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Abstract
In this paper, the periodicity of the solutions of some higher
order difference equations

WnWn—_k-1
Wnt1 =W—' n;kENo
n—k

are investigated where the initial conditions are arbitrary real
numbers such that the denominator is always nonzero. While
investigating the periodicity of this higher order equation, first
the special cases of the equation were considered then a
generalization was given for the periodicity of the solution of
this higher order difference equation. Moreover, some
numerical examples are given to illustrate our theoretical
results.

Keywords Periodicity; Difference equations; Positive solutions; P-cycle.

0z
Bu makalede, baslangi¢ kosullari paydanin her zaman sifirdan
farkh olacagi sekilde keyfi reel sayilar olmak lizere, bazi yiiksek

mertebeden
WnWn—k-1
Wny1 = ——— n, k € Ny
Wn—k

fark denklemlerinin ¢éziimlerinin periyodikligi arastiriimistir. Bu
yuksek mertebeden denklemin periyodikligi arastirilirken 6nce
denklemin 6zel durumlari ele alinmis, daha sonra bu yiiksek
mertebeden fark denkleminin ¢6ziiminin periyodikligi igin bir
genelleme yapilmistir. Ayrica teorik sonuglarimizi géstermek igin
bazi sayisal ornekler verilmistir.

Anahtar Kelimeler Periyodiklik; Fark denklemleri; Pozitif ¢éziimler; P-
devir.

1. Introduction and Preliminaries

Recently, there has been a significant increase and
interest in studies on the theory and applications of
difference equations. Difference equations are widely
used in a variety of mathematical models related to
biology, physics, economics, genetics, population
dynamics, medicine, physiology, and ecology. So, there
are many articles and investigations in this field (Tasdemir
et al. 2022, Okumus and Soykan 2019, Tasdemir 2021,
Gocen and Glineysu 2018). Obviously, a great deal of
research has also been done on the dynamical behaviors
of rational difference equations. For instance, the
periodicity of difference equations is a kind of this
behavior. Studies concerning to this subject are
numerous (Balibrea and Linero 2007, Gocen and Cebeci
2018, Gocen and Cebeci 2022). Especially, studying higher
order difference equations is even more interesting. Now,
we can give some basic definitions and informations
needed throughout this article. For more information, see

Camouzis and Ladas 2007, Kulenovi¢ and Ladas 2001.

Let J be some interval of real numbers and let g: J¥*1 — |
be a continuously differentiable function.

A (k + 1).th order difference equation is defined as
Wpe1 = gWr, Wy_q, oo, Wiy), N=0,1,.... (1)
A solution of Eq.(1) is a sequence {w, },=_ that satisfies
Eq.(1) foralln > 0.

Definition 1. A solution of Eq.(1) that is constant for all

n 2 -k is called an equilibrium solution of Eq.(1). If
w,=w, foralln > -k

is an equilibrium solution of Eq.(1) then w is called an
equilibrium point, or simply an equilibrium of Eq.(1).
Definition 2. (Periodicity) A solution {w,, },—_; of Eq.(1) is
said to periodic with periodic p if there exists an integer
p = 1 such that

Wnyp =Wy foralln = —k. (2)
The solution is having a prime period p if p is the smallest
positive integer for which Eq.(2) holds. If there is an
integer N > —k such that {w, },;_y exhibits a periodicity
with period p, then a solution {w,},—_, of Eq.(1) is
defined as eventually periodic with period p, that is

Whyp =Wy foralln = N.
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2. Literature Review

In this section, firstly we consider the periodicities of the
following rational difference equations, see Grove and
Ladas (2005). The periodicity of some equations is shown
below, see Table 1.

Table 1. Periodicity of some difference equations

Difference Equation Period
1
Wnt1 = W_n' ne NO 2
1
W, = neN 3
n+1 W?iwn—l 0
Whni1 " ) ne NO 4
MT},—I
Whni1 " n ne NO 6
‘}&1_1‘14/71 2 k 0 1
W, =—, eN, n=0,1,.., 10
ntl Wn-1Wn-3
w, =, keN, n=0,1,.. k+2
ntl ann;vlwn—zu-/--wn—k
Wy = —2n=zemnzk o peN, n=0,1,.., 4k+6

)
Wn—1Wn—3--Wn—(2k+1)

Amleh et al. (1999) investigated the periodic nature of

the equation
Wn-1

Wn+1=a+ W,
n

where the initial values are positive constant, and a = 0.
Devault et al. (2003) studied the dynamic behavior of the

equation
Wn—k

Wpy1 =D+
n Wn

in which the initial conditions and p are positive values.

Forp <5, Balibrea and Linero (2007) found all the p-
cycles having the form

Wpez = Wif(W]-,Wk), where i,j,k €{n,n+1,n+2} are

pairwise distinct and f: (0,0)? — (0, ©) is continuous.

Motivated by all above difference equations, our aim in
this study is to investigate the periodicity of the solutions
of the following higher order rational difference equation.

3. Main Result

In this part, by increasing the order of the difference
equation, we showed that the solutions of the following
higher order difference equations

WnWy_k—
Wiy = =00 = (3)

are periodic.

Firstly, we assume that the case k = 1, in Eq.(3), that is,

_ WnWn—2
Whir = Wy (4)
Theorem 3.

Every solution of the following third-order rational

difference equation

_ WnWn_o

Wnyr = —————
n-1

is periodic with period four.

Proof.
Suppose that the initial conditions are non-zero real
numbers denoted by

w_, =a, w_y =band w, = c.

Then, we can easily obtain

WoWw_2 ca

Wy =—=—
1 w_q b’
ca
WiW_q 5
Wy = =b = a,
Wo c
wowg ac
W3 = < =Db,
wy 5
W3Wwq b%
Wy = W —— =C=Wy,
2 a
ca
_wawy P ca
W5 = “we ¢ _p 141
3 c b
ca
Wsws
W6 = =—=a= W2,
w, c

Therefore, the solution of Eq.(4) is period-4 sequence,
ca ca

{a,b, €5 b, (e .}

In the following example, let us show that every solution

of Eq.(4) is periodic with period four.

Example 4.

Suggest that the difference equation (3) with k = 1 and
the initial conditions x_, = 0.2, x_; = 0.4, x, = —0.1.
Then, every solution is periodic with period four.

04 |

°

°

°
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Figure 1. The periodic solutions of Eq.(3) with k = 1.

Now, let k = 2, in Eq.(3), that is,

Wniy = =02, (5)
Theorem 5.

Every solution of the following rational fourth-order
difference equation

WnWp_3

Wni1 =
Wn_2

is periodic with period six.
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Proof.

Let us prove this theorem differently from the proof of
Theorem 3. Form the Eq.(5), we have

Wn+s5Wn+2

w. =
n+6
Wn+3

Then, if we substitute w,,,5 obtained from Eq.(5) in the
above equation, it follows that

Wn+4Wn+1 w
w. _ WnisWniz2 _ Wnio 2 WniaWnia
n+6 — - - .
Wn+3 Wn+3 Wn+3

Similarly, we write w,,,, as derived from Eq.(5), then we
obtain

Wn+3Wn
_ Wn+4Wn+1 _ Wnyia

Wnie =

=Wy.
Wn+3 Wn+3

So, we can easily see that w,, .4 = w,,.
Hence, the solution of Eq.(5) is periodic with period six.

The proof is complete. In this proof, we use two
substitution wy, .5, Wy44 (because k=2) in the Eq.(5)
respectively. This proof is a special case of the proof of
main result, i.e., proof of Theorem 6.

The next theorem can be proved using a similar
technique.

In conclusion, the following main theorem states that the
difference equation (3) is periodic with period (2k+2).

Theorem 6.

Given a non-negative integer k = 0, every solution of the
following higher order rational difference equation

_ WnWn_g—1

Wny1 = 4
Wn—k

is periodic with period (2k + 2).

Proof.

Consider the initial conditions of Eq.(3) are non-zero real
numbers W_y_q,W_g, W_g41, -, Wy, then we have to
show that wy, | (2x42) = Wy. From the Eq.(3), we have

w — Wn+2k+1Wn+k
n+2k+2) Wiiksr

Then, if we substitute w,, ;41 obtained from Eq.(3) in
the above equation, we can see that

Wn+2kWn+k-1

w.
n+k
Wn+k

Wntk+1
- Wn+2kWn+k-1
Wniksr
Similarly, if we take the equivalent of w,,,,, in Eq.(3) and
write it in above equation, we have

Wn42k—1Wn+k-2
Whik-1
Wn+k-1

Wnik+1
_ Wn42k-1Wn+k-—2
Wntk+1

Additionally, we get w,, 5, _1 using the Eq.(3) we obtain

Wn+2k—2Wn+k-3
- Wn+k-2
Wntk+1

Wntk-2

— Wn+2k—2Wn+k-3

Wn+k+1 '
Again, if we write the equivalent of w,, 54—, in the Eq.(3),
it follows that

Wn+2k-3Wn+k—4

Wn+k-3
Wn+k-3

Wnitk+1

_ Wni+2k-3Wn+k—4

Wn+tk+1

By continuing this operations k-times in this way, that is,
if we write its equivalent in the main equation instead of
the first factor in the numerator and making the
necessary simplifications, we have

—_ Wn+k+1Wn _
Wnt(@2k+2) = Wikt = Wp.

Thus, we obtain that every solution of the higher-order
difference equation (3) is periodic with period (2k + 2).

Hence, the proof is complete.
4. Conclusion

In this work, the periodic solutions of some higher order
rational difference equations are investigated. While
investigating the periodicity of this higher order rational
difference equation, firstly the special cases of the
equation were discussed. The periodicity of the equation
was examined by increasing the order of the equation
step by step. As aresult, a generalization was given for the
periodicity of this type of difference equations.
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