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Abstract

The aim of this paper is to define the k-Vieta-Pell and k-Vieta-Pell-Lucas sequences, and some terms
of these sequences are given. Then, we find the relations between the terms of the k-Vieta-Pell and k-
Vieta-Pell-Lucas sequences. Also, we give the summation formulas, generating functions, etc. We also
derive the Binet formulas using two different approaches. The first is in the known classical way and
the second is with the help of the sequence's generating functions. Moreover, we calculate the special
identities of these sequences like Catalan and Melham. Finally, we examine the relations between the
k-Vieta-Pell sequence and various other sequences, including Fibonacci, Pell, and Chebyshev
polynomials of the first kind. Similarly, we analyze the k-Vieta-Pell-Lucas sequence in relation to
Lucas, Pell-Lucas numbers, Chebyshev polynomials of the second kind, and other sequences. In
addition, for special k values, these sequences are associated with the sequences in OEIS.
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1. Introduction

The Fibonacci and Lucas sequences are famous sequences of numbers. The golden ratio that
we can reach with the Fibonacci sequence is revealed by the proportions of the sensory organs
on the human face. For example, the area from under our ears and nose to our chin contains the
golden ratio. To give another example, the ratio of the base to the height of the Egyptian
Pyramids gives the golden ratio. These sequences have intrigued scientists for a long time. The
Fibonacci sequence has applications in diverse fields such as Cryptology [1], Phylotaxis [2],
Biomathematics [3], Chemistry [4], Engineering [5], etc. Many generalizations of the Fibonacci
sequence have been given. The known examples of such sequences are the k-Jacobsthal-Lucas
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[6], k-Pell [7-8], k-Fibonacci [8], Perrin [20], Horadam [22], sequences, Gaussian Fibonacci
numbers [22], Bronze Leonardo [23] and k-Leonardo [24] sequences, etc.

For n € N, the Fibonacci numbers F,,, Bronze Fibonacci BF,,, Lucas numbers L,,, and Bronze
Lucas numbers BL,, defined by the recurrence relations, respectively,

Foy2 = Fuy1 + By, BEyyy = 3BFy 1 + BE,, Ly = Lyyq + Ly, BLyyy; = 3BLyyq + BL,

with the initial conditions F, = 0, F; = 1,BF, =0,BF; =1,Ly,=2,L; = 1,and BL, = 2,
BL, = 3.

B =a™+ " BE, =" BL, ="+ y"

b= P

where:

q = 1+2\/§’ g = 1—2\/§’ 1= 3+;/ﬁ1 b = 3+\2/ﬁ
The characteristic equation for these terms are v —r—1=0, and r> —3r—1=0.
Additionaly, clarify the significance of « and A as the known golden and bronze ratios,
respectively. Metallic ratios appear frequently in such sequences.

The recurrence relations for the Pell numbers p,,, Pell-Lucas numbers g,,, Balancing number
B,,, Balancing-Lucas number C,,, Mersenne numbers M,,, and Mersenne-Lucas numbers N,, are
presented. For improved readability, it might be beneficial to align the relations as follows:

Pn+2 = 2Pn+1 + Pny Qnaz = 24ns1 + Gny Bz = 6By — By,
Cnyz = 6Chypq — Gy, Mgy = 3My iy — 2My,, Nyyy = 3Npyq — 2N,

with the initial conditions:

p0:0!p1:1!q0:2!q1:2130:0131:1!
C0=2,C1=6,M0=0,M1=1,N0=2,N1=5.

The Binet formulas for these sequences are given as follows. Ensure consistency by defining
the parameters used in each formula:

n_,n n_sn —~sn
pn:(p(p_z ’Qn:(pn-l'wnaBn:yy_g :anyn+6n1Mn:# Zan:.un-l'O-n-

where:

p=1+V2,w=1-V2,y=3+2v2,6=3-2V2,u=2,0=1

The characteristic equation for these terms are v2 —2r—1=0,72—6r—1 =0, and r? —
3r + 2 = 0. Additionaly, clarify the significance of ¢ the known silver ratio. The silver ratio
@ = 2.414213562...

In [11], Horadam worked on Vieta polynomials. In addition, Shannon and Horadam studied the
relationship between the Vieta, Morgan VVoyce, and Jacobsthal polynomials [12]. Also, Neville
defined a new sequence of triangles with Vieta polynomials, and she found the properties of
this sequence [13]. In [14], for n € N, Mason and Handscomb defined the Chebyshev
polynomials of the first kind U,, and Chebyshev polynomials of the second kind T,, by the
recurrence relations, respectively,
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Unt2(x) = 2xUp41(x) — Up(x) and Ty (x) = 2xTn41(x) — T (%),
with the initial conditions Uy(x) = 1, U;(x) = 2xand Ty(x) = 1, T; = x.

In addition, Binet formulas U,,(x) and T,,(x) gave by relations, respectively,
n+1_ ,n+1 ny,Hn
U, (x) = # and T,,(x) = T”

where 7 = x + Vx2 — 1 and p = x — Vx2 — 1 are the roots of the characteristic equation 72 —
2xr+1=0.

With the help of the recurrence relation of the Fibonacci sequence, k-sequences were
introduced, and these sequences have an important place in number theory [15]. In [16], Falcon
and Plaza introduced the k-Fibonacci sequence and obtained many properties related to this
sequence. In addition, Falcon defined the k-Lucas sequences [17]. Moreover, Falcon applied
the Hankel transform to the k-Fibonacci sequence and obtained the terms of Fibonacci
sequences differently [18]. Furthermore, Shannon et al defined the partial recurrence Fibonacci
link and found many of its properties [19].

The initial conditions for the k-Oresme sequence [21] Oy, and k-Oresme-Lucas sequence [21]
Py ,, are specified as:

1
Oko =0, 0 1(x) = P Pk,O(x) =2,P,=1

1 1
0k,n+2 = 0k,n+1 - ﬁok,n(x)v Pk,n+2 = Pk,n+1 - ﬁpk,n'

The Binet formulas are given as:

0, =2 and p,, = 9" + o™
k,n - (19_9)1( k,n -
where:
9 = k+Vk?—4 9 — k—VkZ-4
o2k T T 2k

These values are the roots of the characteristic equation:
1
r2—r+ i 0.
As seen above, many generalizations of Fibonacci and Lucas sequences have been given so far.
In this study, we give new generalizations inspired by the k-Fibonacci sequence and Vieta
polynomials. We call these sequences the k-Vieta-Pell and k-Vieta-Pell-Lucas sequences and

denote them as VP ,,, and VQy, ,,, respectively.

2. k-Vieta-Pell and k-Vieta-Pell-Lucas sequences

For k € R and n € N, the sequences k-Vieta-Pell VP, ,, and k-Vieta-Pell-Lucas VQy,, are
defined by the recurrence relations:
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VPrni2 = 2kVPins1 = VPin, VPro =0,VP; =1, 1)
VQini2 = 2kV Qi1 = VQuny VQio = 2, VQy1 = 2k. (2)

Then, let’s give some information about the equations of these sequences.
The characteristic equation for both sequences is provided as:
r2—2kr+1=0 (3)
with roots:
n=k+Vvk2 -1, r,=k—Vk?-1.
The relationship between these roots is given below;
n+r=2knrn-r=2Vk2—1,r2+r} =4k*—-2andnryr, = 1.

The VPy , and VQy ,, values for the first four n natural numbers are given below;

VPro =0,VPe 1 =1, VP, =2k, VP53 = 4k? — 1, VP, , = 8k® — 4k,

and

VQpo = 2, VQyq = 2k, VQy, = 4k? — 2, VQy 3 = 8k3 — 6k, VQy 4 = 16k* — 16k? + 2.
Also, the terms of the k-Vieta-Pell and k-Vieta-Pell-Lucas sequences can be found with the
help of the following relations. Let n € N*:

V@ = SE(771) 2 (=19 2K)" 2 and V., = 12 ("10) 2kymi-2i (1)1

In the following theorem, the Binet formulas of the k-Vieta-Pell sequence VP ,,, and k-Vieta-
Pell-Lucas sequence VQy ,, are expressed.

Theorem 2.1. Let n € N. We obtain
VP, = 22, i VQypy =1 + 10
’ ri1—1 ’
Proof. The Binet form of a sequence is as follows

VPin = xr "™ + ynr,™.
The scalars x and y can be obtained by substituting the initial conditions. It is obtained by
solving the given system of equations. Forn =0, VP, =0and forn =1, VP,; = 1. Thus

X = 2\/}(2_ andy = \/: are obtained. From here
N
VPin = —
The proof of the other is shown similarly. O

Next, we examine the relationships between the roots of the characteristic equation of these
sequences and these sequences.

Theorem 2.2. Leti € N, k € R* and k > 1. We have
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. © VPrai VQp 2i— .. ; VP 0 VQp 2i—
20 = Dkt 7 Vi, T L N e L

k
i, 7y 21 = % Vk? —14+n %1 iv. 1,2 = —%sz -1+n %,
V. 2VEkZ = 1VPy; + VQy,; = 21, Vi. 2VkZ —1VP,; — VQy; = —2rf.

Proof. i. If the Binet formula is used, we obtain

VPr o VQp 2i— re2lop2t g
k’er]_VkZ_l‘l' I;’ill:rl\/kz_l L 2 + L

21—1+T221.—1

k (ri—m)k 2k
g2y 2l 201 g 21 rlzl(r1+%)+r22‘(—r1+%) _ 2
2k 2k 1
The proofs of the others are shown similarly. O

Theorem 2.3. Lets =r, 0ors =r, and x,y,z, t € N. We obtain

i.s* = SVka,x - prk,x—l’ ii. V*{Pk,x(y—z) = SXZV:Pk,xy - SxyV:Pk'xZ
- 2xX _ X H X — -1
. s =s*VQp, — 1, V. s = SyV:Pk,x—y+1 —s” VP x—y
s*XVP VPr x(t— . x41 x
v, s¥t = Tkt TTheltrn) Vi. =1 4 2ks + s2(277H1) = g2@HDYQ, e
VPrx VPrkx ’

Proof. i. For s = r;, we have

VP VP _ r¥—ry X N rE-1)-rf T (-1
SVFPex = VI kx—1 =" - = =n”*.
r1—1y r1—1y rn-n

For s = r,, we get

VP, . — VP, .. =r( = =X,
kx kx—1 2\7 =, I P 2

The proofs of the others are shown similarly. O
In the following theorems, we give special relations between the k-Vieta-Pell VP, ,, and k-
Vieta-Pell-Lucas VQy ,, sequences.

x 1 x 1
ric_rzx) (r{‘_l—rzx_l) ey (rz T1)+r2 (r2 72) _

Theorem 2.4. Letx,y € N, x > y and k € R*, k > 1. The following equations are satisfied.

I VQk,xVQk,y = VQk,x+y + VQk,x—y! . VQk,y = V:Pk,y+1 - V:Pk,y—ll
I1. 2V:Pk,x+y = V:Pk,xVQk,y + V@k,xV:Pk,y’ V. V:Pk,yVQk,y = V:Pk,Zyv
V.2Vk?2 = 1VPy), = VQpyi1 + V Qi -1, Vi. VQ;, — (4k* —16)VP;, = 4,

Proof. ii. If the Binet formula is used, we obtain
y+i_ y+1 y_l—rzy_l rly(rl—%)ﬂ‘zy(—rz +L)

_ _nn Trn n — r2/ _ ..m n _
V?k,y+1 V:Pk,y—l = — — — ™ + Iy V@k,y-
The proofs of the others are shown similarly. m|

Theorem 2.5. Letx,y € N, x > yand k € R*,k > 1. We have
I. 2VQpx—y = VQpyVQp x — (4k? — 4)V"Pk,nyPk'x,

i 2VPyx—y = VQiyVPrx — VQixVPry,

ii. VPrx+y+1 = VPrx1VPry+1 — VP xV Py,

iv. V@k,x+y+1 = VQk,y+1V:Pk,x+1 - VQk,yV:Pk,x-

Proof. vii. If the Binet formula is used, we obtain

x+1_.x+1 .Y+l __Y+1 xX_..x . Y_.Y
VPiiaV Pryin = VPixVPry = P —t — A2
’ ’ ’ ’ =T =T =Tz T1—T3
B rf+y+1(r1—rz)—r;+y+1(r1—r2) B rf+y+1_r;c+y+1 P
N (r1—12)? N 1T N kx+y+l:
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The proofs of the others are shown similarly. m|

Theorem 2.6. Letx,y € N, k € R*and k > 1. We get

I. V@k,x + VQk,x+4y = VQk,x+2yVQk,2y’ i V@k,xﬂ/ + VQk,x+3y = VQk,x+2yV(@k,y:
ii. VPrx+y T VPrxi3zy = VQiyVPrxs2y, V. VP + VPrx+ay = VPrxr2yV Qp 2y,
V. V?k,x+3y - V:Pk,x+y = VQk,x+2yV:Pk,y vi. V@k,yV?k,x = V:Pk,x—y + V:Pk,x+y1

Vii. VQk,y + ZkV:Pk’y = 2V:Pk,y+1’ Viili. (4‘k2 - 4)V?k,y+2kVQk,y = 2VQk,y+11
iX. VQp,—x = VQpx, X VPr-x = =VPrx,
XI. V:Pk,Sx = V:Pk,ZxVQk,x - V:Pk,x, Xii. V:Pk,3x = (4‘k2 - 4)V:P]§,x + BV?k,xv

Proof. iii. If the Binet formula is used, we get
x+2y __x+2y _ Tic+3y_riyr;c+2y+rf+2yréy_rzx+3y

r T
VQk,yV:Pk,x+2y = (rly + T.zy) . 2

T1—Ty - ri—";
_ ric+3y_r2x+3y+r1yr2y(ric+y_r2x+y) _ ric+3y_r£c+3y r;c+y_r2x+y _ V:P + V?
P P ri—T2 kx+y kx+3y:
The proofs of the others are shown similarly. m|

Theorem 2.8. Letx,y € N, x > y and k € R*, k > 1. We have

I. VQk,x+3VQi,x - Vle,x+1 = VQk,x—3 - 3V@k,x+1 + 2VQk,x+3a

.. 1

. V:Pk,x+3V"Pl§,x - Vj)l?,x+1 = 4k2—4 (3V:Pk,x+1 - 2V:;Dk,x+3 - VSDk,x—S)’

iii. (4k% = 4V Py 2y 43V Pr2x—3 = VQpax + VQxe,
. 1
V. V?I?,x+yv@i,x+y - V?I?,yVQi,y = 4k2—4 (VQk,4x+4y + 2V(@k,z;vc+2y - VQkAy + 4)a

V.VQin = 2kVPy iz + (2 — 4k2)V~‘Pk,n+1v
. 1
VI VP = 55— (kVQp ez + (=2k? + DV Qpps1)-
Theorem 2.9. Let k € R*,k > 1 and x, y, z € N. The following equations are satisfied.
L AVPxry+z = VQixVQiyVPrz + VPinVQuy V Qi z + V Qi o VP y VQs
+(4k2 = DVP VP, VP
. 4V Qpry+z = VQixV Qi y VQi, 2 + (4k2 - 4)V@k,xv‘(Pk,yV:Pk,z
+(4k2 — DVP V Qi) VP + (42 — DVP VP,V Q.

Theorem 2.10. Let k € R*,k > 1 and x € N. We have

; 2 2 _ VQi2x+VQg2x+2—4
LVPey + VP i1 = T ,

ii. VQi,x + VQIZc,x+1 = VQk,Zx + V@k,2x+2 + 4,

2 2 _ VQkox+2=VQk2x—2
ML VP i1 —VPixo1 = k72 :

iv. V@i,x+1 - V@i,x—l = V@k,2x+2 - VQk,Zx—Za

_ VQgo2x+1—2k
V. V:Pk,xV:Pk,x+1 = axioa

vi. VQk,xVQk,JHl = Qk,2x+1 + 2k,

1
VIl V:Pk,n = 2k2_2 (VQk,n+1 - kV@k,n)v
iX. V@k,n = 2V:Pk,n+1 - ZkV.'Pk‘n.

The proofs of Theorem 2.7.,-2.11., are shown using the Binet formulas in a similar way to
Theorem 2.6.

Theorem 2.12. Letx,y,z € N, z # x, k € R* and k > 1. We obtain
i(4- 4’k2)V:PI€z—x = V@i,y+z - VQk,x+yVQk,z—xVQk,y+z + VQi,xﬂ/!
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i V:PIg,z—x = Vzpl?,y+z - VQk,x—ZV?k,x+yV:Pk,y+z + V:PI?,x+y'

Proof. ii. If the Binet formulas are used, we have
V“Plg,y+z - V@k,x—zV?k,x+yV?k,y+z + prlg,x+y

_ (1,.1y+z_1.2y+z)2 _ (r Xz + . x—z) (T1x+y_rzx+y) (T1y+z_r2y+2) T1x+y_rzx+y)2
ri—T2 1 2 =T =T ri—T2
_ r12x+2y+r22x+2y_2_rl2x+2y+r12z—2x+1_r22y+22_r12y+2z+1+r22z—2x_r22x+2y+rlzy+22+r22y+22_2
(ry—72)?
z x_rzz 2
- ( ) V‘(sz -x*
The proof of the other is shown similarly. O

In the following theorems, we calculate the specific identities of the k-Vieta-Pell VP, ,, and k-
Vieta-Pell-Lucas VQy ,, sequences.

Theorem 2.13. (Cassini Identity) Letn € N, k € R* and k > 1. We get

. 2 _ .. 2 2
I V?k,n+1VPk,n—1 - V?k,n = —1, . VQk,n+1VQk,n—1 - V@k,n = 4k* — 4.
Proof. If the Binet formula is used, we get
i _ 2 r1n+1_.r2n+1 rln—l_rzn—l _ rln_rzn .rln_rzn
I-Vipk,n+1V:Pk,n—l V:Pk,n - o ri—T2 P o
_ 7.12n_r.1n+1,r.2n—1_7.2n+1r1n—1_|_r22n _ r12n_2r1nr2n+r22n
. (7"1—7"2)2_r (ry—72)?

_ (7"17”2)nr—21 (7”17’2)nr—12 2(ryr2)™

(r—12)? (r1—12)? (r1—12)?

If the properties of the characteristic equation of the k-Vieta-Pell sequence are used, we obtain
Vka,n+1V~(Pk,n—1 - V:PI?,TL = -1
ii. VQin+1VQxn-1 — VQi,n ="+ "M E ) - "+ + ")
— rlzn + r1n+1r2n—1 + T2n+11”1n_1 + rZZn _ len _ ZT'lnT'zn _ rZZn
If the properties of the characteristic equation of the k-Vieta-Pell-Lucas sequence are used, we
obtain

V@k,n+1v@k,n—1 - V@%,n = 4k* — 4. o

Theorem 2.14. (Catalan Identity) Let k € R*,k > 1 and n,r € N, r < n. We obtain
I V?k,n+rV?k,n—r - V:PI?,n = _V?I?,ra . VQk,nH'VQk,n—r - V@IZc,n = (4k2 - 4)V:P13,r'

Theorem 2.15. (D’ocagne Identity) Let k € R*, k > 1 and n,r € N, r < n. We have
I. V:Pk,n+1V:Pk,r - V:Pk,nV:Pk,r+1 = _V:Pk,n—r’

. VQun1VQir = VQinVQpry1 = (4k* — DV Prn—r

Theorem 2.16. (Vajda Identity) Letn,i,j € N, k € R* and k > 1. We have
L VPrn+iVPrnsj — VPV Prntivj = VPriVPrj

i VQuntiV Qunrj = VQinVQinsivj = (4 — 4KV P VP 5.

Theorem 2.17. (Halton Identity) Letn € N k € R* and k > 1. We get
I. V?k,n+iV?k,n—i - V?k,n+jV?k,n—j 4k2 (V@k 2] V@k,zi)
ii. VQk,nﬂ'VQk,n—i - VQk,n+jVQk,n—] - ZVQk,Zn + VQk,Zi + VQk,Zj-

Theorem 2.18. (Padilla Identity) Letn € N, k € R* and k > 1. We obtain
I. V?l?,n+2 + Vzpl?,n—l - SV?k,nV?k,n+1VPk,n+2
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4k2 2 VPisntie = 3VPisnts + VPian-3 + 3VPioniz = 3VPinsz + 3V Pini1)

ii. V@k,n+2 + V@k,n—l - 3VQk,nVQk,n+1VQk,n+2 = V@k,3n+6 + 3V@k,n+2+V(@k,3n—3
+3VQpp—1+(4k? = ) (—VPrzn+3 = 3VPin-1 + 3VPrni1 + 3VPion+3).

Theorem 2.19. (Melham Identity) Letn € N, k € R* and k > 1. We get

. 1

I V:Pk,n+1V?k,n+2VPk,n+6 - V:PI?,n = m (V:Pk,3n+9 - V?k,3n - V?k,n+7 - V:Pk,n+5
+3VPin — VPin-3),

i VQun+1V Qin+2V Qinrs = VQin = VQiznso — VQian + VQintr + VQpnss
_3VQk,n + V@k,n—3-

Theorem 2.20. (Gelin-Cesaro Identity) Letn € N, k € R* and k > 1. We obtain
I. V?k,n+2V:Pk,n+1V:Pk,n—1V:Pk,n—2 - V.'P]in
—VQk2n+4=VQk2n+2+tVQks =V Qk,2n—2=VQk 2=V Qk 2n-4+4VQk 2n—5
(4k2—-4)2 '

iV Quna2V Quens1V Qen-1V Qun—z = VQin = VQi2nta + VQi2nsz + VQy
+VQizn—2 + VQpr2 +VQp2n-g4 — 4V Qs 2n —

The proofs of Theorems 2.14-2.20., can be shown in the same way as the proof of the Cassini
identity, using Binet's formulas and properties of the characteristic equation of sequences.

In the following theorems, we obtain special sum formulas of the k-Vieta-Pell VP, ,, and k-
Vieta-Pell-Lucas VQy ,, sequences.

Theorem 2.21. For n € N, we have
1+VPrn—1+(1=2K)VPr n
[ o VPrr = L 12 2k g

(A-2K)VQpn+VQin- 1—2k+2
2-2k

: I Y oo VQyp, =

Proof. i. From the definition of the k-Vieta-Pell sequence, we have
Vj)k’z == Zij)k,l - prk,()’
V:Pk‘3 = ZkV:Pk,Z —_ V:Pk,]_,

V:Pk,n = ZkV?k,n—l - V?k,n—Z'
If the obtained equations are added side by side, we obtain
_1+ZnOV‘7)kt_2kZ V:})kt Z Vj)kt’
1+ X VPt = ((-VPrp — V?kO)Zk + 2k X0 VPyy)
_( V:Pk,n—l V?k,n + Zt:O V:Pk,t)-
When the necessary adjustments are made, we obtain the following equation:
n (1-2K)VPpn+VPirn-1+1
t=0 VP = o2k .
The proof of the other is shown similarly. m|

Theorem 2.22. For x v,z € N, we have

H n
I. Zy:O V‘rpk,xy 2_ VQ (V?kx + V:Pk nx V?k nx+x)s
. Zy 0 VQk xy ( V@k nx+x + VQk nx V@k,x + 2)1
V? +VP +VP +VP .
knx+x+z Zk‘:tx+z kx—z k,z’ le < x
. Z;’lzo V:kay+2 = VPk nx+x+ +Vka_ (.%ka\'Pk +VPg !
, - NX+x+z Nx+z Z—X Z .
, Oothervise
Z_VQk,x
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—VQrnx+x+ztV Qknx+z—V Qi x—2z+VQk 2

, ifz<x
n4y=0 kxy+z VQk,nx+z_VQk,z—x+VQk,z_VQk,nx+x+z othervise.
2-VQpx ’

Proof. i. If the Binet formulas are used, we get

0 VPrsy = Tmg o = L (T8 (1 ) = Zho(1))
y=0 k,xy y=0 — ri—Ty y=0\"1 y=0\"2
_ 1 M1 Tan+x_1 _ 1 1 nx nx nx+x nx+x x x
T Tz( g X g ) = 2 VQux i1 n T n T +n %)
= = VQ (V:;Dkx + V:Pk nx V:Pk,nx+x)-
The proofs of the others are shown similarly. m|

Theorem 2.23. Let k € R*. We obtain

L 370 () (“1J (2K VP = (—1)"VPizn,

i. X (%) (—1)/ k) IV Qi = (~ 1"V Q.

Proof. i. The following equations are obtained with the help of the characteristic equation of

the k-Vieta-Pell sequence:
rZ = Zkr1 —1landr§ = 2kr, — 1.

()( 1)/ 2k) VP, = ()( 1)/ (2k)) (22
o (M) (- 1)1(2k)frlf— ()( 1)1 (2k) r,)

[(1 = 2kr)" = (1 = 2krp)"] = —[(=1y?)" = (~1,2)"] = (~D)"VPyzn
The proof of the other is shown similarly. O

Theorem 2.24. For b, p, v, n natural number and b > r, we obtain
i 200 (1) @KY (—)VPepnires = (D" Propmaznr
i, Y (") @Y (= 1)V Quepmirsj = (—1)"V Quepmsznsr

Prpj+r 1
iii. Z pJ ]+ = 1— pVka+p pn( pV:Pk bn+b+r + prk bn+r pn+1v‘7)k,b—r + pn+2V‘7)k,r)
VQ . 1 1
iv. X kb” = — @™V Qir — PV Qi p—r + VQipnsr — PV Qi pntb+r)

T1- -pVQgp+p? p™

Proof. If Binet formulas, definitions, and geometric series are used, we obtain

. . . X . bntr+j_.. bn+r+j
i 570 (1) @K) (1) VPrpmarsy = Eio (1) (-1)) (2k)) =2
— 1 [ bn+r(1 _ Zkrl)” _ 7,an+r(1 _ 2kr2)”]

T1—7Ty

_ ="
=i ( bn+2n+r _ bn+2n+r) — (_1)nV?k,bn+2n+r-

The proof of the other is shown similarly. m|

=T

Theorem 2.25. Let k € Rand b, 7, t,n € N. We obtain
i. 27= ( ) ( 1)] V?k bn+r+j __ V?k,bn—n+r,

(Zk)J (2K)™
.. VQk bn+r+j VQg bn-n+r
n J ] = -
T ( )( 1) 2K aon

t
iii. Z 0( ) (tV:Pk] r+2 kV?k,j—r+1) = (;)ntV:Pk,n—r+2 - kVPk,—r+1’
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. ty t
Iv. Z?:o(;)](tv(@k,j—ﬁz - kV@k,j—r+1) = (;)ntVQk,n—r+2 - kVQk,—r+1-

Proof. With the help of characteristic equation, we have

r2 =2kr, — 1,1} = 2kr, — 1.
. n _1\j(n V?k,bn+r+j _ymn N[ rlbn+r+j_r2bn+r+j
I ZFO( D (1) (2k)J ZFO( D (1) k) (r1-13)

n n n n

_ 1 bn+r (1 _ T\ _ .. bntr 1-— T2 _ 1 pn+r (1 .. bn+r 1

= £ T = kgt T ]
Tr1—"7p 2k k r1—1 2kT1 szZ

_ 1 e bn-n+r _ . bn—n+ry — YPkbn-ntr
= Tiroaor 1 € )= e
The proof of the other is shown similarly. m|

Theorem 2.26. Let k € Rand b, 7, t,n € N. We obtain

. Dot 1 t\"

I Z?=0(_1)](Z)](tvj)"'j_r+2 - kV:PkJ_rH) :kk2+t+2tk2 (=) (E)

[t(kz — X)WV Pn—ri2 — 2th@k,n—r+2] T e [(t2 = KBV Py _piq + 2tkVQp —r41],
o j t j k nt1 (t n+1

270 (1) QO (tVQujoriz = KV Qujri1) = e [(CD (E)

(kz - tZ)VQk,n—r+2 - Ztk(4k2 - 4‘)V\(Pk,n—r+2 + [(tz - kz)VQk,—r+1

+2tk(4k? — 4)V Py _ri1].

Proof. The proofs are shown in a similar to Theorem 2.25. O
In the following theorems, we obtain special generating functions of the k-Vieta-Pell VP, ,, and
k-Vieta-Pell-Lucas VQ, , sequences.

Theorem 2.27. We obtain
i po(x) = Z%ozo V.‘Pk,nxn - * i q.(X) — Z;.Lozo VQk,nxn _ 2-3kx

T 1-2kx+x?’ T 1-2kx+x?’
Proof. i. By the definition of the k-Vieta-Pell sequence, we get
P) = Yamo VPrnx™ = x + XLpzg VPynx™
=X 4 2k Yy VPrno1X™ — Yprea VPrn—2X™ = X + 2kx Yy VP nX™ — X2 X2 VP X"
X

T 1Zkxtx?
The proof of the other is shown similarly. O

Theorem 2.28. For VP, ,, and VQ,, ,, sequences, the Binet formulas can be obtained with the
help of the generating functions.

Proof. With the help of the roots of the characteristic equation of these sequences, the roots of
the 1 — 2kx + x? = 0 equation become ri and ri For M, ,, we obtain
2

1
x 11 11

1-2kx+x2  1—1p 1-14X 71Ty 1-ToX

1 1

__1 o0 Nyn _ o N.yn _ oo n_ . ny.,n
T Yn=oni"x — Yn=oT2"x" = — Ya=o(rz —12")x
Similarly, the Binet formula of the sequence VQy ,, is found. m|

Theorem 2.29. For a,b € N, and b > a, we obtain

. xVPkp .. 0 2—xVQka
Y2 VP x™ =———2— . ).~V X ="
21_0 k,bn 1-xVQp p+x2’ 21‘0 Qk,bn 1-xVQp g +x2’
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Vk2_4V?kb_xvykb—a
1-xVQp,q+x?

vQ b b
Vi. Yoo k'b”x =et X 2%,

VPkb XVPrb-a
1-xVQpq+x2 '
r1Px_ rbx
el A—e2

iii. Zl 0 V?k an+bx iv. 2?10 VQk,an+bxn =

VP
V. zyn kbnxn _

n! =72

Proof. i. If the Binet formulas are used, we have
bn_r bn

_ T1 2 _ 1 b b
Q%o VP pnx™ = Yn=o — x" = ~ Yn=o(117x)" — x)"
1712 =T
1 ( 1 _ 1 ) xXVPrp
T -1 \1-rbx  1-mbx 1-xVQp p+x2’
The proofs of the others are shown similarly. m|

3. Relations between special sequences

In this chapter, we examine the relations of the k-Vieta-Pell sequence with the Fibonacci, Pell,
Chebyshev polynomials of the first kind, k-Oresme, Balancing, Mersenne, Oresme sequences
and k-Vieta-Pell-Lucas sequence with the Lucas, Pell-Lucas numbers, Chebyshev polynomials
of the second kind, k-Oresme-Lucas, Balancing-Lucas, Mersenne-Lucas, Oresme-Lucas
sequences, respectively. In addition, for special k values, these sequences are associated with
the sequences in OEIS.

Theorem 3.1. Let k = 2 k = gand n € N values. Then, the following relations can be written

between the k-Vieta-Pell sequence and Fibonacci sequence F,, k-Vieta-Pell-Lucas sequence
and Lucas sequence L,,, respectively;

. Fan .
i. VP%'n = F,, and VP%M = ? ii. V(@;n = L,, and V(@gn = Lyp.

Proof. i. The Binet formula of the k-Vieta-Pell sequence is
rit—r} (k+\/k2 )~ (k—VEk?2- )”

V:Pk’n = Tr1—T2 \/kz_
Fork = %and k = g the following relations can be written:
S el e I G S and VP — e K R e i
2N V5 V5 om 3v5 3f

Thus, we obtain
VPs =F,,and VP, =2
?n Tn 3

ii. The Binet formula of the k-Vieta-Pell-Lucas sequence is
VQun =1 +13 = (k + VK2 — D" + (k —VkZ - 1)™.

Fork = gand k = Z, the following relations can be written:

VQs, = (55 + (50 = (D + (5D

and

VQy, = (5D + (55" = (D + (5D

Thus, we have
VQ:z = Ly and VQr = Lyy. O
2’ 2’
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Theorem 3.2. Let k =3 and n € N values. Then, the following relations can be written
between the k-Vieta-Pell and Pell sequence p,,, k-Vieta-Pell-Lucas sequence and Pell-Lucas
sequence q,,, respectively;

i. VfP3}n = p%’ ” VQS,n = q2n-

Proof. The proofs are shown in a similar to Theorem 3.1. O

Theorem 3.3. Let’s take S instead of k value in the Binet formulas of the k-Vieta-Pell and k-
Vieta-Pell-Lucas sequences. The following relations can be written between the k-Vieta-Pell
and k-Oresme sequence Oy ,, k-Vieta-Pell-Lucas sequence and k-Oresme-Lucas sequence
Py . respectively;

i VP;n = k"0, ii. VQ;n =k"Py .

Proof. Let a value of S instead of k.
i. The Binet formula of the k-Vieta-Pell sequence is

k+Vk2-4. [k—kZ- "
b G [Eand [Eo e ()
k= = .

-n k2 Vk2-4

2 2|51
Thus, we have

VP = k"0 p.
2" ’

ii. The Binet formula of the k-Vieta-Pell-Lucas sequence is

VQu, =4 = G oD G- (o= EEE e ()
2" 2 4 2 4 2 2

Thus, we obtain

V@En = knPk’n. O
>

Theorem 3.4. Let n € N. The following relations can be written between the k-Vieta-Pell
sequence and Chebyshev polynomials of the first kind U,,, k-Vieta-Pell-Lucas sequence and
the Chebyshev polynomials of the second kind T;,, respectively;

. VPyn = Up_1(k), i VQp n = 2T, (k).

Proof. The proofs are shown in a similar to Theorem 3.1. O

Theorem 3.5. Let k =17 and n € N values. Then, the following relations can be written
between the k-Vieta-Pell sequence and Balancing sequence B,,, k-Vieta-Pell-Lucas sequence
and Balancing-Lucas sequence C,, respectively;

. 1 .-
I. V?17,TL = ngn, 1. VQ17,TL = CZTL'
Proof. The proofs are shown in a similar to Theorem 3.1. O

Theorem 3.6. Let k = i—i and n € N values. Then, the following relations can be written

between the k-Vieta-Pell sequence and Mersenne sequence M,,, k-Vieta-Pell-Lucas sequence

and Mersenne-Lucas sequence N,,, respectively;
- 1 1 ..
l. V:Pi_zn = 5871__1M6n’ 1. V@(ls_zn =

1
_N6n-

gn
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Proof. The proofs are shown in a similar to Theorem 3.1. O

Theorem 3.7. For the k = Z and n € N values. Then, the following relations can be written
between the k-Vieta-Pell sequence and Oresme sequence R,,, k-Vieta-Pell-Lucas sequence and
Oresme-Lucas sequence H,,, respectively;

f 2 .- 1

I. len = 5(4” — DR, ii. Li” = 5(4” + 1)H,.

Proof. The proofs are shown in a similar to Theorem 3.1. O

Theorem 3.8. Let n € N. The following relations are provided for some k values.
I.Fork=2,VP,, = A, and VQ,, = By, ii.Fork =5,VPs,, = C,and VQs, = Dy,
iii.Fork =7,VP;,, = E,and VQ,, = F,.

Here, A,, B,,C,, Dy, E, and F, sequences are A001353, A003500, A004189, A087799,
A007655 and A067902 sequences in OEIS, respectively.

Proof. The proofs are shown in a similar to Theorem 3.1. O
4. Conclusion

In this paper, we defined the k-Vieta-Pell and k-Vieta-Pell-Lucas sequences. Then, we obtained
the many features of these sequences. Also, we found the relationships between the terms of
these sequences. In addition, we calculate the special identities of these sequences. Moreover,
we examine the relations of the k-Vieta-Pell sequence with the Fibonacci, Pell, Chebyshev
polynomials of the first kind, k-Oresme, Balancing, Mersenne, Oresme sequences and k-Vieta-
Pell-Lucas sequence with the Lucas, Pell-Lucas numbers, Chebyshev polynomials of the
second kind, k-Oresme-Lucas, Balancing-Lucas, Mersenne-Lucas, Oresme-Lucas sequences,
respectively. Finally, for special k values, these sequences are associated with the sequences in
OEIS. If this study is examined, such features can be found in other sequences such as
Jacobsthal and Oresme sequences.
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