
e-ISSN: 2149-4584 

Erzincan University Journal of Science and 

Technology 

EJSAT 2026, 19 (2) 319-330 

Research 

Article 

 

Corresponding Author: nazife.kacmaz@erzincan.edu.tr 319 
Cite this Article: Erzincan University Journal of Science and Technology 2026, 19(2) 319-330. 

https://doi.org/10.18185/erzifbed.1979117 
 

An Efficient Method for Numerical Solution of Fractional Pantograph Equations 

 

Eda Akarsu1* , Mustafa Gülsu1  

 

 
1Faculty of Science, Department of Mathematics, Mugla Sitki Kocman University,  Mugla, Türkiye, 

 

Received: 31/10/2024 Revised: 21/01/2025 Accepted: 22/01/2025 Published: 31/08/2026 

Abstract 

The pantograph differential equation is one of the most well-known types of delay differential equations. There 

are many different pantograph equations in quantum mechanics. In this study, we present Legendre - spectral 

method for solving fractional pantograph equations using Caputo derivative. The primary aim of this approach 

is to transform such problems into a system of algebraic equation, thereby significantly simplifying their 

solution. The proposed method is highly successful and effective in solving fractional pantograph equations. 

All examples are solved with the help of Maple and MATLAB.  
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Kesirli Pantograf Denklemlerinin Nümerik Çözümleri için Etkili Yöntemler 

 

Öz 

Pantograf diferansiyel denklemi iyi bilinen gecikmeli diferansiyel denklemlerden biridir. Kuantum mekaniğinde 

birçok farklı pantograf denklemleri kullanılmaktadır. Bu çalışmada, Caputo kesirli türevi yardımıyla kesirli 

pantograf diferansiyel denklemlerini çözmek için Legendre - spektral yöntemi uygulanmıştır. Bu yöntem ile, 

denklemi çözmek için cebirsel bir denklem sistemi oluşturularak, problemi büyük ölçüde basitleştirmek 

amaçlanmaktadır. Spectral yöntemler, kesirli pantograf denklemlerini çözmede son derece başarılı ve etkilidir. 

Bu çalışmadaki problemler Maple ve Matlab programları yardımıyla çözülmüştür. 

 

 

 

 

Anahtar Kelimeler:  Ötelenmiş Legendre polinomları, spektral metot, pantograf denklemi, Caputo kesirli 

türevi 
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1. Introduction 

 

In the 1960s, there was a desire to develop a new type of electric locomotive to increase train 

speeds. The most important component of this high-speed train was the pantograph. The 

purpose of the pantograph is to provide current through an overhead wire that is important for 

the movement of the locomotive [1]. When the pantograph passes the supports of the overhead 

wire, it must remain in contact with the overhead wire for the entire time, which is a critical 

transition. To find the movement of the pantograph, a mathematical model was created and thus 

the pantograph equation was obtained. While finding solution of model, a delay differential 

equation (DDE) was encountered, and this delay differential equation was known as the 

pantograph equation. 

 

Fractional Calculus is the generalization of integral and ordinary derivative to non-integer 

order. Over the years, many mathematicians contributed. The Fractional Calculus has attracted 

the interest of researchers in several areas, including mathematics, biology, chemistry, physics, 

engineering and finance [2-10]. 

 

Pantograph differential equation is a type of DDE which is studied in fields such as 

electrodynamics, biology, control systems and economics. The pantograph equations are 

functional differential equations with a variable or proportional delay. Many different methods 

are used to solve pantograph equations [11-15].  

 

In this study, Legendre spectral method is applied to solve fractional pantograph differential 

equation. Close form of the fractional pantograph differential equation can be written as follows 

[16] 

      )(),(,)( xyxyxQxyD                                                                                                     (1)                                                                                                                   

Q  is nonlinear or linear, continuous functions. The general pantograph equation can be given 

as following 

     )()()( xbyxayxyD                                                                                                            

with the initial conditions 

     
0)( xy                                                                                                                                  (2)                                                                                                                                                           

where ,,ba  are real constants, 10  .   

This study is structured as follows: In section 2, we introduce some preliminaries of Legendre 

polynomials and definitions regarding to Caputo’s derivatives and we present the procedure of 

the method for solving fractional Pantograph differential equation and formulated equations at 

some suitable points together with initial conditions. In section 3, illustrative examples are 

given. Lastly, a brief conclusion is presented in Section 4. 
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2.  Main Theorem and Proof 

 

Some essential mathematical preliminaries and definitions of fractional calculus are given, in 

Section 2. 

 
Definition 2.1: Riemann - Liouville fractional integral of 0  for a continuous function y on 

[a, b] which is defined by [17], 

  

 

for R t,a,,0>t  . 

Definition 2.2: Riemann - Liouville fractional derivative order   is defined as                             

[17], 

 

 

for R t,a,,0>t,0>  . 

Definition 2.3: The Caputo fractional derivative of order   is defined as                                                                                                                                             
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for nn 1  , Nn , 0t , y nC 1 . 

Operator of fractional derivative in the Caputo sense is a linear operation [18], 

       )()())()(( xgDxfDxgxfD   .                                                                                         (4) 

 

Formula for the Caputo fractional derivative of a power function as follows, 

 

 

                                                          

(5)                                                                  

 

The Caputo derivative provides the following 

     0CD ,  C a constant.                                                                                                             (6)   
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2.1 The Shifted Legendre Polynomials 

The Legendre polynomials are orthogonal polynomials on the interval  1,1  and are written 

with the following recurrence relation [19], 

     )(
)1(

)(
)1(

)12(
)( 11 zL

i

i
zLz

i

i
zL iii 







 ,  ...,2,1i  

where  1)(0 zL  and zzL )(1 . Change of variable  12  xz  is performed and interval 

 1,1   is converted to interval  1,0 . Shifted Legendre polynomials are denoted by )(xPi
. The 

shifted Legendre polynomials are defined as follows: 

     )(
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1)(0 xP  and 12)(1  xxP . )(xPi
 is given in analytical form as following  
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Note that  i

iP )1()0(   and 1)1( iP . From orthogonality condition  

                                                                                               

 

 

The function  )(xy ,   integrable in interval  1,0 .  )(xy  may be expressed as 

     )()(
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where coefficients jc  can be given as:     
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We consider the first 1m  terms of the shifted Legendre polynomials [19]. We can write as 

     )()(
0
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Theorem 1: [20] Suppose that )(xy  is approximated by shifted Legendre polynomials as           
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Proof: Fractional derivative in Caputo sense is a linear operation. We have 

      


 

m

i

iim xPDcxyD

0

)( ))(())((                                                                                         

Substituting equations (4), (5) and (6) in equation (7); we obtain 

     0))((  xPD i ,    ,1,,1,0  i   0        

 

 

So, Theorem 1 is proved. 

 

2.2. Legendre spectral method 

Let us handle the pantograph differential equation given in equation (1). In this section, we will 

use the Legendre spectral method to solve this pantograph differential equation with the initial 

conditions. If the proposed method is applied to fractional pantograph differential equation, 

approximate solution can be written as follows, 

 

       )()(
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Substituting equation (8) and Theorem 1 into equation (1), the following expression is obtained, 

                                                                                                                 

(9)                                               

 

We can collocate equation (9) at   1m  points 
px  and rearranging this expression as,  
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We will use roots of the shifted Legendre polynomial 
 

)(1 xPm   for proper collocation points. 

Also, if equation (8) is written for the initial condition, we can write the following expression, 
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     0
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)1( 
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With equation (10) and the equation of the initial condition,  1m  linear or nonlinear 

equations are obtained, and these equations form a system of equations. The system of equation 

obtained is solved by using Newton iteration method for the unknown coefficients 
ic . As a 

result, approximate solution of )(xy  given in equation (1) may be found [20].  

 

3.  Results and Discussion 

Legendre spectral method is applied to solve the fractional pantograph equation, in this section. 

All computations, figures and table are generated using the Maple and MATLAB. 

Example 1: Consider the pantograph equation [21], 
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










 xyexyD

x

5

4

4

5
)( 4                                                                                                            (12)                            

with the initial conditions 

     1)0( y                                                                                                                                                          (13) 

The exact solution is xexy 25.1)(   for this problem. The polynomial solution for 3m  of 

Example 1 can be written as, 
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Using   equation (10) we get 
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If equation (11) is rewritten for the initial conditions of Example 1, we get 

     13210  cccc                                                                                                                     (16) 

By using equations (15) and (16), we obtain  1m  equations. Solving equations (15) and (16) 

together, the coefficients of the polynomial solution are found as follows, 

     .0046574cc,-0.4126084c0c 0,04079138.0,5502578. 3210   

 

Thus, the approximate solution of this problem can be obtained as 

 

     .1238428.17049723.01799140.0)( 23  xxxxy

  

The graph of exact solution and approximate solutions at different values of   for 3m is 

shown in Figure 1 to make it easier to compare with exact solution. In Figure 2, approximate 
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solutions at different values of   are compared and it can be seen, approximate solution 

approaches to exact solution when   is close to 1. In Figure 3, we gave the absolute error graph 

of the obtained numerical results for Example 1. 

 

Figure 1. Exact solution and approximate solutions for  80.0,90.0,1  for Example 1. 

 
 

Figure 2. Approximate solutions at 94.0,96.0,98.0,1  for Example 1. 

 



Akarsu et al.                                                                                                                  EJSAT 2026, 19(2) 319-330 

 

326 

 

 
Figure 3. The absolute error at 1 for Example 1. 

 

Example 2: Consider the pantograph equation [22], 

     
















 xttxyxyxyD

2

1
sin)sin()cos(

2

1

2

1
)()(                                  

with the initial conditions 

     0)0( y                                                           

Exact solution of this example at 1  is ).sin()( xxy   
In Figure 4, the exact solution of Example 2 for 1  and the obtained numerical results 

according to the Legendre spectral method are compared for different values of  . From this 

figure, the proposed method gives quite good results. 

 

Figure 4. Comparison of exact and approximate solutions in different values of   for 

Example 2. 
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Example 3: Consider the pantograph equation [23], 

       









22

1
)(

2

1
)( 2

x
yexyxyD

x

                                 

with the initial conditions 

       1)0( y                                                           

Exact solution of this example at 1  is .)( xexy   

In Table 1, we gave the absolute errors for 1 . From Table 1, it is seen that the proposed 

method is high accuracy. In Figure 5, the graph of the approximate solution and the exact 

solution for 1  are shown. Approximate solutions for variable values of    is shown in 

Figure 6. 

 

Table 1. Absolute error at 1  for Example 3. 

x 
Exact 

Solution 
1  

Absolute 

 Error 

0.0 1.00000000 0.99999995 0.0000000 

0.1 1.10517092 1.10586952 6.9861E-4 

0.2 1.22140276 1.22193013 5.2737E-4 

0.3 1.34985881 1.34985740 0.0000000 

0.4 1.49182470 1.49132269 4.9779E-4 

0.5 1.64872127 1.64801425 7.0703E-4 

0.6 1.82211880 1.82159498 0.0000000 

0.7 2.01375271 2.01374469 0.0000000 

0.8 2.22554093 2.22613897 5.9804E-4 

0.9 2.45960311 2.46045338 8.5037E-4 

1.0 2.71828183 2.71836351 8.1681E-5 
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Figure 5. Comparison of exact and approximate solutions at 1  for Example 3. 
 

 
Figure 6. Approximate solutions in different values of   for Example 3. 

 

4. Conclusion 
 

The pantograph differential equation is one of the most known delay differential equations. In 

this study, the Legendre spectral method is presented to solve fractional pantograph differential 

equation. The fractional derivatives are described in the Caputo sense. Legendre spectral 

method is presented in Section 2. The properties of shifted Legendre polynomials are used while 

creating the method. The method presented in Section 3 has been applied to three examples. 

The MATLAB and Maple programs have been used to solve these problems. All the given 

examples show that the Legendre spectral method is highly applicable and effective in solving 

the fractional pantograph differential equation. If the pantograph equation does not have an 

exact solution, good approximation solutions can be obtained by the proposed method.  The 

accuracy rate of fractional pantograph equation was investigated with different values m and 

  values. Better results are obtained while   is close to 1 . It has been seen that the with the 

proposed method has obtained high accurate solutions for the fractional pantograph differential 

equation. 
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