

2−𝑉ℚ𝑘,𝑥

1

𝑟1−𝑟2
(𝑟1

𝑛𝑥 − 𝑟2
𝑛𝑥 − 𝑟1

𝑛𝑥+𝑥 + 𝑟2
𝑛𝑥+𝑥 + 𝑟1

𝑥 − 𝑟2
𝑥) 

 =
1

2−𝑉ℚ𝑘,𝑥
(𝑉𝒫𝑘,𝑥 + 𝑉𝒫𝑘,𝑛𝑥 − 𝑉𝒫𝑘,𝑛𝑥+𝑥). 

The proofs of the others are shown similarly.                                                                             □     

 

Theorem 2.23. Let 𝑘 ∈ ℝ+. We obtain 

i. ∑ (𝑛
𝑗
) (−1)𝑗(2𝑘)𝑗𝑛

𝑗=0 𝑉𝒫𝑘,𝑗 = (−1)𝑛𝑉𝒫𝑘,2𝑛, 

ii. ∑ (𝑛
𝑗
)𝑛

𝑗=0 (−1)𝑗(2𝑘)𝑗𝑉ℚ𝑘,𝑗 = (−1)𝑛𝑉ℚ𝑘,2𝑛. 

 

Proof. i. The following equations are obtained with the help of the characteristic equation of 

the 𝑘-Vieta-Pell sequence: 

𝑟1
2 = 2𝑘𝑟1 − 1 and 𝑟2

2 = 2𝑘𝑟2 − 1.  

  ∑ (𝑛
𝑗
) (−1)𝑗(2𝑘)𝑗𝑛

𝑗=0 𝑉𝒫𝑘,𝑗 = ∑ (𝑛
𝑗
) (−1)𝑗(2𝑘)𝑗𝑛

𝑗=0 (
𝑟1

𝑗−𝑟2
𝑗

𝑟1−𝑟2
) 

 =
1

𝑟1−𝑟2
(∑ (𝑛

𝑗
) (−1)𝑗(2𝑘)𝑗𝑛

𝑗=0 𝑟1
𝑗 − ∑ (𝑛

𝑗
) (−1)𝑗(2𝑘)𝑗𝑛

𝑗=0 𝑟2
𝑗) 

 =
1

𝑟1−𝑟2
[(1 − 2𝑘𝑟1)𝑛 − (1 − 2𝑘𝑟2)𝑛] =

1

𝑟1−𝑟2
[(−𝑟1

2)𝑛 − (−𝑟2
2)𝑛] = (−1)𝑛𝑉𝒫𝑘,2𝑛 

The proof of the other is shown similarly.                                                                                  □                                                                                                                                  

 

Theorem 2.24. For 𝑏, 𝑝, 𝑟, 𝑛 natural number and 𝑏 > 𝑟, we obtain 

i. ∑ (𝑛
𝑗
) (2𝑘)𝑗𝑛

𝑗=0 (−1)𝑗𝑉𝒫𝑘,𝑏𝑛+𝑟+𝑗 = (−1)𝑛𝑉𝒫𝑘,𝑏𝑛+2𝑛+𝑟, 

ii. ∑ (𝑛
𝑗
)𝑛

𝑗=0 (2𝑘)𝑗(−1)𝑗𝑉ℚ𝑘,𝑏𝑛+𝑟+𝑗 = (−1)𝑛𝑉ℚ𝑘,𝑏𝑛+2𝑛+𝑟, 

iii. ∑
𝑉𝒫𝑘,𝑏𝑗+𝑟

𝑝𝑗
𝑛
𝑗=0 =

1

1−𝑝𝑉ℚ𝑘,𝑏+𝑝2

1

𝑝𝑛 (−𝑝𝑉𝒫𝑘,𝑏𝑛+𝑏+𝑟 + 𝑉𝒫𝑘,𝑏𝑛+𝑟 − 𝑝𝑛+1𝑉𝒫𝑘,𝑏−𝑟 + 𝑝𝑛+2𝑉𝒫𝑘,𝑟)  

iv. ∑
𝑉ℚ𝑘,𝑏𝑗+𝑟

𝑝𝑗
𝑛
𝑗=0 =

1

1−𝑝𝑉ℚ𝑘,𝑏+𝑝2

1

𝑝𝑛 (𝑝𝑛+2𝑉ℚ𝑘,𝑟 − 𝑝𝑛+1𝑉ℚ𝑘,𝑏−𝑟 + 𝑉ℚ𝑘,𝑏𝑛+𝑟 − 𝑝𝑉ℚ𝑘,𝑏𝑛+𝑏+𝑟) 

 

Proof. If Binet formulas, definitions, and geometric series are used, we obtain 

 i.  ∑ (𝑛
𝑗
) (2𝑘)𝑗𝑛

𝑗=0 (−1)𝑗𝑉𝒫𝑘,𝑏𝑛+𝑟+𝑗 = ∑ (𝑛
𝑗
)𝑛

𝑗=0 (−1)𝑗(2𝑘)𝑗 𝑟1
𝑏𝑛+𝑟+𝑗−𝑟2

𝑏𝑛+𝑟+𝑗

𝑟1−𝑟2
  

 =
1

𝑟1−𝑟2
[𝑟1

𝑏𝑛+𝑟(1 − 2𝑘𝑟1)𝑛 − 𝑟2
𝑏𝑛+𝑟(1 − 2𝑘𝑟2)𝑛] 

=
(−1)𝑛

𝑟1−𝑟2
(𝑟1

𝑏𝑛+2𝑛+𝑟 − 𝑟2
𝑏𝑛+2𝑛+𝑟) = (−1)𝑛𝑉𝒫𝑘,𝑏𝑛+2𝑛+𝑟. 

The proof of the other is shown similarly.                                                                                  □                                                                                                                                  

 

Theorem 2.25. Let 𝑘 ∈ ℝ and 𝑏, 𝑟, 𝑡, 𝑛 ∈ ℕ. We obtain 

i. ∑ (𝑛
𝑗
) (−1)𝑗 𝑉𝒫𝑘,𝑏𝑛+𝑟+𝑗

(2𝑘)𝑗 =
𝑉𝒫𝑘,𝑏𝑛−𝑛+𝑟

(2𝑘)𝑛
𝑛
𝑗=0 , 

ii. ∑ (𝑛
𝑗
) (−1)𝑗 𝑉ℚ𝑘,𝑏𝑛+𝑟+𝑗

(2𝑘)𝑗 =
𝑉ℚ𝑘,𝑏𝑛−𝑛+𝑟

(2𝑘)𝑛
𝑛
𝑗=0 , 

iii. ∑ (
𝑡

𝑘

𝑛
𝑗=0 )𝑗(𝑡𝑉𝒫𝑘,𝑗−𝑟+2 − 𝑘𝑉𝒫𝑘,𝑗−𝑟+1) = (

𝑡

𝑘
)𝑛𝑡𝑉𝒫𝑘,𝑛−𝑟+2 − 𝑘𝑉𝒫𝑘,−𝑟+1, 
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iv. ∑ (
𝑡

𝑘

𝑛
𝑗=0 )𝑗(𝑡𝑉ℚ𝑘,𝑗−𝑟+2 − 𝑘𝑉ℚ𝑘,𝑗−𝑟+1) = (

𝑡

𝑘
)𝑛𝑡𝑉ℚ𝑘,𝑛−𝑟+2 − 𝑘𝑉ℚ𝑘,−𝑟+1. 

 

Proof. With the help of characteristic equation, we have 

𝑟1
2 = 2𝑘𝑟1 − 1, 𝑟2

2 = 2𝑘𝑟2 − 1. 

i. ∑ (−1)𝑗 (𝑛
𝑗
)

𝑉𝒫𝑘,𝑏𝑛+𝑟+𝑗

(2𝑘)𝑗 =𝑛
𝑗=0 ∑ (−1)𝑗 (𝑛

𝑗
)

𝑟1
𝑏𝑛+𝑟+𝑗−𝑟2

𝑏𝑛+𝑟+𝑗

(2𝑘)𝑗(𝑟1−𝑟2)

𝑛
𝑗=0   

 =
1

𝑟1−𝑟2
[𝑟1

𝑏𝑛+𝑟 (1 −
𝑟1

2𝑘
)

𝑛
− 𝑟2

𝑏𝑛+𝑟 (1 −
𝑟2

𝑘
)

𝑛
] =

1

𝑟1−𝑟2
[𝑟1

𝑏𝑛+𝑟 (
1

2𝑘𝑟1
)

𝑛
− 𝑟2

𝑏𝑛+𝑟 (
1

2𝑘𝑟2
)

𝑛
] 

=
1

(𝑟1−𝑟2)(2𝑘)𝑛
(𝑟1

𝑏𝑛−𝑛+𝑟 − 𝑟2
𝑏𝑛−𝑛+𝑟) =

𝑉𝒫𝑘,𝑏𝑛−𝑛+𝑟

(2𝑘)𝑛 . 

The proof of the other is shown similarly.                                                                                  □                                                                                                                                  

 

Theorem 2.26. Let 𝑘 ∈ ℝ and 𝑏, 𝑟, 𝑡, 𝑛 ∈ ℕ. We obtain 

i. ∑ (−1)𝑗(
𝑡

𝑘

𝑛
𝑗=0 )𝑗(𝑡𝑉𝒫𝑘,𝑗−𝑟+2 − 𝑘𝑉𝒫𝑘,𝑗−𝑟+1) =

1

𝑘2+𝑡+2𝑡𝑘2
(−1)𝑛+1 (

𝑡

𝑘
)

𝑛
 

[𝑡(𝑘2 − 𝑡2)𝑉𝒫𝑘,𝑛−𝑟+2 − 2𝑡𝑘𝑉ℚ𝑘,𝑛−𝑟+2] +
𝑘

𝑘2+𝑡+2𝑡𝑘2 [(𝑡2 − 𝑘2)𝑉𝒫𝑘,−𝑟+1 + 2𝑡𝑘𝑉ℚ𝑘,−𝑟+1], 

ii.∑ (−1)𝑗(
𝑡

𝑘

𝑛
𝑗=0 )𝑗(𝑡𝑉ℚ𝑘,𝑗−𝑟+2 − 𝑘𝑉ℚ𝑘,𝑗−𝑟+1) =

𝑘

𝑘2+𝑡+2𝑡𝑘2 [(−1)𝑛+1 (
𝑡

𝑘
)

𝑛+1
 

(𝑘2 − 𝑡2)𝑉ℚ𝑘,𝑛−𝑟+2 − 2𝑡𝑘(4𝑘2 − 4)𝑉𝒫𝑘,𝑛−𝑟+2 + [(𝑡2 − 𝑘2)𝑉ℚ𝑘,−𝑟+1 

+2𝑡𝑘(4𝑘2 − 4)𝑉𝒫𝑘,−𝑟+1]. 
 

Proof. The proofs are shown in a similar to Theorem 2.25.                                                      □                                                                                                                                  

In the following theorems, we obtain special generating functions of the 𝑘-Vieta-Pell 𝑉𝒫𝑘,𝑛 and 

𝑘-Vieta-Pell-Lucas 𝑉ℚ𝑘,𝑛 sequences.                                                                                                                                                                                                                                                             

 

Theorem 2.27. We obtain 

i. ℘(𝑥) = ∑ 𝑉𝒫𝑘,𝑛𝑥𝑛∞
𝑛=0 =

𝑥

1−2𝑘𝑥+𝑥2,             ii. 𝓆(𝑥) = ∑ 𝑉ℚ𝑘,𝑛𝑥𝑛∞
𝑛=0 =

2−3𝑘𝑥

1−2𝑘𝑥+𝑥2. 

 

Proof. i. By the definition of the 𝑘-Vieta-Pell sequence, we get 

 ℘(𝑥) = ∑ 𝑉𝒫𝑘,𝑛𝑥𝑛 = 𝑥 + ∑ 𝑉𝒫𝑘,𝑛𝑥𝑛∞
𝑛=2

∞
𝑛=0  

 = 𝑥 + 2𝑘 ∑ 𝑉𝒫𝑘,𝑛−1𝑥𝑛 −∞
𝑛=2 ∑ 𝑉𝒫𝑘,𝑛−2𝑥𝑛∞

𝑛=2  = 𝑥 + 2𝑘𝑥 ∑ 𝑉𝒫𝑘,𝑛𝑥𝑛∞
𝑛=1 − 𝑥2 ∑ 𝑉𝒫𝑘,𝑛𝑥𝑛∞

𝑛=0  

=
𝑥

1−2𝑘𝑥+𝑥2. 

The proof of the other is shown similarly.                                                                                 □        

 

Theorem 2.28. For 𝑉𝒫𝑘,𝑛, and 𝑉ℚ𝑘,𝑛 sequences, the Binet formulas can be obtained with the 

help of the generating functions. 

 

Proof. With the help of the roots of the characteristic equation of these sequences, the roots of 

the 1 − 2𝑘𝑥 + 𝑥2 = 0 equation become 
1

𝑟1
 and 

1

𝑟2
. For ℳ𝑘,𝑛, we obtain 

 
𝑥

1−2𝑘𝑥+𝑥2 =
1

𝑟1−𝑟2

1

1−𝑟1𝑥
−

1

𝑟1−𝑟2

1

1−𝑟2𝑥
 

                =
1

𝑟1−𝑟2
∑ 𝑟1

𝑛𝑥𝑛∞
𝑛=0 −

1

𝑟1−𝑟2
∑ 𝑟2

𝑛𝑥𝑛∞
𝑛=0 =

1

𝑟1−𝑟2
∑ (𝑟2

𝑛 − 𝑟2
𝑛)𝑥𝑛∞

𝑛=0  

                = ∑ 𝑉𝒫𝑘,𝑛𝑥𝑛∞
𝑛=0 . 

Similarly, the Binet formula of the sequence 𝑉ℚ𝑘,𝑛 is found.                                                      □                                                                                                                                                                                                                                                         

 

Theorem 2.29. For 𝑎, 𝑏 ∈ ℕ, and 𝑏 > 𝑎, we obtain 

i. ∑ 𝑉𝒫𝑘,𝑏𝑛𝑥𝑛 =∞
𝑖=0

𝑥𝑉𝒫𝑘,𝑏

1−𝑥𝑉ℚ𝑘,𝑏+𝑥2,                            ii. ∑ 𝑉ℚ𝑘,𝑏𝑛𝑥𝑛 =
2−𝑥𝑉ℚ𝑘,𝑎

1−𝑥𝑉ℚ𝑘,𝑎+𝑥2
∞
𝑖=0 , 
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iii. ∑ 𝑉𝒫𝑘,𝑎𝑛+𝑏𝑥𝑛 =∞
𝑖=0

𝑉𝒫𝑘,𝑏−𝑥𝑉𝒫𝑘,𝑏−𝑎

1−𝑥𝑉ℚ𝑘,𝑎+𝑥2 ,                  iv. ∑ 𝑉ℚ𝑘,𝑎𝑛+𝑏𝑥𝑛 =
√𝑘2−4𝑉𝒫𝑘,𝑏−𝑥𝑉𝒫𝑘,𝑏−𝑎

1−𝑥𝑉ℚ𝑘,𝑎+𝑥2
∞
𝑖=0 , 

v. ∑
𝑉𝒫𝑘,𝑏𝑛

𝑛!
𝑥𝑛∞

𝑛=0 =
𝑒𝑟1

𝑏𝑥−𝑒𝑟2
𝑏𝑥

𝑟1−𝑟2
,                            vi. ∑

𝑉ℚ𝑘,𝑏𝑛

𝑛!
𝑥𝑛 =∞

𝑛=0 𝑒𝑟1
𝑏𝑥 + 𝑒𝑟2

𝑏𝑥. 

 

Proof. i. If the Binet formulas are used, we have 

  ∑ 𝑉𝒫𝑘,𝑏𝑛𝑥𝑛 =∞
𝑖=0 ∑

𝑟1
𝑏𝑛−𝑟2

𝑏𝑛

𝑟1−𝑟2

∞
𝑛=0 𝑥𝑛 =

1

𝑟1−𝑟2
∑ (𝑟1

𝑏𝑥)𝑛∞
𝑛=0 −

1

𝑟1−𝑟2
∑ (𝑟2

𝑏𝑥)𝑛∞
𝑛=0  

                           =
1

𝑟1−𝑟2
(

1

1−𝑟1
𝑏𝑥

−
1

1−𝑟2
𝑏𝑥

) =
𝑥𝑉𝒫𝑘,𝑏

1−𝑥𝑉ℚ𝑘,𝑏+𝑥2. 

The proofs of the others are shown similarly.                                                                             □    

 

3. Relations between special sequences 
 

In this chapter, we examine the relations of the 𝑘-Vieta-Pell sequence with the Fibonacci, Pell, 

Chebyshev polynomials of the first kind, 𝑘-Oresme, Balancing, Mersenne, Oresme sequences 

and 𝑘-Vieta-Pell-Lucas sequence with the Lucas, Pell-Lucas numbers, Chebyshev polynomials 

of the second kind, 𝑘-Oresme-Lucas, Balancing-Lucas, Mersenne-Lucas, Oresme-Lucas 

sequences, respectively. In addition, for special 𝑘 values, these sequences are associated with 

the sequences in OEIS. 

 

Theorem 3.1. Let 𝑘 =
3

2
, 𝑘 =

7

2
 and 𝑛 ∈ ℕ values. Then, the following relations can be written 

between the 𝑘-Vieta-Pell sequence and Fibonacci sequence 𝐹𝑛, 𝑘-Vieta-Pell-Lucas sequence 

and Lucas sequence 𝐿𝑛, respectively; 

i. 𝑉𝒫3

2
,𝑛

= 𝐹2𝑛 and 𝑉𝒫7

2
,𝑛

=
𝐹4𝑛

3
,                  ii. 𝑉ℚ3

2
,𝑛

= 𝐿2𝑛 and 𝑉ℚ7

2
,𝑛

= 𝐿4𝑛. 

 

Proof. i. The Binet formula of the 𝑘-Vieta-Pell sequence is 

𝑉𝒫𝑘,𝑛 =
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
=

(𝑘+√𝑘2−1)𝑛−(𝑘−√𝑘2−1)𝑛

2√𝑘2−1
. 

For 𝑘 =
3

2
 and 𝑘 =

7

2
, the following relations can be written: 

𝑉𝒫3

2
,𝑛

=
(

3+√5

2
)𝑛−(

3−√5

2
)𝑛

√5
=

(
1+√5

2
)2𝑛−(

1−√5

2
)2𝑛

√5
 and 𝑉𝒫7

2
,𝑛

=
(

7+3√5

2
)𝑛−(

7−3√5

2
)𝑛

3√5
=

(
1+√5

2
)4𝑛−(

1−√5

2
)4𝑛

3√5
. 

Thus, we obtain 

𝑉𝒫3

2
,𝑛

= 𝐹2𝑛 and 𝑉𝒫7

2
,𝑛

=
𝐹4𝑛

3
. 

ii. The Binet formula of the 𝑘-Vieta-Pell-Lucas sequence is 

𝑉ℚ𝑘,𝑛 = 𝑟1
𝑛 + 𝑟2

𝑛 = (𝑘 + √𝑘2 − 1)𝑛 + (𝑘 − √𝑘2 − 1)𝑛. 

For 𝑘 =
3

2
 and 𝑘 =

7

2
, the following relations can be written: 

 𝑉ℚ3

2
,𝑛

= (
3+√5

2
)𝑛 + (

3−√5

2
)𝑛 = (

1+√5

2
)2𝑛 + (

1−√5

2
)2𝑛 

and 

 𝑉ℚ7

2
,𝑛

= (
7+3√5

2
)𝑛 + (

7−3√5

2
)𝑛 = (

1+√5

2
)4𝑛 + (

1−√5

2
)4𝑛. 

Thus, we have 

                                                   𝑉ℚ3

2
,𝑛

= 𝐿2𝑛 and 𝑉ℚ7

2
,𝑛

= 𝐿4𝑛.                                                       □ 
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Theorem 3.2. Let 𝑘 = 3 and 𝑛 ∈ ℕ values. Then, the following relations can be written 

between the 𝑘-Vieta-Pell and Pell sequence 𝑝𝑛, 𝑘-Vieta-Pell-Lucas sequence and Pell-Lucas 

sequence 𝑞𝑛, respectively; 

i. 𝑉𝒫3,𝑛 =
𝑝2𝑛

2
,                                     ii. 𝑉ℚ3,𝑛 = 𝑞2𝑛. 

 

Proof. The proofs are shown in a similar to Theorem 3.1.                                                       □     

 

Theorem 3.3. Let’s take 
𝑘

2
 instead of 𝑘 value in the Binet formulas of the 𝑘-Vieta-Pell and 𝑘-

Vieta-Pell-Lucas sequences. The following relations can be written between the 𝑘-Vieta-Pell 

and 𝑘-Oresme sequence 𝑂𝑘,𝑛, 𝑘-Vieta-Pell-Lucas sequence and 𝑘-Oresme-Lucas sequence 

𝑃𝑘,𝑛, respectively; 

i. 𝑉𝒫𝑘

2
,𝑛

= 𝑘𝑛𝑂𝑘,𝑛,                                 ii. 𝑉ℚ𝑘

2
,𝑛

= 𝑘𝑛𝑃𝑘,𝑛. 

 

Proof. Let a value of 
𝑘

2
 instead of 𝑘. 

 i. The Binet formula of the 𝑘-Vieta-Pell sequence is 

 𝑉𝒫𝑘

2
,𝑛

 =
(

𝑘

2
+√𝑘2

4
−1)𝑛−(

𝑘

2
−√𝑘2

4
−1)𝑛

2√𝑘2

4
−1

=
(

𝑘+√𝑘2−4

2
)𝑛−(

𝑘−√𝑘2−4

2
)

𝑛

√𝑘2−4
.                                                

Thus, we have 

𝑉𝒫𝑘

2
,𝑛

= 𝑘𝑛𝑂𝑘,𝑛. 

ii. The Binet formula of the 𝑘-Vieta-Pell-Lucas sequence is 

𝑉ℚ𝑘

2
,𝑛

 = 𝑟1
𝑛 + 𝑟2

𝑛 = (
𝑘

2
+ √

𝑘2

4
− 1)𝑛 + (

𝑘

2
− √

𝑘2

4
− 1)𝑛 = (

𝑘+√𝑘2−4

2
)𝑛 + (

𝑘−√𝑘2−4

2
)𝑛. 

Thus, we obtain 

                                                                 𝑉ℚ𝑘

2
,𝑛

= 𝑘𝑛𝑃𝑘,𝑛.                                                               □ 

 

Theorem 3.4. Let 𝑛 ∈ ℕ. The following relations can be written between the 𝑘-Vieta-Pell 

sequence and Chebyshev polynomials of the first kind 𝑈𝑛, 𝑘-Vieta-Pell-Lucas sequence and 

the Chebyshev polynomials of the second kind 𝑇𝑛, respectively; 

i. 𝑉𝒫𝑘,𝑛 = 𝑈𝑛−1(𝑘),                             ii. 𝑉ℚ𝑘,𝑛 = 2𝑇𝑛(𝑘).  

 

Proof. The proofs are shown in a similar to Theorem 3.1.                                                         □     

 

Theorem 3.5. Let 𝑘 = 17 and 𝑛 ∈ ℕ values. Then, the following relations can be written 

between the 𝑘-Vieta-Pell sequence and Balancing sequence 𝐵𝑛, 𝑘-Vieta-Pell-Lucas sequence 

and Balancing-Lucas sequence 𝐶𝑛, respectively; 

i. 𝑉𝒫17,𝑛 =
1

6
𝐵2𝑛,                             ii. 𝑉ℚ17,𝑛 = 𝐶2𝑛. 

 

Proof. The proofs are shown in a similar to Theorem 3.1.                                                       □     

 

Theorem 3.6. Let 𝑘 =
65

16
 and 𝑛 ∈ ℕ values. Then, the following relations can be written 

between the 𝑘-Vieta-Pell sequence and Mersenne sequence 𝑀𝑛, 𝑘-Vieta-Pell-Lucas sequence 

and Mersenne-Lucas sequence 𝑁𝑛, respectively; 

i. 𝑉𝒫65

16
,𝑛

=
1

63

1

8𝑛−1 𝑀6𝑛,                     ii. 𝑉ℚ65

16
,𝑛

=
1

8𝑛 𝑁6𝑛. 
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Proof. The proofs are shown in a similar to Theorem 3.1.                                                       □     

 

Theorem 3.7. For the 𝑘 =
5

4
 and 𝑛 ∈ ℕ values. Then, the following relations can be written 

between the 𝑘-Vieta-Pell sequence and Oresme sequence 𝑅𝑛, 𝑘-Vieta-Pell-Lucas sequence and 

Oresme-Lucas sequence 𝐻𝑛, respectively; 

i. ℳ5

4
,𝑛

=
2

3𝑛
(4𝑛 − 1)𝑅𝑛,                  ii. ℒ5

4
,𝑛

=
1

2
(4𝑛 + 1)𝐻𝑛. 

 

Proof. The proofs are shown in a similar to Theorem 3.1.                                                       □     

 

Theorem 3.8. Let 𝑛 ∈ ℕ. The following relations are provided for some 𝑘 values. 

i. For 𝑘 = 2, 𝑉𝒫2,𝑛 = 𝐴𝑛 and 𝑉ℚ2,𝑛 = 𝐵𝑛,         ii. For 𝑘 = 5, 𝑉𝒫5,𝑛 = 𝐶𝑛 and 𝑉ℚ5,𝑛 = 𝐷𝑛, 

iii. For 𝑘 = 7, 𝑉𝒫7,𝑛 = 𝐸𝑛 and 𝑉ℚ7,𝑛 = 𝐹𝑛. 

Here, 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 𝐷𝑛, 𝐸𝑛 and 𝐹𝑛 sequences are A001353, A003500, A004189, A087799, 

A007655 and A067902 sequences in OEIS, respectively. 

 

Proof. The proofs are shown in a similar to Theorem 3.1.                                                       □     

 

4. Conclusion 
 

In this paper, we defined the 𝑘-Vieta-Pell and 𝑘-Vieta-Pell-Lucas sequences. Then, we obtained 

the many features of these sequences. Also, we found the relationships between the terms of 

these sequences. In addition, we calculate the special identities of these sequences. Moreover, 

we examine the relations of the 𝑘-Vieta-Pell sequence with the Fibonacci, Pell, Chebyshev 

polynomials of the first kind, 𝑘-Oresme, Balancing, Mersenne, Oresme sequences and 𝑘-Vieta-

Pell-Lucas sequence with the Lucas, Pell-Lucas numbers, Chebyshev polynomials of the 

second kind, 𝑘-Oresme-Lucas, Balancing-Lucas, Mersenne-Lucas, Oresme-Lucas sequences, 

respectively. Finally, for special 𝑘 values, these sequences are associated with the sequences in 

OEIS. If this study is examined, such features can be found in other sequences such as 

Jacobsthal and Oresme sequences. 
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