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Abstract: In this note, we evaluate the Weyl-invariant quadratic curvature tensors for the particular Weyl gauge field
constructed in the 3 + 1 -dimensional noncompact Weyl–Einstein–Yang–Mills model. We subsequently extend the model
to its higher curvature version. We also compute the Weyl-invariant extension of the topological Gauss–Bonnet term for
this specific choice of vector field.
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1. Introduction
Unlike its astonishing successes in the intermediate scales, Einstein’s general theory of relativity loses its
predictability in the IR and UV regimes of universe. More precisely, it is well known that Einstein’s gravity
breaks down to explain the accelerated expansion of the universe and rotation curves of spiral galaxies in the IR
scales. These problems can be fixed by the assumption of substantial amounts of dark energy and matter even if
they are completely unknown. As for the UV regimes, it has been shown that although pure Einstein gravity is
renormalizable at one loop level, it turns out to be nonrenormalizable as one takes all the possible internal matter
(that is, scalar, spinor, etc.) loops into account during the perturbative study [1, 2]. The ensuing computations
have demonstrated that the S-matrix of bare Einstein gravity includes uncontrollable UV divergences at the two
loop level, too [3–5]. Thus, the theory is an eﬀective one. On the other hand, it has been proven that Einstein
2
gravity augmented with quadratic curvature terms R2 and Rµν
is renormalizable [6]1 . In this case, the theory

propagates with extra massive spin-0 and spin-2 particles in addition to the massless spin-2 mode belonging to
the pure theory. However, the unitarity of massless and massive spin-2 modes here unexpectedly turns out to be
in conflict and so the theory becomes nonunitary. This makes the model untrustworthy in the quantum theory
aspect. [Despite these shortcomings, the higher curvature modifications leave many features of classical Einstein
gravity intact. For instance, as in the Arnowitt–Deser–Misner conserved energy and angular momentum [7, 8],
one is able to evaluate the conserved quantities, dubbed as the Abbott–Deser–Tekin charge and superpotential
∗ Correspondence:

suat.dengiz@emu.edu.tr
2
fact, there is also the Rµναβ
term, which generally needs to be taken into account. However, since the variation of the
topological Gauss–Bonnet term vanishes in D = 3 + 1
∫
√
2
2
+ Rµναβ
) = 0,
(1)
δ d4 x −g(R2 − 4Rµν
1 In

2
2 .
one can always eliminate Rµναβ
and only work with the terms R2 and Rµν
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via Killing vectors [9–11]2 .] At that point, one might stop searching for a complete perturbative quantum
gravity theory and only look for a nonperturbative one. One could alternatively move to the beginning and
release the ruled-out degrees of freedom (DOF) associated to the torsion and nonmetricity in the connection
[14–17]. With this perception, since it ends up with the Weyl geometry, which is a natural place for the local
scale-invariant field theories, the specific boost of the nonmetricity seems to be more alluring. Recall that the
Weyl method suggests to change the rigid scale invariance that imposes the conformal flatness for the sake of
Lorentz symmetry to a local scale invariance to get the Poincaré-invariant models in generic spacetimes [18–
22]. Due to the fact that the local scale invariance does not tolerate dimensionful quantities, which also turn
out to be worthless in the suﬃciently high energies according to special relativity, this symmetry might be a
fundamental symmetry of the universe so that its breaking would generate the dimensionful quantities such as
the Newton constant, which is the main reason for nonrenormalizability in Einstein gravity. See [23–33] for
some interesting works concerning the Weyl conformal symmetry in various field theories. For the quantization
of definite Weyl-invariant gravity models via one-loop beta functions, see [34, 35].
In [36], by supposing the Higgs-like field to be the main source of the transition from Einstein geometry
to Weyl geometry, a unitarity semiclassical quantum gravity model was built and called the 3 + 1 -dimensional
noncompact Weyl–Einstein–Yang–Mills model. Here, the occurring Higgs-like field is defined in SU (N ) in the
adjoint representation, as in the Georgi–Glashow model [37]. With the construction of the Weyl gauge field from
a particular superposition of magnitudes of the existing fields in this representation, the Higgs-like sector then
supplies the local conformal invariance to the whole system. Moreover, it is shown that the Weyl symmetry is
spontaneously broken in de Sitter space, as in the Higgs mechanism [38, 39], and radiatively broken at one loop
level in flat space a la the Coleman–Weinberg mechanism [40]. On the other hand, the model is not unitary in
anti-de Sitter space.
In the current work, since the Weyl-invariant higher order curvature tensors in [41] contain extra vector
fields and thus provide more information as compared to the bare ones, we will go further and evaluate these
higher derivative terms for the particular Weyl gauge field constructed in [36] and accordingly extend the
corresponding noncompact model to its higher curvature version. Additionally, we will also evaluate the Weylinvariant Gauss–Bonnet combination for this particular Weyl gauge field.

2. Weyl symmetry
Since it is one of the corner stones in the construction of the noncompact model in [36], we briefly provide some
fundamentals of local Weyl gauging in this part. For this purpose, let us recall that not long after Einstein’s
establishment of general relativity, Herman Weyl readdressed the theory and lifted the metric-compatibility
constraint on the connection with the help of compensating vector potentials Eµ . In this case, the ordinary
Levi-Civita connection is upgraded to the following nonmetricit one [18–22]:3

Γ̃λµν =

1 λσ
g (D̃µ gσν + D̃ν gµσ − D̃σ gµν ),
2

(2)

2 Here, see also [12, 13] for intriguing studies concerning D -dimensional higher curvature modifications of cosmological Einstein
gravity.
3 In this section, we follow [36, 41]. For a thorough study of Weyl’s approach, see also [23, 24, 32].
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where the gauge covariant derivative is defined as D̃µ gαβ = ∂µ gαβ + 2Eµ gαβ . Note that Eq. (2) is invariant
under the rescaling
′

gµν → gµν = e2σ(x) gµν ,

(3)

′

throughout which Eµ → Eµ = Eµ − ∂µ σ(x). Here, σ(x) is a free local function. With this setting, the
Weyl-invariant Riemann tensor then reads
R̃µ νρσ [g, E] = ∂ρ Γ̃µνσ − ∂σ Γ̃µνρ + Γ̃µλρ Γ̃λνσ − Γ̃µλσ Γ̃λνρ
= Rµ νρσ + δ µ ν Fρσ + 2δ µ [ σ∇ρ] Eν + 2gν[ρ ∇σ] E µ

(4)

+ 2E[ σδρ] µ Eν + 2gν[σ Eρ] E µ + 2gν[ρ δσ] µ E 2 ,
where 2E[ρ Eσ] ≡ Eρ Eσ − Eσ Eρ and E 2 = Eµ E µ . Thereupon, the Weyl-invariant Ricci tensor becomes
(
)
R̃νσ [g, E] = R̃µ νµσ [g, E] = Rνσ + Fνσ − (n − 2) ∇σ Eν − Eν Eσ + E 2 gνσ − gνσ ∇µ E µ .

(5)

Finally, the Weyl-extended curvature scalar comes to be
R̃[g, E] = R − 2(n − 1)∇µ E µ − (n − 1)(n − 2)E 2 ,

(6)

′

which is not Weyl-invariant but instead changes as R̃[g, E] → (R̃[g, E]) = e−2σ(x) R̃[g, E]. Then, with the help
of a suitably adjusted scalar field, one will obtain the Weyl-invariant Einstein gravity as follows [36, 41]:
∫
S=
∫
=

√
dn x −g Φ2 R̃[g, E]
[
]
√
d x −g Φ2 R − 2(n − 1)∇ · E − (n − 1)(n − 2)E 2 .

(7)

n

As to the lower spin bosonic fields, suggesting [21, 22, 36, 41] for details, let us note that the Weyl-invariant
extension of scalar and Maxwell-type field theories respectively are
SΦ = −
SE µ = β

1
2
∫

∫

)
√ (
2n
n−2
dn x −g (∂µ Φ −
Eµ Φ)2 + ν Φ n−2 ,
2

2(n−4)
√
d x −g Φ n−2 Fµν F µν ,

(8)

n

′

(n−2)

which are invariant under the rescaling in Eq. (3) in addition to Φ → Φ = e− 2 σ(x) Φ. Observe that the
generic Weyl-invariant scalar field potential, which is renormalizable at least in 2 + 1 and 3 + 1 dimensions, is
also assumed in order to recover the cosmological Einstein gravity after the conformal symmetry is broken.
3. Higher curvature modification of the noncompact Weyl–Einstein–Yang–Mills Model
In this section, we will focus on the quadratic curvature modification of the 3+1 -dimensional noncompact Weyl–
Einstein–Yang–Mills model in [36]. Recall that here a semiclassical unitary noncompact quantum gravity model
in which the Weyl symmetry of the entire system is generated by the existing Higgs-like sector is constructed.
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To this end, the existing Higgs-like field φ is initially supposed to be an element of SU (N ) in the adjoint
representation and subsequently its magnitudes in the generator bases are imposed to act as the Weyl scalar
field:
′

φa → φa = e−σ(x) φa ,

(9)

with which the group transformation turns into
U → U = U e−σ(x) .

(10)

In this case, the Higgs-like field transforms as follows:
′

φ → φ = UφU −1 .

(11)

Referring to [36] for details, let us note that with this distortion, the compact SU (N ) gauge group is being promoted to the noncompact SL(N, C) comprising 2N 2 −2 generators {T a · · · , iT a · · · } where a = 1, 2, ..., N 2 −1
[42–44]. Accordingly, the corresponding noncompact gauge field Aµ can be expressed in terms of a nonabelian
gauge field Bµ and a gauge covariant field Cµ 4 as follows:
Aµ ≡ Bµ + iCµ .

(12)

To have the local SL(N, C) invariant scalar field theory, one has to replace the ordinary partial derivative with
the following noncompact gauge covariant derivative in the adjoint representation:
Dµ φ ≡ ∂µ φ − ig[Aµ , φ].

(13)

Here, the gauge field transforms as follows:
′

Aµ → Aµ = UAµ U −1 +

1
(∂µ U)U −1 .
ig

(14)

As for having a dynamical noncompact gauge field, by taking the ensuing field-strength tensor,
Fµν = ∂µ Aν − ∂ν Aµ − ig[Aµ , Aν ]

with

′

Fµν → Fµν = UFµν U −1 ,

(15)

one will be able to expand Eq.(15) in the generator bases of SU (N ) by virtue of Aµ ≡ Aaµ T a = (Bµa + iCµa )T a
as follows:
a
Fµν = Fµν
Ta

where

a
a
a
Fµν
= Bµν
+ iCµν
,

(16)

in which one has
a
Bµν
= ∂µ Bνa − ∂ν Bµa + gf abc (Bµb Bνc − Cµb Cνc ),
a
Cµν
= ∂µ Cνa − ∂ν Cµa + gf abc (Bµb Cνc + Cµb Bνc ).

(17)

Then, by using these settings as well as the Higgs-like dependent function Θ = Θ [φa (x)], which is defined
during the redefinition of the gamma matrices
Γµ (x) = γ µ Θ [φa (x)],
4 Recall

(18)

′

that Cµ transforms as Cµ → Cµ = U Cµ U −1 [45].
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in order to get the Weyl–Yang–Mills invariant Dirac theory5 , one will finally get the noncompact kinetic term
as follows [36, 44]:
4Θa Θb +a bµν
Fµν F
Θ2
) 4Θa Θb (
)
a
a
bµν
a
bµν
+ Cµν
C aµν +
B
B
+
C
C
.
µν
µν
Θ2

+
+a aµν
Tr(Fµν
ΘF µν Θ−1 ) = −2Fµν
F
+

(
a
= −2 Bµν
Baµν

(19)

All the settings so far are still not adequate to generate the local Weyl symmetry from the Higgs-like
sector unless an appropriate Weyl gauge field is also constructed from these ingredients. As demonstrated in
[36], let us recall that by defining the following specific combination of the magnitudes of Higgs-like and gauge
covariant fields in the generator bases (that is, φa and C a , respectively) as the Weyl gauge field
Eµ = gf abc Cµa φb (φc )−1 ,

(20)

the Higgs-like field will eventually supply the Weyl conformal symmetry to the gravity sector consistently.
Notice that all the generator indices are entirely closed, and since all the ingredients are real variables, Eq. (20)
automatically becomes real. In this case, σ(x) in Section II must be chosen as follows:
∫
σ(x) = −gf

abc klm

f

dxµ Cµa (x)φb (x)(φc )−1 (x) wk (x)wl (x)T m + H,

(21)

where H is any free constant. With Eq. (20), the Weyl-extended curvature scalar in Eq. (6) turns into
R̃[gµν , Eµ ] = R − 6gf abc ∇µ C aµ φb (φc )−1
− 6g 2 f abc f klm Cµa φb (φc )−1 C kµ φl (φm )−1 ,

(22)

and the gauge covariant derivatives of metric and scalar fields respectively become
D̃µ gαβ = ∂µ gαβ + 2gf abc Cµa φb (φc )−1 gαβ ,

D̃µ Φ = ∂µ Φ − gf abc Cµa φb (φc )−1 Φ.

(23)

At this point, let us go further by noticing that, with the definite Weyl gauge field in Eq. (20), the Weylinvariant quadratic curvature tensors in [41] respectively read as follows. First, the Weyl-invariant curvature
scalar square becomes
R̃2 [gµν , Eµ ] = R2 − 12gRf abc (∇µ Cµa )φb (φc )−1 − 12g 2 Rf abc f klm Cµa φb (φc )−1 C kµ φl (φm )−1
+ 36g 2 f abc f klm (∇µ Cµa )φb (φc )−1 (∇ν Cνk )φl (φm )−1
+ 72g 3 f abc f klm f npr Cµa φb (φc )−1 C kµ φl (φm )−1 (∇ν Cνn )φp (φr )−1
+ 36g 4 f abc f klm f npr f stu Cµa φb (φc )−1 C kµ φl (φm )−1 Cνn φp (φr )−1 C sν φt (φu )−1 .
5 See
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Second, the Weyl-invariant Ricci square turns into
2
2
R̃µν
[gµν , Eµ ] = Rµν
− 4gf abc Rµν (∇µ Cνa )φb (φc )−1 − 2gRf abc (∇µ Cµa )φb (φc )−1

+ 4g 2 f abc f klm Rµν Cµa φb (φc )−1 Cνk φl (φm )−1
− 4g 2 Rf abc f klm Cµa φb (φc )−1 C kµ φl (φm )−1
2
+ Fµν
− 4gf abc F µν (∇ν Cµa )φb (φc )−1

+ 2g 2 f abc f klm (∇ν Cµa )φb (φc )−1 (∇ν C kµ )φl (φm )−1

(25)

+ 8g 2 f abc f klm (∇µ Cµa )φb (φc )−1 (∇ν Cνk )φl (φm )−1
− 8g 3 f abc f klm f npr Cµa φb (φc )−1 Cνk φl (φm )−1 (∇µ C nν )φp (φr )−1
+ 20g 3 f abc f klm f npr Cµa φb (φc )−1 C kµ φl (φm )−1 (∇ν Cνn )φp (φr )−1
+ 12g 4 f abc f klm f npr f stu Cµa φb (φc )−1 C kµ φl (φm )−1 Cνn φp (φr )−1 C sν φt (φu )−1 .
Finally, the Weyl-gauged Riemann square becomes
2
2
R̃µνρσ
[gµν , Eµ ] = Rµνρσ
− 8gf abc Rµν (∇µ Cνa )φb (φc )−1

+ 8g 2 f abc f klm Rµν Cµa φb (φc )−1 Cνk φl (φm )−1
− 4g 2 Rf abc f klm Cµa φb (φc )−1 C kµ φl (φm )−1
2
+ 4Fµν
+ 8g 2 f abc f klm (∇µ Cνa )φb (φc )−1 (∇µ C kν )φl (φm )−1

+ 4g 2 f abc f klm (∇µ Cµa )φb (φc )−1 (∇ν Cνk )φl (φm )−1

(26)

+ 16g 3 f abc f klm f npr Cµa φb (φc )−1 C kµ φl (φm )−1 (∇ν Cνn )φp (φr )−1
− 16g 3 f abc f klm f npr Cµa φb (φc )−1 Cνk φl (φm )−1 (∇µ C nν )φp (φr )−1
+ 12g 4 f abc f klm f npr f stu Cµa φb (φc )−1 C kµ φl (φm )−1 Cνn φp (φr )−1 C sν φt (φu )−1 .
With these particular Weyl-extended quadratic curvature tensors, one gets the Weyl-invariant extension of the
topological Gauss–Bonnet combination as follows:
2
2
2
2
R̃µνρσ
− 4R̃µν
+ R̃2 = Rµνρσ
− 4Rµν
+ R2 + 8gf abc Rµν (∇µ Cνa )φb (φc )−1

− 8g 2 f abc f klm Rµν Cµa φb (φc )−1 Cνk φl (φm )−1
− 8g 2 f abc f klm (∇µ Cνa )φb (φc )−1 (∇µ C kν )φl (φm )−1
+ 8g 2 f abc f klm (∇µ Cµa )φb (φc )−1 (∇ν Cνk )φl (φm )−1

(27)

+ 8g 3 f abc f klm f npr Cµa φb (φc )−1 C kµ φl (φm )−1 (∇ν Cνn )φp (φr )−1
+ 16g 3 f abc f klm f npr Cµa φb (φc )−1 Cνk φl (φm )−1 (∇µ C nν )φp (φr )−1
− 4gRf abc (∇µ Cµa )φb (φc )−1 .
Here, all the representation indices in the above-given quantities are entirely contracted as required.
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By referring to [36] for further details, let us lastly notice that by taking the magnitudes of the Higgs-type
field in the adjoint bases φa and Eq. (20) as Weyl scalar and gauge fields, the 3 + 1 -dimensional noncompact
Weyl–Einstein–Yang–Mills model in [36] can be modified by the Weyl-invariant quadratic curvature terms in
Eq. (24)–(26) as follows:
∫
SnW EY M =

{
√
2
2
d4 x −g α(φa )2 R̃[gµν , Eµ ] + β R̃2 [gµν , Eµ ] + γ R̃µν
[gµν , Eµ ] + ρR̃µνρσ
[gµν , Eµ ]
/ b
+ σ(Dµ φa )(Dµ φa )+ + κ(φa )4 + η(φa )2 ψ̄b i(Dψ)
[
(
) 4Θa Θb (
a
a
a
+ ζ − 2 Bµν
B aµν + Cµν
C aµν +
Bµν
Bbµν
Θ2

(28)
)]}
a
bµν
+ Cµν C
,

where α, β, γ, ρ, σ, κ, η , and ζ are arbitrary dimensionless couplings as expected. Here, the noncompact gauge
covariant derivative is
Dµ φa = ∂µ φa + gf abc Abµ φc = ∂µ φa + gf abc Bµb φc + igf abc Cµb φc .

(29)

Observe that unlike the generic D -dimensional Weyl-invariant higher derivative gravity theories [24, 41], here
the quadratic curvature terms do not bring any extra scalar field. Now that we have built a legitimate higher
derivative extension of the noncompact model, we need to go further and particularly study its unitarity to see
if Eq. (28) is a viable model at least on the semiclassical level as in [36]. However, as is seen above, since the
Weyl-gauged quadratic curvature terms in Eq. (28) together with the tools in the bare model are extremely
complicated, we restrict ourselves to the construction of the corresponding action in this note and thus leave
that task to a separate study.
In summary, in this study, we have computed the Weyl-gauged higher order curvature terms for the
specific Weyl gauge field in the recent noncompact gravity in [36]. By using these tools, we have promoted the
noncompact model to its higher order curvature extension. In addition, we have also evaluated the Weyl-gauged
Gauss–Bonnet combination for this definite Weyl gauge field.
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Appendix. The construction of Weyl–Yang–Mills invariant noncompact kinetic term for gauge
field.
In this section, we review the construction of the Weyl–Yang–Mills (WYM) invariant kinetic term for the
noncompact gauge field, which is shown to provide a unitarity model at least at the tree-level [36]. To do so, let
us recall that since the ordinary Yang–Mills-type kinetic term would violate the unitarity, one cannot assume
such a term. Subsequently, by observing Eq. (16), one will see that a kinetic term with the following structure
seems to be compatible with the unitarity:
a
a
B aµν + Cµν
C aµν .
LAµ ∼ Tr(Fµν F +µν ) ∼ Bµν

(A.1)

However, Eq. (A.1) is not WYM-invariant at this time. Since it is partially problematic, an appropriate
modification of Eq. (A.1) can provide the desired kinetic term. As is shown in [36, 44], this can be achieved
with the help of the Dirac field as follows: let us first observe that the Dirac theory,
LDirac = ψ̄iγ µ Dµ ψ

where D = ∂µ ψ − igAµ ψ,

(A.2)

fails to be invariant under WYM transformations. Here, recall that the Dirac field and its gauge covariant
derivative transform as follows:
′

′

ψ → ψ = Uψ,

(Dµ ψ) → (Dµ ψ) = U(Dµ ψ).

(A.3)

Now, in order to reach our ultimate aim, one needs to replace the ordinary gamma matrices with the following
one:
γµ (x) → Γµ (x)

′

Γµ (x) → Γµ (x) = (U + )−1 Γµ (x)U −1 ,

where

(A.4)

which demands a compensating field. Hence, by taking this additional DOF to be a function of the magnitudes
of the Higgs-like field in the adjoint representation in [36] as
Γµ (x) = γ µ Θ [φa (x)],

(A.5)

one will get the WYM-invariant Dirac theory as follows:
∫
SDirac = η

√
d4 x −g (φa )2 ψ̄iΓµ Dµ ψ.

(A.6)

From these tools, one then can define the following noncompact WYM-invariant kinetic term [36, 44]:
4Θa Θb +a bµν
Fµν F
Θ2
) 4Θa Θb (
)
a
a
bµν
a
bµν
.
+ Cµν
C aµν +
B
B
+
C
C
µν
µν
Θ2

+
+a aµν
Tr(Fµν
ΘF µν Θ−1 ) = −2Fµν
F
+

(
a
= −2 Bµν
Baµν

(A.7)
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