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ABSTRACT. For differential inclusions and hemivariational inequalities driven by anisotropic differential opera-
tors, we establish the existence of generalized variational solutions and weak solutions. The main novelty consists in
allowing that the driving operators might not satisfy any ellipticity condition, which is achieved for the first time in
the anisotropic and nonsmooth context. The approach is based on a finite dimensional approximation process.
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1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

In this paper, we study the following differential inclusion with the Dirichlet boundary con-
dition
(1.1) —Apu+ pAqu € OF (u) in Q,

’ u=0 on 0N

on abounded domain 2 in RY with N > 2 and boundary 9. Here i € Ris a parameter and we
haveﬁ: {plv"' 7pN} and(j': {qla"' 7qN}/Where 1< Dp1,- -+, PN < OO, 1< q1,- - ,qN < 00,
and ¢; < p; foralli = 1,--- , N. The driving operator —Az + pAz in (1.1) is formed with the
anisotropic p-Laplacian Ay and the anisotropic ¢-Laplacian Az. We recall that the anisotropic
r-Laplacian with 7= (ry,- - ,rn) is defined as
ri—2 @
3% '

N
9 [19()
Af* = -
In (1.1), we take 7 = p'and 7 = ¢. For our purpose, the most relevant case of driving operator
in (1.1) is the competing anisotropic operator —A; + Agz. We assume that

A}
(1.2) Z— > 1.
P
Set
+ _ . . N
b ::max{ph“.’p]\]}?p = mln{p17"'7pN})p = N 1 4’
Zi:l pi 1
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and further assume

(1.3) pt < p*.

In the right-hand side of inclusion (1.1), we have the generalized gradient 0F of a locally Lip-
schitz function F' : R — R (see [9]). The multivalued expression 0F(u) means that pointwise
OF (u(z)) is a subset of R for any « € Q. Without loss of generality, we may suppose that
F(0) = 0. We assume that the following condition is satisfied:

(H) There exist positive constants ¢y and ¢; with ¢; < A; zp~ such that
€l < co+ et !
forallt € Rand ¢ € OF(t), where
ZN: 1
(1.4) M= inf =
wewi 7 @0 ull?)

The definition of the generalized gradient OF implies that each solution u € W, 7(Q) to (1.1)
is a solution of the inequality problem

(15) (—Agu,v) + pl—Dgu,v) < /Q Fo(u(w); v(x))da

for all v € W ?(€2), where F° denotes the generalized directional derivative of the locally Lip-
schitz function F. Problem (1.5) is a hemivariational inequality in the Banach space W, ”(().

A brief presentation of the space 1 7(Q)) will be done in Section 2.
We are interested in two types of solutions for inclusion (1.1) and a fortiori for hemivaria-
tional inequality (1.5), namely the weak and generalized variational solutions.

Definition 1.1. A function u € Wy () is called a weak solution to (1.1) if
(16) (~Bgu0) + p(-Bgu,0) = [ a)olads
Q

forall v € WEP(Q), with = € LP'(Q) € OF (u) a.e. on L.

Definition 1.2. A function v € W, 7( Q) is called a generalized variational solution to inclusion (1.1)
if there exists a sequence {u, >, C Wy’ ?(Q) such that

(@) up, = win W&’?(Q) asn — oo;

(0) —Apun + pAguuy, — 2z, — 0in W=1P'(Q) as n — oo with z, € L7 (Q) and z, € OF (uy,)
a.e. on )

(€) limy oo (Apupn + AU, u, —u) = 0.

From Definitions 1.1 and 1.2, we see that any weak solution u € W;?(€2) to problem (1.1)
is a generalized variational solution. In order to confirm this, it suffices to take u, = w in the
definition of the generalized variational solution. The converse assertion is generally not valid.

Our main results are formulated as follows. Note that the part played by the parameter . is
fundamental.

Theorem 1.1. Under the stated assumptions, there exists a generalized variational solution to problem
(1.1) for every v € R. In particular, there exists a solution of the hemivariational inequality (1.5).
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Theorem 1.2. Under the stated assumptions, if ;1 < 0 then each generalized variational solution to
problem (1.1) is a weak solution. Moreover, if p < 0, problem (1.1) admits a weak solution which is a
global minimizer of the minimization problem

N
(1.7) inf [Zp
i=1

vEW P (Q)

v
8%—

N 74
ﬁ — v\x x| .
¥ Lﬂ(W]

The main novelty in our study is the presence of the anisotropic operator —Azu + pAgu in
the nonsmooth problem, which loses the ellipticity when 1 > 0. This extends to an anisotropic
nonsmooth setting the use of competing operators considered until now in completely different
situations [12, 15, 16, 17, 19]. We mention that the concept of generalized solution for equations
involving competing operators and convection terms was developed in [11, 14, 15, 16, 23] (see
also [1, 2, 7, 26]). In the present work, we explore the existence of generalized solutions to
hemivariational solutions driven by competing anisotropic operators.

The rest of the paper, has the following structure. In Section 2, we outline the needed
background of anisotropic spaces and operators and provide auxiliary results regarding the
nonsmooth analysis for inclusion (1.1). In Section 3, we present our approach based on finite
dimensional approximate solutions. In Sections 4 and 5, we prove Theorems 1.1 and 1.2, re-
spectively.

axz

LPi

2. MATHEMATICAL BACKGROUND AND AUXILIARY RESULTS
The anisotropic Sobolev space W, ?(Q) is defined as the completion of the set of smooth
functions with compact support C2°(§2) with respect to the norm

N

lullwp 7y = Z

=1

)

LPi

ox;

where || - ||z is the usual norm of the space L"(f2). It is separable and uniformly convex, thus a

reflexive Banach space. The dual of W "?(£2) is denoted W 17" (Q). The following embedding
theorem can be found in [10, Theorem 1].

Theorem 2.3. Assume that conditions (1.2) and (1.3) hold. Then for all r € [1, p*], there is a continuous
embedding Wol’?(Q) C L"(Q). For r < p*, the embedding is compact.

From Theorem 2.3, we have the compact embedding

(2.8) W, P(Q) C LP ().
In particular, by (2.8) we infer that there exists a constant S; > 0 such that
2.9) ollzs < Sillvllysq), Yo € Wo(Q).

The quantity A; 7in (1.4) is finite due to the compact embedding (2.8). Since the space WP (Q)
is separable, there exists a Galerkin basis for I/Vol’ﬁ (€2), that is, a sequence of vector subspaces
{Xn}n>1 of Wol’ﬁ(Q) such that
(1) dim(X,) < oo forall n;

(i) X,, C Xp41 foralln;

(i) U5, X = Wy P(Q).

For various aspects involving anisotropic Sobolev spaces, we refer to [3, 4, 5, 10, 13, 18, 20,
23,24,21,22,25].
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We continue with a brief survey of basic elements of nonsmooth analysis that are needed in
the sequel.

Given a locally Lipschitz function F' : X — R on a normed space X, the generalized direc-
tional derivative of F' at u € X in the direction v € X is defined as

F°(u;v) := limsup 1 (F(w+ tv) — F(w)).
w—u,t—01 t
The generalized gradient of F' at u € X is the subset of X* given by
OF (u) :={u" € X*: (u*,v) < F°(u;v) forallve X}.

A case of major interest for us in connection with the resolution of problem (1.1) is when X = R.
In this case, a relevant realization of the preceding notions is as follows. Let f € Lo (R) and its
primitive ' : R — R defined by

t
(2.10) F(t) = /0 f(s)ds, VteR

which is locally Lipschitz. The explicit expression of the generalized gradient 0F(t) is 0F(t) =
[£(t), F(1)], where

ft)= }ii% essinf), 4 <sf(n) and f(t) = glir(l) ess supy,_y<s5.f (1)
for every t € R. With the choice in (2.10), inclusion (1.1) becomes

—Apu+ pAgu € [f(u), f(u)] in Q,
u=20 on 09

which is important for equations with discontinuous nonlinearities (see [8]).
Now, we return to our general case of a locally Lipschitz function F' : R — R satisfying hy-
pothesis (H). It follows from hypothesis (/) that the function F' verifies the growth condition

2.11) |E(t)] < colt| + ;—i|t|p’, vt € R.

Indeed, note that F'(0) = 0 and F is differentible almost everywhere due to Rademacher’s
theorem, thus

F(t) = /Ot F'(s)ds, VteR.

Since F'(s) € OF(s) for all t € R (refer to [9, p. 32])), it turns out from hypothesis (H) that
(2.11) holds true.
It is straightforward to check that the functional ® : L? (Q2) — R given by
(2.12) ®(v) = [ F(v(x))dz, YveLP (Q)
Q
is Lipschitz continuous on the bounded subsets of L? (), thus locally Lipschitz on L (Q).

Therefore the generalized gradient 99 is well defined on L? ().
Using that the domain 2 is bounded, Holder’s inequality ensures the continuous embedding

W P(Q) € Wyo?(Q) (note that ¢; < p; for all i = 1,..., N). Then the embedding W, ?(Q) —
LP () in (2.8) allows us to define the functional J : WO1 P (Q) — R by

/ F(o
L4

N

-

Lri 4

v
3:1:,-

N
(2.13) J)=>" >

8%
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forallv Wolﬁ(Q)

Proposition 2.1. Assume that condition (H) holds. The functional J given by (2.13) is locally Lipschitz
on WP () with the genemlized gmdient

(2.14) Z

=1

1 ov
(9177;

ov
5xi

— 0P(v)

81) al
for all v € W}P(Q). Moreover, the functional .J is coercive on WP (2), which means that
(2.15) lim J(v) = +o0.

ol 1.5y =

Proof. The first part of the statement is a direct consequence of (2.13) and of what was said
about the functional ® introduced in (2.12).

We pass to the proof of (2.15). Hypothesis (H) in conjunction with (2.9), (1.4), (2.8), (2.13)
and Holder’s inequality, leads to

N i
J@)zz ov | gl v ” _/<co|v|+61|v|p)dx
— axz LPi i1 q axz L% Q P
il i || B
> Q
Z 63:1 Lpi ; ‘ | Ox; LPi
axz Lpi axl LPi

where || denotes the Lebesgue measure of Q. As it was assumed that 1 < ¢; < p; for all
i=1,---,N,and ¢; < Ay pp~, we arrive at (2.15), so the functional J is coercive. O

3. SEQUENCE OF APPROXIMATE SOLUTIONS

In order to simplify the notation, for any real number > 1 we denote ' := r/(r — 1) (the
Hoélder conjugate of ), and we can set p” := (p}, -+ ,ply) for = (p1, -+ ,pN)-

As noticed in Section 2, there exists a Galerkin basis {X,,},,>1 for the space VVO1 P (Q) that
we now fix. We construct approximate solutions to inclusion (1.1) on each finite dimensional
subspace X,,.

Proposition 3.2. Assume that hypothesis (H) holds. Then, for each n, there exist u,, € X,, and
zn €LP (Q) with z,, € OF (uy,) almost everywhere on Q such that

(3.16) J(up) = vle%gn J(v)

and

(3.17) (—Aptn, v) + p(—=Agupn,v) — / zpvdr =0
Q

forallv e X,,.

Proof. Proposition 2.1 ensures that the restriction J|x, of the functional J : W, P() = Rto
the finite dimensional subspace X,, is locally Lipschitz and coercive. Therefore there exists
u, € X, satisfying (3.16). We derive from (3.16) the necessary optimality condition

(3.18) 0€0(J]x,) (un)-
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In view of (2.14), we have that (3.18) results in (3.17). The Aubin-Clarke theorem (see [9, p.

83]) applied to the integral functional ® on L? () in (2.12) yields that z, € 0F(u,) almost
everywhere on ). This completes the proof. O

Corollary 3.1. Assume that condition (H) holds. Then the sequence {u,} C W, P(Q) constructed in
Proposition 3.2 satisfies

(3.19) lim J(u,)= inf J(w).

n—oo weW, ()

Proof. Recall that X,, C X,,4 for all n. Then (3.16) shows that the sequence {J(u,,)} is nonin-
creasing, while the proof of Proposition 3.2 provides that is bounded from below. Hence the
limit ! := lim,,—, oo J(uy,) exists.

Arguing by contradiction, admit that

> inf J(w).
weW,y P (Q)

This amounts to saying that there exists w € W, 7(Q) such that J () < L. Consequently, there

exists a neighborhood U of @ in W ?(€2) such that

(3.20) J(w) < lforallw e U.

Since W, P(Q2) = U2, X,,, there exists m such that @ € U N X,,. Then (3.16) and (3.20) yield
urél)icr,an(v) <Jw) <1< UIél}l(ITl'J(U)

The obtained contradiction proves (3.19), thus completing the proof. O

We focus on the sequence {u,,}.

Proposition 3.3. Assume that condition (H ) holds. Then the sequence {u,,} constructed in Proposition
3.2 is bounded in W, " (), so there is a constant My > 0 such that

(3.21) HunHWOl,,;(Q) < M; foralln > 1.

Proof. Set v = u,, in (3.17) (note that u,, € X,,). Then, as in the proof of Proposition 2.1, we use
zn(z) € OF (uy(x)) for almost all © € Q to infer that

N

Z 1 3un pi
i Pi 0x; || 1o,
N )
1 || Oy ||* /
=u — + [ zpundx
;Qi Ox; L4 Q e

qi N

+ C()Sl Z

Lri i=1

-

Oun,
8(Ei

ou,,
8%—

-1 N
Cl/\l,ﬁ 1

P

Oouy,
8xi

o o i
SZE\W P
=1

Sincel < ¢; <p;andp™ <p;foralli=1,...,N,and ¢; < A1 zp~, we get the stated result. [

Lpi p LPi

Corollary 3.2. Assume that condition (H) hods. Then for the sequence {u,,} C W, ?(Q) in Proposi-
tion 3.2 there is a constant Moy > 0 such that

(3.22) | = Aptn + pAgtn = znlly 157 () < M2

for all n, with z, as described in Proposition 3.2.
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Proof. For each v € W, ’?(Q), by Holder’s inequality, hypothesis (H), (2.9) and (1.4), we find
the estimate

|<_Aﬁ/ufn + MAcTUfn — Zn; U>|
N

Oun |72 Bu, Ov Oun |% 2 du,, Ov d / J
T r— | zpvdr
q | 0z; ox; 0x; a | 0z; Ox; Ox; a "
aun pi—1 v q;i—1 o
=1 6$l LPi (9%‘1 LPi L4 61‘Z L4
N i—1 -1
Ouy, ||* 8un 4
< - + ¢cpS1 + )\ U v 1,5/ -
(2 O || i Las Sl olz =" ) 1ol s
This entails
| — Apun + pAgu, — Zn”W—l,ﬁ’(Q)
(323) ou pi—1 au q;i—1 B
SZ o » +coS1+ A Huan
i=1 Ti |l Lrs L%

By (3.23), (3.21) and Theorem 2.3, we obtain the validity of (3.22), which completes the proof.
O

4. PROOF OF THEOREM 1.1

Proposition 3.3 provides the sequence {u,} C W, *(Q) which is bounded in W, 7(Q) as
demonstrated in (3.21). Therefore, thanks to the reflexivity of the space Wj*(2), up to a
subsequence it holds u,, — u in Wol”_" () for some u € Wol"ﬁ (©). Corollary 3.2 ensures that
the sequence {—Aju, + pAgu, — z,} is bounded in W~17'(Q), with z, € Lpfl(Q) satis-
fying z, € OF(uy) almost everywhere on . Then along a relabeled subsequence we have
—Apn 4 pAguy — 2, — nin WL7'(Q) for some n € W17 (Q).

We claim that = 0. In order to prove the claim, let v € U2, X,,, so v € X,, for some m.
Note that for each n > m, we have v € X,,, which enables us to insert v in (3.17). Letting n — oo

in (3.17) renders (n,v) = 0. Using that U32; X,, is dense VV0 P (), we are able to conclude that
n = 0. Therefore we have

(4.24) — Aty + A, — 2, — 0in W7 (Q).
Combining (3.17) and (4.24) results in

(4.25) lm | (=Aptn, un — u) + (A gy, up — u) — / Zn (Up — u)dx} = 0.
n—oo O

We stress that in the above arguments . € R is arbitrary. We are thus in a position to assert

thatu € W, () is a generalized variational solution to problem (1.1) whose sequence required

in Definition 1.2 is {u,}. As noticed before, we deduce that u € W;?(Q) is a solution to the
hemivariational inequality (1.5). The proof of Theorem 1.1 is completed.
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5. PROOF OF THEOREM 1.2

Now we assume that ;z < 0. Theorem 1.1 applies producing a generalized weak solution for
problem (1.1).

Let u € Wy"(2) be a generalized weak solution to problem (1.1). According to Definition
1.2, there is a sequence {u,} in W7 (Q) satisfying the requirements therein. In particular, it
holds (4.25). The sequence {z,} is bounded in L’ (©2) due to the Lipschitz continuity of the
functional ® on the bounded subsets of L? (12) (refer to the proof of Proposition 3.2). Moreover,
it is true that u,, — uin L? () owing to the compact embedding in Theorem 2.3 for r = p~.
Altogether this gives

lim Zn (uy, — u)dz = 0.
n—+oo /o
Then (4.25) leads to
(5.26) lim (—Apu, + pAgun, tn —u) = 0.
n—oo

Using that ¢ < 0 and the monotonicity of the operator —Az on W, 9(2), we are able to write
(=Aptin, un —u)
=(—Apup + AUy, Uy — u) + p{—Aguyn + Agu, uy — u) + p{—Agu, u, — u)
<(=Apun + pAgun, un — w) + p{—=Agu, up — u).
By (5.26) and u,, — u in W;'9(€2), we find that
(5.27) lim sup{—Apup, u, —u) < 0.

n—oo

The monotonicity of the operator —A; on W, *#(Q) implies
N i—2 i—2
Ouy, |77 Ouy, ou |P7° du ou, Ou
0< - d
N Zz_;/sz (‘ Ox; 5%‘) <5£Ci 5%‘) v

By (5.27) and u,, — uin W;'9(€2), we are entitled to assert that

= (—Apu, + Apu, uy, — u).

Ouy, pi=2 ou,, (Ou, Ou
li — de=0 Vi=1,...,N
TLI—>H;O 0 8951 8$L (6@ 6@) v ! ’ ’
which yields
limsupHaun < Ou Vi=1,...,N.
n— o0 8:@ LPi 8351 LPi

Since the space LPi(£) is uniformly convex (see [6]), we infer the strong convergence u,, — u
in WP(Q), thus —Ajzu, — —Agzuin W17 (Q) and —Agu, — —Aguin W14 (Q).

On the other hand, taking into account that u,, — win L? () and z,, € 9®(u,,) C 2 (),
the sequence {z, } is bounded in r’ (), so along a subsequence z,, — z in r’ (Q) for some
z € Lpfl(Q). From [9], it is known that the generalized gradient 0® is weak*-closed, so we
obtain z € 0®(u). Furthermore, (4.24) ensures

—Apu+ pAqu—z = 0in W17 (Q).
Under assumption (H), the Aubin-Clarke theorem (see [9]) can be applied to the functional
¢ : LP (Q) — Rin (2.12) establishing that z(z) € OF (u(z)) for almost all z € Q. Consequently,
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u € WO1 4 (Q) satisfies (1.6), thus it is a weak solution to the inclusion problem (1.1), thereby of
hemivariational inequality (1.5), too.

The last step in the proof concerns to show that u € W, 7(€2) solves the global minimization
in (1.7). In view of (2.13), the global minimization in (1.7) reads as u € W, P(Q) is a global
minimizer of the functional .J on W, ?(€2). On the basis of the strong convergence u,, — u in
Wy 7((2), we are allowed to pass to the limit in (3.19) finding that inf -~ J (w) is achieved at

weW, P (Q)
u € Wy P(Q). The proof is complete.
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