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Abstract

In this paper, we study on complete rewriting system for the Schiitzenberger - crossed product of two cyclic monoids, which
is defined in (Emin et al. 2013). Additionally, we obtain normal form structure of elements of this monoid construction and
give solvability of the word problem. Finally, we present an example part.
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Monoidlerin Schiitzenberger — Capraz Carpiminin Tam Yeniden Yazma Sistemi

Oz

Bu makalede, (Emin ve ark. 2013) de tanimlanan iki devirli monoidin Schiitzenberger — ¢apraz ¢arpiminin tam yeniden
yazma sistemi calisilmistir. Ayrica bu monoid yapisinin elemanlarinin normal form yapisi elde edilmistir ve kelime
probleminin ¢dziilebilirligi verilmistir. Son olarak, bir 6rnek boliim sunulmustur.

Anahtar Kelimeler: Schiitzenberger ¢arpim, ¢apraz ¢arpim, yeniden yazma sistemi, normal form
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1. INTRODUCTION AND PRELIMINARIES

The origin of Combinatorial Group Theory can be traced
back to 1911 when Max Dehn posed three questions
concerning groups defined by finite presentations: the
word, conjugacy and isomorphism problems (Adyan and
Durney 2000). These questions prompted the idea of using
algorithms to solve problems related to Group Theory.

In this paper, we study on solvability of the word problem
for a new monoid product, which is defined in (Emin et al.
2013) and called Schiitzenberger-crossed product of
monoids. To have solvability word problem for this
construction we study on complete rewriting system.

The aim of the rest of this section is just to give the
standard definitions and information about complete
rewriting system, crossed product and Schiitzenberger
product of monoids.

Let X be a finite alphabet and let X~ be the free monoid
consisting of all words obtained by the letters of X . A
string rewriting system, or simply a rewriting system, on
X" is a Rc X"xX" and an element
(X,¥) €R, also written as X — Y, is called a rule of

subset

R . The idea for a rewriting system is an algorithm for
substituting the right-hand side of a rule whenever the left-
hand side appears in a word. In general, for a given

rewriting system R, we write X —> Y for X,y e X" if
x=uy,w, y=uv,w and (v,V,)€R. Also we write
X— yif X=Y or X—>X —>X, —>---—> Y for some
finite chain of reductions. Furthermore an element

X € X" is called irreducible with respect to R if there is
no possible rewriting (or reduction) X —> Y ; otherwise X

is called reducible.

The rewriting system R is called
* Noetherian if there is no infinite chain of rewritings

X —> X, —> X, — -+ for any word xe X,

* Confluent if whenever x "y, and X ="y, , there is a

Z e X" such that A —" 7z and Y, -z,

» Complete if R is both Noetherian and confluent.
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If R is a complete rewriting system, then for every word
X there is a unique irreducible word Y such that

X —y; this word is called the normal form of X. Each
element of the monoid presented by < X R> has a unique
normal form representive. For u,ve X", if |u| > |V| or if
|u| = |V| and V precedes U in the lexicograpfic ordering

induced by a linear ordering on X then we write v<u
and < is called length-lexicographic ordering. A
rewriting system is R is called a length-lexicographic
rewriting system if S<Tr, for all (r,S)e€R. Itis clear
that length-lexicographic rewriting system is Noetherian.

A critical pair of a rewriting system R is a pair of
overlapping rules such that one of the forms

() (nh,S), (LI, t)e R with I, #1 or
(i) (LG, 9), (N, t)eR,

is satisfied. Also a critical pair is resolved in R if there is
aword Z such that sr, —"z and rt —" 7 in the first case

or s—" z and rtr, —" 7 in the second case. A Noetherian

rewriting system is complete if and only if every critical
pair is resolved. A rewriting system is complete then the
word problem for given rewriting system is solvable.

We note that the reader is referred to (Book 1987; Book
and Otto 1993; Sims 1994) for a detailed survey on
(complete) rewriting systems and to (Cetinalp et al. 2016;
Cetinalp and Karpuz 2018; Cetinalp et al. 2019; Dehn
1911) for complete rewriting systems of some group and
semigroup constructions.

As known crossed product construction appears in

different areas of algebra such as Lie algebras, C’-
algebras and group theory. This product has also many
applications in other fields of mathematics like group
representation theory and topology. This product is more
important than known group constructions since it
contains  direct and semidirect products of
groups/monoids. One can also study this new product in

many applications of Hopf algebra and c’ -algebra.

Definition 1.1 Let A and B two monoids. A crossed
system of these monoids is a quadruple (A, B,«, ),

where o:B— End(A) and f:BxB— A aretwo

maps such that the following compatibility conditions
hold:

aty (at, () T (B1,5,) = (BB, (@), (1)
F(bb,) (B, B,) = @, (1 (B,,0)) (B, B.0) @)

for all b,b,,b,eB and aeA. The crossed system
(A/B,a, f) is called normalized if f(1;,1;)=1,. If

(A/B,a, f) is normalized crossed system then
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f(1;,b)=f(b1;)=1, and a (a) = a (see (Agore and
Militaru 2008)).
Now let A#;B = Ax B be a set with a binary operation

defined by the
(a,b).(a,,b,) = (& (e, (2,)) f (b, b,), bby),

formula:

for all a,a,eA and b,b,eB. Then (A#;B,.) is a

monoid with the unit 1 =(1,,1) if and only if
A# B

o

(A,B,a, f) is a normalized crossed system. In this case
the monoid A#; B is called the crossed product of A and

B associated to the crossed system (A B,a, f) (Agore
and Militaru 2008).

The reader is referred to (Agore and Militaru 2008; Agore
and Fratila 2010; Ates et al. 2021; Cetinalp 2022; Cetinalp
2023; Cevik et al. 2020; Karpuz and Cetinalp 2016) for
more details on crossed product constuctions and related
results.

The Schiitzenberger product operation on monoids is a
well known construction introduced by M. P.
Schiitzenberger (Schiitzenberger 1965). This product was
originally defined for two monoids in view of applications
to Language Theory. The Schiitzenberger product plays an
important role in the study of several problems of
Automata Theory, such as, the Dot Depth Hierarchy of
regular languages and studying concatenation product. In
(Howie and Ruskuc 1994), the authors obtained a
presentation for Schiitzenberger product of two monoids
and gave the normal form structure of the elements of this
product. In (Ates et al. 2011), the authors obtained normal
form of elements of Schiitzenberger product of two
monoids by using Grébner-Shirshov bases theory. Many
authors combined Schiitzenberger product with different
products to obtain a new monoid construction. As an
example of these works, in (Ates 2009), Ates obtained a
new monoid construction under semidirect product and
Schiitzenberger product.

The reader is also referred to (Ates et al. 2009; Straubing
1981) for related results on Schiitzenberger product
constuction.

Definition 1.2 Let A and B be monoids. For P — AxB
and acAbeB, we define
aP ={(ac,d)|(c,d)eP}and Pb={(c,db)|(c,d)eP}.

Then the Schiitzenberger product of monoids A and B,
denoted by AOB, is the set AxP (Ax B)>< B (where

P (.) denotes the power set) with the multiplication given
by

(a,P.b)(a,,P,b,) = (a3, Pb, vaP,,bb,).

It is known that AOB is a monoid with identity (1,,9.1,)
(see (Howie and Ruskuc 1994)).
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The reader is referred to (Gracinda et al. 2006; Karpuz et
al. 2010; Karpuz et al. 2016; Karpuz and Cetinalp 2024;
Schiitzenberger 1965) for some algebraic results of
Schiitzenberger product.

2. SCHUTZENBERGER - CROSSED PRODUCT
OF MONOIDS

In this section, we obtain a complete rewriting system for
the Schiitzenberger-crossed product of two cyclic monoids
by using the presentation of this product given in (Emin et
al. 2013).

Definition 2.1 (Emin et al. 2013) Let A and B be
monoids. For Pc AxB and beB, we define

Pb={(a,db):(a,d) e P}. Then the Schiitzenberger -
crossed product of monoids A and B, denoted by
A #.B, is the set AxP(AxB)xB with the

multiplication

(a,F,b)(&,, F\b,) = (aa, (8,) (b, b,), Bb, WF,,bb,).

This product defines a monoid with unit element
(10 D15)-

Theorem 2.2 (Emin et al. 2013) Let us suppose that the
monoids A and B are defined by presentations ( X ; R )
and (Y;S), respectively. Then the Schiitzenberger-
crossed product of monoids A and B, Aw#{‘B, is defined
by generators Z = X U YU{za‘b; a€Abe B} , and
relations

DR, @)S=Ws, B)yx=a,®)y ,

(4) 24 = Zap (5) ZapZca = ZcaZap »

(6) ZapY = YZapy » @) XZgb = ZgbX,

(xeX,yeY,a,c€ADb,deB),where Wy is the word
on X.

In Theorem 2.2, by considering two finite cyclic monoids
we get the following presentation.

Corollary 2.3 Let C, and C,, be finite cyclic monoids
presented by C, =(x; x"=1) and C,, =(y; y™ =
1), respectively. Then the Schiitzenberger-crossed

product of these monoids, C, #{;Cm, has the following

Nep
generators,
X,Y1Z211:21y, ...,Zl'ym—z 'Zl,ym_1 1 Zx1 1 Zxy s ...,Zx‘ym—i ,
...,an—z‘l ,an—zry , ...,an—z’ym—z ,an—z‘ym—i 'an_l,l ,
an—l’y ) ey an_l,ym_z , an—l'ym—l

and the following relations
Hx"=1, Qy"=xfKm>k 0<k<n-1),
B) xty=yx (0<t=<n-1),

(4) Zﬁp'yq = pr'yq )
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(5) ZyxP1,yq1 ZxP2 yd2 = ZxP2 y92 ZxP1,y91 ,

(6) zypya Yy =¥ Zyp yay

(7) xzypya = Zyp yax .

Here 0 < p,p1,p, <n—1and0<4q,q,, <m—1.

Regarding the numbers of relations given in the forms (1)-
(7) in Corollary 2.3, the following numerical values and
formulas are obtained.

Number of relations of the form (1): 1
Number of relations of the form (2): 1
Number of relations of the form (3): 1

Number of relations of the form (4): mn

Number of relations of the form (5): n((m—21)m)+

mz ((n—l)n)
2

Number of relations of the form (6): mn
Number of relations of the form (7): mn
With an easy calculation, the following result is obtained.

Corollary 2.4 The total numbers of generators and

relations in the presentation given in Corollary 2.3 are

mn(5+mn)+6

formulated as mn + 2 and , respectively.

Now we can give the main result of this section. To do that,
we consider the generators and relations given in
Corollary 2.3 and order the generators as follows.

x > Zyn-1,m-1 > Zyn-1,m-2 > e > Zyn-1

y y >
Zyn—1q > 0t > Zyym=1 > Zyym=2 >t > Zyy > Zyg >

> Zyym-1 > Zygmez > > Zy 2 > Zyy > 2y > Y

&)

We note that we consider the reductions steps on words by
taking into account length-lexicographical order on words.
We also note that the notation (r) N (p) denotes the
overlapping word of left-hand sides of relations () and

(p).

Theorem 2.5 Let C,=(x;x"=1) and C, =
(y; y™=1). A complete rewriting system for
Schiitzenberger-crossed product of monoids C, and C,, ,

C, Cp#éCm, consists of the following rules by considering

the order on generators given by (3):

(1) x"-1,
) y">x*¥ (m>k 0<k<n-1),
B) xty->yx (0<t<n-—-1),

4 Zip‘yq = Zypya,

(5) zZyp1ya1 Zypz yaz = Zyp2 42 Zyp1 a1,
(6) ZxPyd Y =Y ZxPydy ,

(7) xzypya = Zyp yax .

Proof: This rewriting system is Noetherian since there is
no infinite chain of rewritings of overlapping words for
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the given length-lexicographical order. In order to show
the second condition, the confluent property (diamond
rule), the words obtained by appropriate overlappings of
the words on the left-hand side of all rewriting rules and
the critical pairs formed by the first reductions of these
words are given below.

Mn@: xm -

y
txy >
WG 2 > Loty L e Ly
MN(7): x"zxpya
pr,yq
_>{ n-1 n
X Zyp ydX v Zyb yaX T > Zyp g4
k k-1 k
X"y > Xx yxX ... YX
. ym+l
@n@): y™ - K
yx
-1 m k+1
xy™ > o> ytx o x
@n@: atym - P y =1
k+1
X
Zzp q = Zxp y4
. .3 xPy x5y
(4') n (4') . pr,yq - { 2
pr'yq d prlyq
. 52
(4-) n (5) . prl'yqlzxpz'yfh
ZxP1yd1 ZxP2 y92 = ZxP2 y92ZxP1 yd1
ZyP1,yd1 ZxP2 y92ZxP1 yd1 = Zipz'yquxm'ylh = Zxp2 y92ZxP1 y01

(#)N(6): zgp yay
{ Zyp yay = nyp,qu

2
ZxPydYZxp ya+1t = YZyp ya+r1 7 YZxp ya+1

P
(5) n (4-) : pr1'y‘hzx7’2,yqz
{ ZxP1ya1 Zxb2 y92 > ZyP2 y2ZxP1,yq1

2
ZxP1y41 ZxP2 ya2ZxP1 yd1 = prz,ytIszpllyql = ZxP2,y92ZyP1 ya1

(5) n (6) P ZyP1y01ZxP2 y92)
ZyP2,ya2ZyP1 ya1Y > ZxP2 y92YZxP1 yq1+1
= VZyxp2 ya2+1ZxP1 yq1+1
ZxP1,yd1 YZxp2 ydz+1l = YZyP1 ya1+1ZyP2 y42+1
d yZXZ’z'yQZ+1ZxZ’1'yQ1+1

(6) N (2): zyp yay™

m-—1 m k
VZyp yat1y = D Y Zyp yatm > XU Zyp ya+m
- g pr‘qurmxk = e Zx”,yqu

pr,yqu

Giizel Karpuz and Yildiz

2
(7Hn@4): xz:%l’ ya = {Zx”,y"xzxp.yq = Zyp yaX > ZxpyaX

XZxpya = Zxp yaX

(7)yn(): XZxP1,y91ZxP2 2
ZxP1,y91XZxP2 y92 = ZxP1,y91ZxP2,y92X > ZxP2 ya2ZxP1,y01X
XZyxp2,y92ZxP1,y91 = ZxP2,y92XZyxP1 1 = ZxP2 y2ZxP1,yq1X

(7) 1 (6): xzyp 40y

pr’yqu - pr’yqyx - nyp'qux
xnyp‘yqﬂ - yXpr’qu - nyp‘qux

It is seen that all overlapping words are reduced to the
same words after appropriate steps. Therefore, the
confluent property for the given rewriting system is also
satisfied. Consequently, since the presentation of

C

Nep
Hence the result.

#ng is Noetherian and confluent, it is complete.

By considering Theorem 2.5, we have the following other
result of this section.

Corollary 2.6 The normal form of a word w, representing
an element of C,, Cp#{; Cp, 1S

y"Wza,b,xl 0<k<m-10<I<n-1), (4)

where Wza,b, (a'€C,, b €Cy) is a reduced word
obtained by generators z, ;, (a € Cp,, b € Cp,).

By considering Theorem 2.5 and Corollary 2.6, we can
give the following result.

Corollary 2.7 Let C,, and C,, be finite cyclic monoids.
Then the word problem for Schiitzenberger-crossed
product of these monoids, C, Cp#éCm, is decidable.
Proof: By Theorem 2.5, since the rewriting system of
Schiitzenberger-crossed product of C, Cp#ng is
Noetherian and confluent, this system is complete. By this
complete rewriting system, each element of the monoid of
C, . #é C,, has a unique structure containing normal form
given in (4). Thus, the word problem for of C, Cp#ng is
decidable.

3. EXAMPLE PART

In this section, by considering two cyclic monoids with
ranks 2 and 3, we give applications of Theorem 2.5 and
Corollary 2.6.

Let C, =(x;x>=1)and C3=(y; y3=1) be two
finite cyclic monoids. The generator set of the
Schiitzenberger-crossed product of these monoids,

f .
C, Cp#aC3, is { X, Y, 211 Z1,y: 21,2 Zx, 10 Za,yr Zx 2 }
Now we order these generators as follows.
X>Zyy2 > Zyy > Zyg > Zyy2 > 21y > 211 > Y.
By the ordering given above, the monoid C, Cp#£C3 has

the following rewriting system.

1) X -1, @y >x (3 xy—>yx
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@)z, >z, z,-1, 212,y2 7 5 2,1,

i, > 1,, ijz =7
(%) Z oty DIy o Lopla D hal o LoZ oL oL
Z oly D0yl o Lol Tl oy LoyTa > Il
Ziyli2 2 2layr Loyl 2 hyleyr Loyl ™ Zulyy
ZaZ 2 2 ol Zaly 2 Oylas Zaly ™ halg
Z 2hy D0yl o 2 ol D 4l e Tyl o Ll
6) 2,y > YL, 2,y > yzlvyp 1)y2y — Y74,
ZaY 2 Yooy ByY YE 0 2 2Y T Yo
(7) X2, > 2, %, Xz, , —> 7, )X, X2 2 =2 X
XLy = ZgXs XLy D> LXK XL, L X

To show that this system is confluent, we check all
overlapping words and corresponding critical pairs as
follows.

of the

(%, X),

Overlapping of the relation (1) with form (3):

WNE) Xy, (Y, xyx),

Overlappings of the relation (1) with form (7):

L@ :Xzzl,ll (v, xyx), L@ :Xzzl‘y’ (Zl,y’le,yX)!
-2

QN (@) :x Zl,yz' (Zl,yz’ XZ

Overlapping relation (1) with itself:

D)D) :x,

W@ X2, (2, %20, O)N(T) :xzzx’yz,(szyz, Xz

of the

(xy, yx),

Overlapping relation (2) with itself:

@n@ 1y,

Overlapping of the relation (3) with form (2):

BGN@ xy° (ypy?x),
Overlappings of the relation (4) with itself:
@@ 7, 7)., @n@:z, (7,7,

BN@ 12, (2,7 5). BNn@) 1z, (75, xl),
(4)ﬁ(4) ny’ (xy' xy) (4)0(4) Z 27 (Z )

Overlappings of the relation (4) with form (5):

@)NG) 2z, (2,202,247 ,),
4)N(O) : Zl2,y2 Zy (200007 20,2, o),
4@ (5) :zfyyzzn, (2, 02102, 2212, o),
@) () :zfylzl’yz, (212, 20 22, o2,),
@BNG) 757, (2l 2uZ,20),
@DNG) 125z, (207, 2u20Z,0),
B)NG) 125,200 (22 Loy ZeaZoy)s

@) ((5) :zf‘yzlvyz, (zx,yz 2 Bl 2 Z,,),

l,yzx)’ (1) 0(7) . Xzzx,lv (Zx,ll sz,lx)l

Giizel Karpuz and Yildiz

@)NG) 25,2, (2,2 2y 20),

@)N6) 25,21, (2% 2,202,

@ N(o5) :zjyzzxy, (2, 220y 2, 2202, )

@N(OB) :zjyzle, (2, 2202, 222, o)

(4)N(5) :sz,y » (Zx,yzzl,yZ’ z yZZl,yZZx y2),

@N(oB) :z:’yzzlvy, (2 02y 2 22,2, o)

@ NEG) : nyz 0 (Zx,y2 412 zl,lzx’yz),

Overlaps of form (4) with form  (6):

@N®) 12y, (Y, 1,y7,),

@NE 2y, @Yz, )

@NE 2.y (2 ,v.7, ,v%)

@N®) 175y, (2 2,1Y2,,),

@NE®) 1z, (2,Y: 2,2 )

(4)(6) iZf,yzy (z, 2Y 2, 2Y2a),

Overlappings of the relation (5) with form (4):

(G)N(4):z 2 z;,, (242, 2l Z,,)»

(5)m(4):zx’yzzfyl, (242, 2202 yZZx,l)7

(5)m(4):zx’y2212’y2, (zl’ysz’yZZl’y ok .
X),(5)m(4):zx,y2212'y’ (2,2, y2zl,y,z 2y

(B5)YN(4):z yzzfl, (2, ol ll)

B)YN(4): z,,2 Xl, (lezxyle, zxvyzxyl),

G)n@:z,, z 2 (zl LAY Zx,yzl,yz)’

(G)n(4):z,,2 1y, (Z1yZyZys ZiyZay),

G)N(4) 2,2}, (242,210 2, 204),

(5)m(4):z lz 2 (z1 223l 21 Zxit, )

B)N(@4): lezly, (zly vaZiyr Zaa 1y)

BYN@4): 2,2, (222100 2,200),

(B)N(4): Zl,yZZfY’ (2,2, 221,02, 2%y)

B)N@):z, 22121, (42, %12, 52,),

(5)N(4):z,z2 oy (242 vyl 2y 20),

Overlappings of the relation (5) with itself:

B)n (o) : Z 2 by (zx,yzxvyzzx,l,z 2Zealyy

B5)n () :z RELASLANY (ZX:va,y2zl,y2'ny22 2zx,y),

B)NG) 2 2,20, (L7 1T o1L,)

5)n(B) :z o2 BuyB (zxvyzxyyzzm,zxyyzzlylzxvy

5)n(®) 12 2Ll o (Zx,lzx,yzzl,yz’Zx,yzzl,yzzx,l)’
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G)n ) : Z 2Bk (zxylzx’y2 2,7 2zlvyle),
G)n(®) 12, 2Tl (zxylzxvyzz“, 11Zy1)s
5)n(5) 12 2% ol (Zl,yZZx,yZZlv’Zx y2zlyz1 y2),
G)n(®) 12 27 2l (zl’yzzx’yzzll, Z, )
B)n (o) : Z 2hyh (zlvyznyz L1Z, zl,lzl,y),
5)n(5) P2y Tl o (zxvlzx,yzl 2,zx,yzl’yzzx,l),
®G)NG) 17,,2,.7 0 (2L Ly 2yl Ze)s
B)N(5) 12,212y, (2,2 Xy 11,zxyzllle),
(5)N(5) 12,2, 2Ty (zlyzzxyzly,zxyzlyz1 5),
5)N(5) :zxyyzlyzzlvl, (zlyzzxyz 1,zxyzllz 2),
G)NO) 1z,2,2,,  (2,2,,%1:2,,2:0,),
)N (®) 12,42, 20y, (z1 2lezly,lezlyzlvyz),
B5)n(®) 12,42, 2l (zl 2Ll Zahal, | o)
B)NO) 12,2,2,, (20,2211, 24202 ),

5)n((5) 12, 2l T (2,2 a2 2,,),
Overlappings of the relation (5) with form (6):
(5)n () : Z 2 lxyYs (zx,yzxyyzy, Z 2 yzx’yz),
G)N©) 12,20y, (242 Y2 ,V2,,),
B)N(6) 12 .2, Ly, (2, 52 LYi2, ,Y2),
G)N®) 1z 7.,y (2,2 Y. 2 5YZ ),
G)(6) :z ,7,Y, (21,1zx,yzy’ z y2yzlyy),
B)N(6) :7,,2,Y,  (Z,4Z,Y: 2, Y2, ),
B)NE) 12,7, oY (2, 220,V 2y V2

(5) (6) 12,2, (zlvyzxyyy, zxvyyzlyyz),
G)N(6) :z,,2,y,  (22,,Y,2,,Y2,),

(5)(6) 1202 oY (zlyyzzx,ly, 2,,Y2,,),

(5) N (6) 12,42, (zlyyzxyly, zxvlyzlvyz),

G)N(O) 1z,,7,Y,  (2112,1Ys 212 y)s

(B)N(6) :z 2hyY (Zlvyzl,yzy’ Z, 2 yzlyyz),

(B)N(6) : 2, 2y, (zl,lzlyy2 Y:2, 2 ¥z, ,),

®G)N(6) 17,2y, (2,2,,Y.2,,Y7,)

Overlappings of the relation (6) with form (2):
®)NQ) 17,y (yz,Y,7,X),

©)N@ 7,y (7, ,y.2,9,

)@ 2. (a7, ),

©)N () 2,y (yzxyy, Xl)

©)N@ 2,y vz ¥ 7,%),

)@ :z, .y (yzx,ly 7, 9,

Giizel Karpuz and Yildiz

Overlappings of the relation (7) with form (4):
(N4 :X2121' (2,1X2,5, X2,),

(M@ : ley, (zlyyley,ley),

. 2
D@ X2, (2%, 5., ),
(7)ﬁ(4) :Xzf.l’ (Zx,lxzx,l' sz,l)l
(NN @) ixzz,, (2%, X2,,),
D@ X, (2% 50, ),

>

x

Overlappings of the relation (7) with form (5):
()N (5) :xz,,z (2,,%2,5,%X2,,2, ),

1,y£11?

Mno): X2, 22y, (zlyy2 Xz, ,, le’yzl,yz)’
(NN(O) : X2, 22 (21,y2 XZ,,, le'lzl,yz)’
(7)Y (5) X2, s (zxlezlvyz,leyyzzx,l),
(NnO) :xz,,2,,  (2,,X2,,%2,,2,,),
(NG X225, (2,,X25,X24,2,,),
(M5B X2, 2,0, (zxvyxzx,l,xlezxy)

M GB) :xzxyz1 ’s (zxvyxz1 5 X 2 Z,,):
(NN (O) :xz, yhy (Zx,yleyy’ 1y Xy)
(M) (5) IXZ, 7, (Zx,yle,l'le,lzx,y)’
(7)Y (5) IXZ 2Ty (zx'yzxzxyy,xzx,yz ,yz)’
(7)Y (5) REAFLIE (zx’y XZ,1,XZ, 12 y2),
()N () : X2 o2 2 (Zx,yzle,yz , le,yzzx,yZ)’
() (5) IXZ oy (Zx,yZXZU'XZlny y2),
(M (5) 1XZ 2T, (zx'y X2,1,X2,,7 2)

Overlappings of the relation (7) with form (6):

(NN (6) ixz,y,  (z,XY, Xyz,,),

(M (6) Xz, Y, (zl,yxy, xyzl’yz),

(1) (6) 1X2, Y, (zlyyzxy, Xyz,,),

(NN (6) :xz,.y, (Z,xY, xyzx’yz),

(M) (6) X2, Y, (zx,yxy, xyzxyyz).

All these above critical pairs are resolved by

corresponding reduction steps. We show two of them as
examples.
yZoy2Y 7 DayYia Y2, 2% ™ Yl o

ZX.
OIOEIEINES N
' Zx. 2 YZ y2 - ny‘lszyz

2, X0, = 7,2, X > 2,2, X

(M (5) X2y, 2, —> {

X2,y = 2%, > 2,7, X

1141,y

Since the rewriting system given with (1)-(7) is
Noetherian and confluent, it is complete.
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Now we consider normal form structure of an arbitrary the reduced words y2z

and z ,Z ,X are of the
word yeC, #'C,- Itis easily seen that it is of the form; L
p

11l yo Xy

form y'W, x'.
a.b

YW, x' (0<k<2,0<1<1),
ab Finally, we can say that the number of generators and

where W, (e Cz,b' €C,) is a reduced word relations of Cch#fi C, are 8 and 36. We can ecasily see these
ab

results by taking n = 2 and m = 3 in the generator number

formula mn+2 and relator number formula

nm(hm+5) +6
2

obtained by generators z,, (a€C,,beC,) . Forexample,

in Corollary 2.4.
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