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Abstract

In this paper, periodic structure theory with the wave approximation is
used to present a simple approximate solution technique to characterize
wave motions propagating in periodic line-supported cylinders in the
circumferential direction. To develop displacement functions that
adhere to Floquet's concept, a combination of simple beam functions of
the bounding modes(BM)of propagation bands(PB) of a periodic beam
are formulated. This study is developed for the motion type known as a
plane wave. Consequently, only waves that are simply propagating
without attenuation are taken into account. The circumferential modes
of a single periodic curved panel (unit cell) have been defined in terms
of classical beam functions that satisfy Floquet's wave principle, but the
axial modes are thought to be sinusoidal waves. Displacement functions
are used to strain energy and kinetic energy expressions. The Rayleigh-
Ritz technique is then used to generate the stiffness and mass matrices
of the periodic unit cell. By solving the eigenvalue equation, phase-
frequency relation is obtained. It has also been possible to predict the
bounding frequencies of the PB for various axial modes of a cylindrical
shell with a certain circumferential phase constant. The findings are
then put through comparison with those outlined in the literature.
Further, the bounding frequency results for the optimum periodic
curved panel which gives lowest frequency for a given cylindrical shell
geometry are also found out. It has been found that the current beam
function with a periodic structure (PS) wave approach can find the
bounding frequencies (BF) and bounding modes (BM) with reasonable
accuracy.

Keywords: Cylindrical shell, Curved panel, Wave propagation,
Bounding frequency, Beam function, Rayleigh-Ritz method.

0z

Bu ¢alismada, dalga yaklasimi ile periyodik yapi teorisi, cevresel yonde
periyodik ¢izgi destekli silindirlerde yayilan dalga hareketlerini
karakterize etmek icin basit bir yaklasim ¢6ziim teknigi sunmak icin
kullaniimaktadir. Floquet'nin kavramina uygun Yyer degistirme
fonksiyonlart gelistirmek icin, periyodik bir kirisin yayilma bantlarinin
(PB) swmirlar modlarinin (BM) basit kiris fonksiyonlarinin bir
kombinasyonu formiile edilmistir. Bu ¢alisma diizlem dalga olarak
bilinen hareket tiirii icin gelistirilmistir. Sonug¢ olarak, yalnizca
zayiflama olmaksizin yayilan dalgalar dikkate alinmistir.Tek bir
periyodik egri panelin (birim hiicre) ¢cepegevrgi modlari, Floquet'in
dalga prensibini karsilayan klasik 1sin  fonksiyonlart agisindan
tanimlanmgtir, ancak eksenel modlarin siniizoidal dalgalar oldugu
diigtintilmektedir.Yer degistirme fonksiyonlari, gerinim enerjisi ve
kinetik enerji ifadelerini germek icin kullanilir. Rayleigh-Ritz teknigi
daha sonra periyodik birim hiicrenin sertlik ve kiitle matrislerini
olusturmak icin kullanilir. Ozdeger denkleminin c¢éziilmesiyle faz-
frekans iliskisi elde edilir. Belirli bir cepecevrgi faz sabiti ile silindirik bir
kabugun cesitli eksenel modlart icin PB'nin sinmirlar frekanslarini
tahmin etmek de miimkiin olmustur. Elde edilen bulgular daha sonra
literatiirde belirtilenlerle karsilastirilmistir. Ayrica, belirli bir silindirik
kabuk geometrisi icin en diisiik frekansi veren optimum periyodik
kavisli panel icin sinirlar frekanst sonuglart da bulunmustur. Periyodik
yapt (PS) dalga yaklasimina sahip mevcut 1sin fonksiyonunun sinirlar
frekanslart (BF) ve swinirlar modlart (BM) makul bir dogrulukla
bulabildigi tespit edilmistir.

Anahtar Kkelimeler:Silindirik kabuk, Kavisli panel, Dalga yayilimy,
Sinirlama frekansy, Isin islevi, Rayleigh-Ritz yontemi.

1 Introduction

The use of the wave propagation method to the dynamics of
periodic structures has proven to be an effective tool. Some
alike periodic elements connected end-to-end and/or
connected side-by-side to form a complete structure are the
basic constituents of a periodic structure(PS). Engineering
structures such as  high-rise buildings[1], elastic
foundations[2], elevated guideways, multiple-span bridges,
train tracks, multiple-bladed turbines, wings and fuselages of
aeroplane, gas pipelines, and reinforced shells/plates in the
marine and aerospace industries have been or are treated as
periodic.

These structures all can transmit waves in discrete frequency
bands known as "propagation bands(PB)" or "pass bands,"

*Corresponding author/Yazisilan Yazar

while preventing waves in other frequency bands from
propagating, known as "attenuation bands". A thorough review
of the works of literature concerning dynamic assessments of
PS is provided by Mead[3].

Solid-state physicists were the first to apply the wave
propagation approach to research the dynamics of periodic unit
cells [4]. The approach was broadened to take into account the
study of flexural waves that occur on periodic beam and plate
structures in engineering [5]-[9] meeting Floquet's criterion.
The phase constant change with the frequency of infinitely long
uniform beams and plates on equally spaced rigid supports has
been estimated to represent the dispersion relationship of
flexural waves. By discretizing the PB's(dispersion curve), it is
possible to determine the eigen frequencies of finite arrays of
structures [10]. Based on references[6],[7], there exist
alternating bands of propagation of waves and decay for a
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continuously periodic supporting beam. Mead and Parthan [9]
successfully determined the PB by using beam functions and
polynomial functions approximations and analyzing the same
problem[6] using the periodic structure (PS) technique. Such
boundary mode products are utilized in [9] to assess the
multiple supported periodic flat panel's dispersion surfaces
when exact results are not accessible.

It is requisite to understand the vibration attributes of
stiffened/line supported cylindrical shells and panels to
analyze acoustic response in engineering structures.. In this
article an analytical method is proposed to determine the
bounding frequency of such structures by considering them as
an arrangement of a number of identical cylindrical curved
panels using the periodic structure wave approach. Mead and
Bardell [11]-[12] studied vibration analysis(free) of cylinders
with distinct stiffeners in the axial direction and
circumferential direction using shells differential equations
and PS theory. In comparison with other techniques, this
method begins by taking the structure's single-bay(unit cells)
dispersion curve into account before calculating the natural
frequencies of the whole system. Shell vibration problem has
also been studied using the PS concept combined with
hierarchical FEM [13]-[14] for obtaining dynamic
characteristics  (Propagation constants/surfaces versus
frequency) of orthogonally simple line supports (LS) and
stiffened cylinders. Accorsi and Bennett have applied FEM to
determine dispersion curves/surfaces in orthogonal stiffened
cylinders. Identical axially and circumferentially spaced
stiffeners were assumed, and complex, real and imaginary
propagations constants are determined for a single periodic
unit [15]. Laurent et al. [16] propose a semi-analytical
technique for modelingthe vibro-acoustic of immersed
cylinder strengthened by periodic axisymmetric frames. It is
calculated how Floquet’s harmonics and support position
affects acousticemission. The basic procedure to compute the
free wave propagation in a 1-D(one dimensional) or quasi-1D
periodic continuous system, uniform cylindrical shells, and flat
panels have been employed. The PS theory with FEM has been
used to study free wave propagation and generate dispersion
relations in periodic flat panels[17], unsupported cylindrical
shells [18],[19] and circular ring[20], axial periodic LS
(linesupports) infinitely long curved panels[21], and
orthogonally periodic LS curved panels[22]. Whether a
structure is an open structure or a closed structure, the
dispersion curve remains the same.

Each periodic element is a segment of the shell between two
successive nodal points in the case of a cylindrical shell. The
most obvious choice in the periodic structure analysis of shell
structure is the optimum periodic curved panel, which is
proposed [19],[24]. This optimum (ideal) periodic angle
corresponds to the lowest frequency of the curved panel
(optimum) dimension vibrating in the first axial and first
circumferential modes. Additionally, this will be the whole
circular cylindrical shell's lowest frequency. Flutter analysis of
isolated flat and curved panels is presented using high
precision efficient arbitrary triangular finite element method
for different constraint conditions on its edges [25]. The PS
wave technique has been used to study the 1-D axial wave
motions in a long periodically supported cylindrical curved
panel exposed to supersonic air flow along its generator [26].
All of a finite structure's dynamic attributes can be determined
from a single phase-frequency curve or surface owing to
periodic structure analysis. Free wave propagation computing

has been adapted to cylindrical shells with periodic reinforced
stiffeners/line supports (LS) along the circumference or length
[11]-[14]. It has been adapted for an unstiffened shell [18],[19]
and the results have been correlated with those obtained by
classical Warburton's approach [27]. Even though these
phenomena are widely understood, the majority of literature
papers on periodic engineering structures focus on the
development of theoretical and computational methodologies
to understand their wave propagation behavior and features.

Therefore, in this paper, a new formulation has been presented
using the periodic structure theory wave approach (plane wave
motion type) with the Rayleigh-Ritz method to obtain the
bounding natural frequency of a thin cylindrical structure with
periodic line supports (LS) along the circumference as depicted
in Figure 1(a). Here, classical beam functions[9],[28] satisfying
the Floquet’s wave boundary periodicity conditions[3],[4] have
been used for circumferential modes of a periodic unit cell i.e.
curved panel as shown in Figure 1(b), while the axial modes are
assumed as sinusoidal waves. The natural vibration
frequencies of a complete cylindrical shell/curved panel have
been obtained by the wave method using the PS concept.

The BF (bounding frequencies) are found for different axial
modes of propagation bands(PB) or phase-frequencycurves.
The findings are compared with the literature data[13].
Further, the bounding frequency results for the optimum
periodic curved panel which gives lowest frequency for a given
cylindrical shell geometry are found out. It is found that the
current beam function with wave approach able to find the
bounding frequencies(BF) and bounding modes(BM) with
reasonable accuracy. The advantage of this method is matrices
of small order need to be evaluated. This research can be used
to improve the design and analysis of cylindrical shells that are
better resistant to vibration and has the potential to be applied
to other engineering problems related to wave propagation in
periodic structures to predict the stop band (bounding
frequency(BF) of propagation band or phase-frequency curve)
based on the unit cell modeling.

2 Mathematical formulation

The analysis of (PS) periodic structures (such beams, plates, or
shells) introduces a parameter (§) termed as "propagation
constant” by using the "Floquet principle,” which connects the
vectors at two corresponding sets 'a'’ and 'b' in adjacent
repeating elements:

(Vector at'b’ = (Vector at 'a") exp(6) &Y

where the propagation constant, § = &, + i8;(i = vV—1) is the
basic complex form. The phase lag or lead of the vibration at
point 'b' concerning point 'a’ Figure 1(a) is represented by the
portion §;(= €) that is imaginary, whilst the real part(é,)
denotes the spatial increment or decrement in amplitude.

In the current work using the periodic structure theory in a
wave approach and beam functions that satisfy the wave
boundary requirements following Floquet's principle, the
natural frequencies have been predicted for a cylindrical shell
with circumferential periodic LS as shown in Figure 1(a).

Displacement functions that fulfil Floquet's principle are
formed by combining simple beam functions of a periodic
multi-supported beam’s BM of PB. The LS and the circular edge
supports are assumed as simple, and radially non-deflecting.
For this study, the beam functions f and g [9] that meet wave
boundary requirements are used as follows:
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# " Line supports{Ls)

(b)
Figure 1(a): Cylindricalshellshowingperiodicunit
(a-b-c-d).(b): Curved panel (oneperiodicunitcell).

f(n, &) = sin (g) sin(mn) — (%) cos (g) sin(2mn)
901,8) = cos (5) 0 + i sin (5) s () (2(a)
Y=y e=e
Asr1” Y

The modes chosen are (i) the bound modes(sinusoidal modes)
for axial wave motion, and (ii) the bound modes(beam function
modes that satisfy Floquet'swave principle for the
wave motion along the circumference, viz:
U, t) = u(é,n)ei®t;u = (uy f +uyg) cos(rmé)
V(Ent) = v(E et v = (vify + v2g,)sin(rmé)  (2(b))
W n,t) =wmeSw = (wif +w,g) sin(rm§)

(07 ([ul)*) + 3 (|vy))*) + (D2 (IWllv,

1
1

v=c| |
°%

+ (ﬁv’Dzz(|v,,1|)2) + (ﬁVDszz(lw,&”W,nn

" oy w1) + AwD? + DD (fugl[vy] + vy

+ (vDy(Iwlfwe| + [uelwl)) + (0.5v'DZ (Jve])*) + (05v'D1 D, (|vg |y
+(0.5v'3(juq))*) + (B0f (wee)”) + (BDF(wan)*) = (803 (w1
"+ |W,rl11||W,€§
+2v' Dy Dy (|w)” — (2/31/’D12D2(|w,§,1||v,§

Where s is an odd positive integer. ¢y is the fixed-end beam
function of the nth mode[28],[21].

n=y/band§ =x/a.n and ¢ vary from 0 to 1. f, and g, are
the first differential of the function fand g with respect to 7.

The above displacement functions meet
Floquet's principle(Eq.(1)) for the periodic (repeating)
element in Figure 1(b) of the cylindrical shell in Figure 1(a) as
follows:

i. Along the generator of periodic cylindrical panel
ug(0,m) =ug(l,1) =0;
v(0,n) =v(1,n) =0;
w(0,m) =w(l,n) =0;

wee(0,m) = wee (1) = 0; ®3)
ou 22w
Where, ug = Ve = o
ii. Along LS for the flexural wave's for circumferential

propagation

u(€,1) =u(§,0)=0;u, (1) = u, (& 0)e;
U (&, 1=, (€, 0)e";
v(§,1) =v(£,0) =0; v, 1) =v,( 0)e;
w(E1) =w(E0) = 0w, (1) =w,(E 0)e

, (4)
Wy (§,1) = wyy(§,0)e™"
ou 2%u v 2%y
Where, u; = o L = 5y Un = 50 Vi = 5
aw %w

Wan =% W =52

The component phase difference between neighbouring LS is
represented by the phase constant(e = §; = ¢, ), where x, y are
the coordinates of a point with the left support as the origin.

Rayleigh quotient for a single beam's frequency employing
approximately complex mode wave forms with a known
imaginary part (i.e. phase parameter or constant) &, [3] of the
propagation constant (§) for a plane wave:

2

2
dwdx

dx?

Jy EI
a fOL pAlw|? dx

(5)

2

The integrals' modulus signs cause this to be different from the
typical Rayleigh quotient. The cylindrical panels' changed
strain and kinetic energy expressions are shown below:

The strain energy (U) of the periodic unit cell/repeating
element in Figure 1(b) is:

n

|
*))
) g ®

5

o ugllvg

*

+

Un | |W,rm

T+ v llwee

1) = (Bv2D,(|wgel v
)+ @Bv'Di(Jve)®

T+ |",€||W,§n
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Where, C = —ZRZE(hla_bvz) ; Dy =§ ; Dy = g ;1=v) = Iy = folgg;m dn = —I;
I = flfrmfr;rl dn;
A periodic unit cell /repeating element's kinetic energy is: 1 o
Ly = f fon@n A0 = Jy Gnfom dn;
N 11 o rm_ rml ‘o n.n nn
phab(uz 1 112 - fo ImYm dT],
— 2 2 2
r= 2 J; J-[lu| +1vl® + Iwl*ldédy (7) Where, f;, and g, are the first differential of the functions f and
0

The formulas for strain energy and kinetic energy make use of
the displacement functions (Eq. (2)). The periodic unit cell
stiffness and mass matrices are then derived using the
Rayleigh-Ritz technique.

Rayleigh quotientis Q% = U/ T*

1
hab [t
1 =22 [ [l + 101 + wizlagan ©®)
0 0
Using the Rayleigh-Ritz method,
2
22.* = 0;(q; = uq,uy, v1, v, Wy, wy),0ne eventually obtains

(KT - Q*[MD{q} = {0} 9)

For non-trivial solutions (if and only if the determinant of a
matrix is zero), the linear algebraic equations of motion are
found for the coefficientsq; (i = 1 ... 6) as follows:

det | [K] — Q?[M] | = {0} (10)

Q is dimensionless frequency. We now have (6x6) stiffness and
(6x6) mass matrices. These are as follows.

2.1 Stiffness matrix

Where, [K;j]are

Ky, = (r’m?D1, + 0.5v'DZ1,);

Kip = (r’m?D2?I, + 0.5v'DZI;);
K3 = rn(vD,D,I, + 0.5v'D,D,1,);
K4 = rm(vD,D,Ig + 0.5v'D, D, I);
Kis = rn(vD,1,); Ky = rr(vD,1,);

Ky, = (r*m?D?1; + 0.5v'D21y);
K,5 = rr(vD,D,lg + 0.5v'D, D, I5);
Ky, = rm(vD Dyl + 0.5v'D, D, I);
K,s = rn(vD,1,);K, = rm(vD, 15);

K33 = r2m2[0.5(1 + Bv')Dil,o + v' (0.5 + 2B)D?1,];
K3, = 1?m%[0.5(1 + Bv')DZ1,; +v' (0.5 + 2B)D?I5]
K35 = D,[(1 = Br*m?*D)l; — D} 1o — Bv'r*m*DiL,);
K36 = D,[(1 = Brm?DY)lg — D} 11, — Bv'r*m*Dils);
Kuy = [(1 + Bv)D2I, +v'(0.5 + 28)r?m2D21,);
Kys = D,[(1 = Brm? D)1, — D31, — Bv'r*m*DiLL];
Kis = D,[(1 = Br*n? DIy — D31y, — Bv'r*m?Dig);
Kss = [(1 + Brin* DI, + BD31o + 28V T2 DEDZI, +
Bvrin?D2DZL];

Ko = [(1 + prin*D)I, + BDI1, + 2Bv'r*n?DZD21s +
Bvr?m?DiDi1);

Keo = [(1 + [31“*11‘*D{*)13 + [?Dfllz + Zﬁv’rznlezDzzls

+ Bvr?m?D2D21,]

The integration /; are
L= Jy ffdmily = [, fg" dnils = [ gf " dn;
I = folf.nf,n* dn;ls = folf.ng.n* dn = fol Gufy" dn;
Ig = f, 909" dn;
I = folff,r;n dn = folf,rmf* dn;
Iy= [ fgomdn = [, gy dn;

g with respect to n; f,, and g, are the second differential of
the functions f and g with respectton; f*, and g* are complex
conjugate of functions f and g respectively.

2.2 Mass matrix

L 0 0
[M]=|0 L 0 (12)
07

Where,

m_ [ Rlr-_[la Llr-_[h L

R v e T Lol
Equation (9) does not provide information about attenuated
(or complex conjugate) waves. This is because €y is assumed to
be purely imaginary. This situation is fulfilled when a "plane
wave" propagates with a frequency (w) across a line-supported
cylinder along the y -axis. Each periodic unit oscillates in the
same complex mode w(&,n)e'®t[3] but there will be a phase

gap of €y between adjoining unit cells in the direction of the
circumference (y or n).

The parameters used in the analysis are as follows. The
geometrical parameters of curved panel (axial length(a), radius
of curvature(R), circumferential length (b) and thickness(h))
and material parameter(Young’'s modulus of elasticity (E),
density(p), Poisson's ratio (v)) are supplied to analysis. The
value of b(circumferential length of periodic curved panel or
unit cell) will be used in the computation according to periodic
angle (0) of curved panel. Then, the value of phase constant ey
can vary from 0 to m and the corresponding dimensionless
frequency Q is acquired from eigen value equation (9)for a
given value of the axial mode(r). The dimensionless frequency
value Q at €y,=0 and m, are the bounding frequency of
propagation band or phase-frequency curve.

3 Results and discussions

The geometric information and material attributes required to
generate numerical results were taken from [11],[13]. The
material is Aluminum and has the following properties:
The modulus E is 70 GPa, the Poisson's ratio(v) is 0.3, and the
material density is 2700 kg/m?3. The axial length a=0.135 m, the
shell and panel radius R=0.381 m, and the thickness
h= 0.559 mm are the dimensional parameters of the curved
panel and the full cylinder (Figure 1).

To compare the outcomes of the current formulation,
eigenvalues of equation (9) were computed for a cylinder with
randomly selected 44 equi-space circumferential simple (LS)
line supports (periodic unit, i.e. curved panel withm/22
radian subtended angle at center)[13]. The dimensionless
frequency Q is determined using the present beam function
with PS formulations for a given ey (0 to m) for different axial
modes (r=1,2). The phase-frequency curves (propagation
bands, PB I and PB II) are shown in Figures 2(a) and 2(b) for
different axial modes, r=1 and r=2 respectively, for a periodic
angle of t/22 radians. The BF compare well with the bounding
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frequencies of first two propagation bands (PB) obtained using
the hierarchical function [13] and presented in Table 1.

Table 1. Comparison of BF (Q) of phase-frequency curves or
propagation bands (PB 1 and PB II) with a periodic angle
of m/22 radians for r=1, 2 with literature[13],[24].
Dimensionlessboundingfrequencies({1 ) and modes of
propagation bands(PB) at phase constants €y=0 and ey= 1

PBI PBII
0.8556* 0.2724+ 0.9521+ 13712+
0.8556" 0.2724" 0.9517* 1.3162"
1 0.8548" 0.2724" 0.9521* 1.3164"
$=2,(SSSS) s=1,(S5SS)  s=1,(CSCS)  s=2,(CSCS)
0.9616+ 0.5046 0.9917+ 1.4623+
0.9636" 0.5039" 0.9887" 1.4164"
2 0.9661" 0.5021" 0.9921" 1.4257*
$=2,(SSSS) s=1,(SSSS)  s=1,(CSCS)  s=2,(CSCS)

(*Upper values are present PS approach; *Middle values are of[13]; and **lower
values are dimensionless frequency and corresponding modes of single curved
panel[24]; Lower values are modes (T, s) in the axial and circumferential direction
of the single curved panel with SSSS or CSCS edges boundary conditions[24]).

Dimensionless frequency(Q) r=1

0.2 0.4 0.6 0.8 10 12 14
N=0.8556 (¥1=0.0.9521

0.50
FEL / PBII
1.00

150 /
200 / \
2.50 / \
3.00 /

Phase constant{&y)

¥ Pl
™ =0.2724 1=01.3712
(@)
Dimensionless frequency(2) r =2
0.5 0.7 0.9 11 13 15

0.00 0=09616 (1=093917

0.50 j \

100 £ }/ Vﬂ"

150 / \

2.00 / \

250 / \
/ 3

3.00

Phase constant(ey)

n “0r=0.5046 T A T

(b)
Figure2. Thefirst (PB I) andsecond(PB II) propagationbands
(phase-frequencycurve) forcylindricalshellwithperiodicangle
60=mn/22 foraxialmode. (a): r=1. (b): r=2.

The advantage of present method is that it requires evaluating
matrices of small order. This method can envisage the
dispersion relation in the "pure PB with no attenuations”. This
follows from the hypothetical presumption of the §,=0, which
is generally not true. PB-associated attenuation was previously
described by an exact analysis by Mead & Bardell [11].

The finite element code [17],[22]-[25] using high precision
triangular finite elements of Cowper et al. [29] and analytical
beam functions code[24] are used to find the frequencies () of
the curved plate for various edge constraints. Simply-
supported four edges: SSSS; clamped four edges: CCCC; simply

supported straight sides clamped curved sides: SCSC; and
simply supported curved sides straight sides clamped: CSCS;
are various forms of edge constraints considered [24]. The
results for the aforementioned frequencies for various axial (r)
and circumferential (s) modes are well compared with the [13].
Now, these bounding frequencies (BF) obtained from the
present formulation are compared with single curved panel
free vibration frequencies with different edge boundary
conditions and presented in Table 1.

There is a clear subtended angle in a curved panel in the earlier
study [18],[19],[24] where the frequency is lowest. An optimum
or ideal curved panel is one with this specific subtended angle
(optimum angle). As a result, it becomes clear that choosing the
repeating cells for shell analysis that would correspond to the
lowest natural frequency with SSSS boundary conditions is
reasonable. The lowest axial mode (r=1) of a circular,
cylindrical shell as shown in Figure 1(a)with simply supported
ends has the lowest radial vibration frequency, but the number
of circumferential modes depends on the ratios of the shell's
axial length (a) to its radius (R), as well as its thickness (h) to
its radius (R) [27].

It was demonstrated in Figure3(a) that the smallest Q of value
of 0.2516 corresponds to r=1 and N (circumferential full
waves)=18 for radial vibration [18],[19],[24] using
Warburton's [27] method and taking the dimensions (a/R,
h/R) of ref. [13] for circular cylindrical shell with simply
supported ends. The natural frequency ()versus subtended
angle(6) at center of a cylindrically curved panel with the SSSS
boundary condition and the same a/R and h/R ratios as that of
full cylindrical shell is shown in Figure 3(b).

180 —
T Cifeular *:u]inrll el shll with
5 160 j_ ol rpririreFeridey
= A=0135 0 B=L38 L m, h=f.55
E’ 140 :___a:_cl_al'nmi__ =T gm?
120 - £
= ! 7
2 100 A
© /
o 0.80 7
R //
E 0.40
E EISEEET EE
& oo |n=u._:uy?- ke FESS
Nitg [ R
0.00 + T
] 10 20 30 40 50 B0 70 80
Circumferential full waves(N)
(a)
12

Oylindrical curved panel wit!
uredges simply-suppored
\ 2=0.135/m, R=0.381m

e
=]
.

0S5
i al e
rial moder

7

i=e

N

B l!‘tldegree
Ir=MZ516

<2
a

Dimensionless frequency (2)
(= (=1
o o
T

=
=]

o 5 o 15 20 25 30

Subtended angle in the center of curved panel(8) in degrees

(b)

Figure3. Radial free vibration frequency(Q). (a): Versus
circumferential full waves(N) of full circular cylindrical shell
using Warburton approach [19]. (b):Versus subtended
angle(#) in the center of cylindrically curved panel [19].
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It is evident that for a given a/R and h/R ratio, one subtended
angle is obtained with the natural frequency Q =0.2516 being
lowest [18],[19],[24]. The corresponding subtended angle is
/18 radians (optimum periodic angle 6o) and oscillates in the
r=1(first axial) and s=1(circumferential mode). The
corresponding panel with subtended angle m/18 radians
(10 degrees) is called the optimum periodic curved panel.
However, in reference [11]-[13], the periodic unit cell (curved
plate) angles are presumed to be aleatory i.e. 1/22 radians and
n/33 radians.

The findings of the boundary frequencies () for a curved panel
with the ideal(optimum) periodic angle 8,=m/18(optimum) are
shown in Table 2 for the first propagation band and first two
axialmodes(r=1,2).The minimum frequency Q=0.2516 s
determined, which corresponds to the curved panel with four
edges simply-supported(SSSS) boundary conditions and
vibrating in first axial(r=1) and circumferential(s=1) mode.
There is a coherent gap between Q =0.2516 (6,=m/18 radians,
optimum) and Q =0.2724 (6=m/22 radian). From the
discussion above, it can be inferred that if the chosen periodic
curved panel angle is /22 radian [11]-[13] for this particular
geometry, the lowest bounding frequency (fundamental)
0=0.2516 is missed.

The bounding frequency results are compared with published
literature data[19],[24] and found good agreement. The modes
of bounding frequencies are identified and shown for first two
axial modes(r=1,2) in Table 2.

Table 2. Comparison of BF(Q )of phase-frequency curve or
first propagation band(PB I)for optimum periodic angle(m/18
radians) and r=1,2 with references[19],[24].
Dimensionlessboundingfrequencies(£2) and modes
of propagation bands(PB I) at phase constants ey =0

and ey=T

r €,=0 €y =T

0.5854+ 0.2516+

(0.5840) (0.2516)

1 0.5880" 0.2526"
s=2, (SSSS) s=1, (SSSS)

i =

0.7062+ 0.5412+

2 0.7089" 0.5402*
s=2,(SSSS) s=1,(SSSS)

S ]

(*Upper values are present approach; Bracket values are reported in[19]; *values
are frequencies obtained in [24] corresponding to optimum periodic angle. Lower
values are modes(r,s)in the axial and circumferential direction of the single
curved panel with SSSS edges boundary conditions[24]).

Further, the bounding frequency can be generated for different
periodic angles. However, for a particular geometry (a/R, h/R)
of shell, one can not get the lowest fundamental frequency for
other periodic angles(f) except 6y,=m/18 ie. 10
degrees(optimum periodic angles). The natural frequency
versus subtended angle in the center of curved panel cross
section is depicted in Figure3(b) with four edges simply
supported. One can get the boundary frequency( lower point of
PB I as shown in Figure2, at ey= ) for other periodic angles
using Figure 3(b)graph. However, these are not significant for
the design and analysis of cylindrical shell structures.

4 Conclusions

A new formulation of the wave propagation in a multi
circumferential LS supported cylindrical curved panel or a
complete shell in bending vibrations is described in this study
using an approximate solution. The periodic structure theory in
a wave approach is used to describe the wave motion in
circumference of cylindrical shell with periodic circumferential
line supports. Plane wave motion type has been considered.
Consequently, only simply propagating waves are considered
with no attenuation. Bounding modes of a periodic beam's
propagation bands are coupled with basic beam functions to
generate displacement functions that satisfy Floquet's theory.
Derive the stiffness and mass matrices of periodic unit cell
(single periodic curved panel) using the Rayleigh-Ritz
approach.To find the phase-frequency relation, use the
aforementioned technique to solve the eigenvalue problem.
The bounding frequencies and bounding modes results of the
current beam function with periodic structure formulations are
well comparable to those of the literature-available hierarchical
functions. This validates the proposed present formulation. The
benefit of this approach is that only small-order matrices need
to be examined. To identify the vibration modes, these
bounding frequencies from the current formulation are
compared with single curved panel free vibration
dimensionless frequencies with various edge boundary
conditions. Next, the findings of the boundary frequencies for
the periodic curved panel's with an optimum angle which is the
lowest frequency for the specified cylindrical shell geometry
(a/R,h/R) have been demonstrated.The limitation of present
work is the type of wave considered does not provide
information about attenuated (or complex conjugate) waves.
This is becauseey is assumed to be purely imaginary. The
objective of future study is to extend the current methodology
for determining the propagation surfaces of an orthogonal grid
of a line-supported cylindrical shell.
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