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0z: Oktoniyonlarin string teorisi, 6zel relativite ve kuantum mantik gibi bir ¢ok
alanda uygulamalar vardir. Hamilton operatérleri yardimi ile, reel oktoniyonlar
8x8 matrisler ile gosterilebilir. Bu matrisler 8 boyutlu 6klid uzayinda dénmeleri
ve homotetik hareketleri ifade etmek icin kullaniir. Bu makalede, reel
oktoniyonlarin bazi cebirsel o6zelliklerini inceledik ve De Moivre formiiliinii
kullanarak oktoniyon matrislerinin her kuvvetini elde ettik. Ayrica oktoniyon
matrislerinin kuvvetleri arasindaki ilskiyi bulduk. De Moivre formiiliiniin A"=Iy ,
Vnz3 sartinl saglayan sayilamaz sonsuz ¢oklukta birim oktoniyon matrislerinin
varligini gerektirdigini gosterdik.

On The Structure Of The Octonion Matrices

Keywords
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Abstract: Octonions have applications in fields such as string theory, special
relativity, and quantum logic. With the aid of the Hamilton operators, real
octonions have been expressed in terms of 8x8 matrices. These matrices are being
used to describe the rotation and determine a homothetic motions in 8-
dimensional Euclidean space E8. In this paper, we study some algebraic properties
of real octonions, and by using De Moivre's formula, we obtain any power of such
matrices. Also, a relation between the powers of matrices of octonions is given. The
De Moivre's formula implies that there are uncountably many matrices of the unit
octonions A satisfying A" = |g for every integer n > 3.
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1. Introduction

The octonions were discovered in 1843 by John T. Graves. In mathematics, the real octonions are a normed
division algebra over the real numbers, usually represented by O [1, 3]. A matrix corresponding to Hamilton
operators which is defined for octonions has determined a homothetic motion in E® [2]. The algebraic properties
and geometric applications of these matrices are studied by Tain [4].

In this paper, after reviewing some algebraic properties of the real octonions, we study the Euler's and
De Moivre's formulas for the matrices associated with these octonions. With the aid of De-Moivre’s
formula, we obtain n-th roots of such matrices. Finally, the relations between the powers of these
matrices are given. We give some example for the purpose of more clarification. We hope that this
work will contribute to the study of kinematics and physics.

2. Materials and Methods

The real octonions are an eight-dimensional extension of the two-dimensional complex numbers. They form the
largest normed division algebra over the real numbers.
Every octonion is a real linear combination of the unit octonions:

{eo,el,ez,e3,e4,e5,ee,e7},
where ey is the scalar or real element; and they satisfy the equalities is given the table below;

The Multiplication of unit octonions

1 €1 €9 €3 €4 €x €6 €7
€9 —1 €3 —E9 €y —€4 | —€7 €g
€9 | —€3 -1 €1 €6 er —€y —€y
€3 €9 —€1 —1 cr —€g €y —€4
[&¥] —€5 | — € | —€7 —1 €1 €9 ]
er | eq4 | —er| eg | —e1 | —1 | —e3| e
€6 er €4 |—e€ey | —€2 €3 -1 |—€e1
€7 | —€g €y €4 —€3 | —€9 €1 —1

Every octonion x can be written in the form
X=a,6,+aq,¢+a,6,+,€,+4a,€,+a;6, +a;€;,+a, €,
with real coefficients {a:}. By the Cayley-Dichson process, a octonion x can also be written as
x=a't+a"e,
where ¢? = —1and
aa"eH= {q =a,+ae +a,e, +ae, [/ =e =¢. =eee,=-1,8 ¢ R}

the real quaternion division algebra. The set of all real octonions is denoted by O. Addition and subtraction of

octonions is done by adding and subtracting corresponding terms and hence their coefficients, like quaternions.
Multiplication is distributive over addition, so the product of two octonions can be calculated by summing the
product of all the terms, again like quaternions. Multiplication of octonion can be described by a matrix-vector
product as

& —& & & -4 & - & by |
8 8 -4 a -8 & a; & bl
a & &G & & -8 a 85 b
& -4 & & 8 -& g b
8 & & & 3 -a -a -a|b|
& -8 & —& & N a8 & b
8 —& -8 & 8 & g & b
a, & -a& -3, 8 & -a & ||b

where X, @ € O. Itis useful, therefore, to define the following terms:

(=)

N

o

X =

~

of

o

The conjugate of Xis
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On The Structure Of The Octonion Matrices

The norm of Xis

If N, =1,then Xis called a unit real octonion.

The inverse of X with N, =0, is

Every nonzero real octonion X=4a,€,+8,€ +a,€,+a,6,+a,6, +a; €6 +3,€, +a,&, (withN, #0) can be
written in the polar form

x = /N, (cos @+ Wwsin &)

7 12
where cos@ = % _ and sing=\i=t_/ _.The unitvector Wis given by

W:(WI'WZ""’W7)

__ 1
(Zaf)”2
21

Example 1. The polar form of the real octonions x :7+7(1,1,1,1,1,1,1) is x = cos%+wlsin%and

N7

(a,,a,,...,8,).

X, =3+ (L1111 L) s x, = 2(cos%+w2sin%).

Ni

Theorem 1. (De Moivre's formula) Let X = e™ =cos@+Wsiné be a unit real octonion. Then for any integer
n;

X" =e™ = cosn@+wsin né.
Proof: The proof is easily followed by induction on n [5]. ]
Example 2. Letx = £+ i @11,1,111) be a unit real octonion. Every power of this octonion is found with

N

the aid of Theorem 1. For example, 20-th and 53-th powers are
X2 = 0520 % + Wsin 20 =
4 4

=cosbr+0=-1,

and

x5 = cos53 7 + wsin 537~
4 4

NZE

- Yo S (11,1111).
2 14

Theorem 2. De Moivre’s formula implies that there are uncountably many unit real octonion X satisfying
X" =1for N =3,
Proof: For every unit vector W, the unit octonion
2r  _ . 2«
X=C0S—+ W SIn—
n n
is of order N. For n=1or n=2, the octonion X is independent of W. ]

N/

Example 3. x = 7 +—(1,111111) is of order 8and x = %4.%(1,1, 0,0,0,

N7

11

V22

) is of order 6.

Theorem 3. Let X =C0S &+ WSin @ be a unit octonion. The equation a" = X has n roots, and they are
53
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a, :cos(w)ﬂfvsin(wy k=0,12,..,n—

Proof: The proof can be found in [5]. ]

Example 4. Let y_ £ 1(1 =10, 1 ~1,0) = cos ~ + wsin 2 be a unit real octonion. The cube roots of the

NZ AN
octonion X are
xk%zcos(”/LSZk”) sin (”/6+2k”) k=0,12.
For k=0, the first root is xo%:cos£+v”vsin—:0.98+0.17v”v, and the second one for k=1 is
y—cos%+wsmf’§ —0.64+0.76W and third one is xy cos— 257 +wsin25—” —-0.34-0.93w. Also, it is
1 1 1

easy to see that xo5 + )(15 + XZ5 =0.

The relation between the powers of octonions can be found in the following theorem.

Theorem 4. Let Xbe a unit real octonion with the polar form X=cos@+0sing. If m:%e Z* {1}, then

X" = X" ifand only if n= p(modm).
Proof: Let n= p(modm).Then we have n=am+ p, where aeZ.
X" =cosn@+usinnd
=cos(am+ p)d+usin(am+ p)éd

= cos(a%er p)o + Usin(a%+ p)é

=cos(pf +a2x)+usin(pd+a2r)
=C0S p@+Uusin pd
=x".
Now suppose x" =cosnd+tsinndand x” =cos pd+asin pd. If X" = X" then we get
cosné@ = cos pd

and
sinn@ =sin po,

which means ng = po+2za, acZ.Thusn= p+2§a or n= p(modm). .

\/E 1 . . 2

Example 5. Let x = 7 + 1,1,1,1,1,11) be a unit real octonion. From Theorem 4, m =

ﬁlll’ll m

=8, so we have

x=x = x7 =
x2 = x10 — y18 _

X3 =yl = x19
ox2ox0_ _ 1
N L S |

3. Results and Discussion
3.1. 8x8 real matrix representations of octonions

We introduce the R-linear transformations representing left multiplication in O and look for also the De-
Moiver's formula for corresponding matrix representation. Let
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X=a,e,+a, 6 +a,e,+a,6,+a,€,+a, e +a, e +a, e, =a'+ea’,

be an octonion and ¢,

10 — O defined as follows:

o (0) =X, we

The Hamilton's operator ¢, , could be represented as the matrix;

or equality

& & & —a -
8 & & &
a & & & &
0, = 8 - & & &
A a & a g
a8 —a, 7 8 &
8 —& & & a,
_a7 & ~& -8 &

[H'@) N
(px{ N  H(a

O.

—8 8 —&
8y a; —8
—& 4 a5
8 & 4
- -3, -a|
8 & &
-8 8 a
a -8 g |

'J'

@

where H* H~ are Hamilton operators for quaternions and N is a 4x4 matrix [2]. Some algebraic properties of

Hamilton operators of real octonion are given by Tain [3]. The polar form of matrix (1) is

[ coso
w; sin &
w, siné
w; sin @
w, siné
w; sin @
W, sin @

| W, sin@

-w;sind -w,sind -w,sind -w,siné

cosgd  —w,sind w,singd —wsiné
W, sin @ cosd  —-wsind —w,sinéd
-w,sing  w,siné cosd  -w,siné

w,sind  wgsin@  w,siné cosd
-w,sing w,sind —w,singd w;sing
-w,sing —w,sing w,singd w,siné
w,singd  —wgsind —w,singd w,siné

Theorem 5. (De Moivre's formula) For an integer N and matrix

~W,sin@ -w,sind -w,sind |
w,singd  w,sind —w,siné
-w,sin@  w,sin@  w,sing
w,singd  —wgsingd  w,siné
-w;sind -w,singd -w,sing
cosé w,sing  —w,siné
-w,sind  cosé w; sin &

w, sin @

[ cos® —wsin@ -w,sind -w,sind -w,sin@ -w,sind
w,sind  cosé  —w,sind  w,sind -w,sind w,sinéd
w,sind  w;siné cosd  —wsind -w,sind —w,siné
w,singd —w,singd w,siné cosd  -w,sind wgsinéd
A= w,sing  w,sin@  wgsind  w,siné cosd  —w,sind
w,sind -w,sin@ w,sind@ -w,sing w,sinéd cosé

n -th power of the matrix Areads as

55

w,sing -w,sin@ -w,sind w,sind w,sind -w,siné
|wW,sing  wgsingd  —w,sind —w,sind w,sing

w, siné@

-w,sing  cosd

—W,siné
w, siné
w, siné
W, sing
-W,sin@
w, sin @
cos 6
-w;siné@

—Ww,sin @ |
—w,sin@
w; sin @
w,siné
-W,sing |
-w,siné
w, siné
cosd |

)



On The Structure Of The Octonion Matrices

[ cosn@ —wsinn@ -w,sinnd —w,sinnd -w,sinnd -w,sinnd -w,sinnd —w,sinné |
w,sinng  cosnd  -w,sinnd w,sinnd -w,sinnd w,sinnd  w,sinnd —w,sinnd
w,sinng  w,sinnd cosngd  —w;sinnd -wgsinng —w,sinnd w,sinnd  wsinnd

.| Wwgsinng  —w,sinn@  w;sinng cosngd  —w,sinnd  wgsinnd —wsinnd w,sinné
A= w,sinngd  wgsinnd  w,sinnd  w,sinnéd cosnd  —w;sinn@ -w,sinnd -w,sinng |

wgsinng  —w,sinnd w,sinnd —wgsinng  w,sinng cosné w;sinngd  —-w,sing

w,sinngd  —w,sinnd -w,sinnd wgsinnd  w,sinnd -w,sinnd  cosnd w, sinng

W, sinng  wgsinnd  —wgsinnd -w,sinnd  w,sinnd  w,sinnd -w,sinnd  cosnd |

Proof: The proof is easily followed by induction on n. ]
1

Example 6. Let x = \/5 +—=>10111111) be a real octonion. The matrix corresponding to this octonion is

J7

21 -1 -1 -1 -1 -1 -1 1]

1 J21 -1 1 1 1 1 A

1 1 Y21 -1 -1 -1 1 1

PO I T J21 -1 1 a1 1
Viltoo1o01 01 V2o a1 ol

1 -1 1 -1 1 21 1 =4

1 -1 -1 1 1 -1 J21 1
11 1 1 1 1 -1 421

every power of this matrix with the aid of Theorem 5 is found to be expressible similarly, for example, 52-th and

90-th powers are

N7 -1 -1 -1 -1 -1 -1 -1
23
1 —ﬂ -1 1 -1 1 1 -1
23
1 —ﬂ -1 -1 -1 1 1
23
1 -1 1 —ﬂ -1 1 -1 1
A52:252><£ 2\/5
T 1 1 1 —ﬂ -1 -1 -1
23
1 -1 1 -1 1 —ﬂ 1 -1
23
1 -1 -1 1 1 -1 —ﬂ 1
23
1 1 -1 -1 1 1 -1 —ﬂ
L 243
-1 0 0 0 0 0 0 0]
0 -1 0 0 0 0 0 O
0 0 -1 0 0 0 0 O
po_om|/0 0 0 10 0 0 0 o,
0o 0 0 0 -1 0 0 O
0 0 0 0 0 -10 0
00 0 0 0 0 -10
0 0 0 0 0 0 0 -1

For more details we refer the reader to the Appendix.
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Theorem 6. De Moivre's formula implies that there are uncountably many matrices of the unit octonions A

On The Structure Of The Octonion Matrices

satisfying A" = Is for every integer n = 3.

Proof: For every unit vector W, the matrix 4 of unit octonion x = coszi +W sin zi is

n
i 2z . 27 . 27 .2 . 2 . 27 . 2 . 2
cos—  —wsin— -w,sin— -w,sin— -w,sin— —w,sin— -wsin— —W,sin—
n n n n n n n n
. 27 2z . 2 .2 .2 . 2 . 27 . 27
w,sin—  cos—  -w,sin— w,sin— -w,sin— w,sin—  w,sin— -wsin—
n n n n n n n n
.27 . 2 2z . 2 .27 .27 . 2 . 2
w,sin—  w,sin— cos—  —-wsin— —w,sin— -w,sin— w,sin—  w,sin—
n n n n n n n n
.27 . 27 .27 2z .27 .21 .27 .2z
w,sin— —w,sin—  w,sin— cos—  -W,sin— w,sin— —-w,sin— w,sin—
A= n n n n n n n n
.27 .27 .27 . 27 2z . 27 . 27 .27
w,sin—  w,sin—  wgsin— W, sin— cos—  —w,sin— —w,sin— —w,sin—
n n n n n n n n
.2z . 2 . 27 . 27 .2z 27 .27 .27
w;sin— -w,sin—  w,sin— -w,sin— w,sin— cos— w,sin—  —w, sin—
n n n n n n n n
.2 . 2 . 2 . 27 . 2 . 2z 27 . 27
w,sin— —-w,sin— -w,sin— w,sin—  w,Sin— -w,Ssin—  c0S— w, sin—
n n n n n n n n
. 27 . 27 . 27 .2z . 27 .27 . 27 27
W, sin—  w,sin— -wgsin— -w,sin— w,Sin—  w,sin— —-w;Sin—  c0S—
L n n n n n n n n |
Ais of order N. For n=1or n=2, the octonion X is independent of W. |
3.2. Euler’s formula for matrices associated with octonions
Let
0 —w -w, W, -W, -W, -W, -W,]|
w, 0 -w o w, W ow, W, W
W, W, 0w —-w W w, W
W W, —W, W 0w w -w o ow,
lw, ow,ow, w00 —wo—w, —wg |
W, W, oW, W, W 0w -—w,
w, W, o-w, ow,  ow, -w, 0w
wowy o —wy -w, ow,ow, w0
be a real matrix. One immediately finds W? = —1,. We have a natural generalization of Euler's formula for matrix
W;

2 3 4
(Wo) +(W0) +(W6) .\
2! 3! 41
0> 04 6 6 .
:|4(1—E+K—...)+W(9—a+§—...)

e’ =1, + WO+

=1,c0s0+W.sin@

3.3. n-th Roots of matrices of real octonions
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Let x=cos@+wsingd be a unit octonion. The matrix associated with this octonion X is of the form (1). The

equation x" = A has n roots, and they are as follows

cos(

0+2kr . 0+2krx
—) —wsin(——)

n n
Wlsin((9+2k7r) cos(9+2k7r)

n n
Wzsin(9+2k7r) Wasin(9+2k”)

n n
. wasin(9+2k”) _Wzsin(9+2k7r)

Ak;: n n
. O+2krn . 0+2krn
w, sin( ; ) wgsin( )
W5Sin(0+2k”) —WASin(9+2k”)

n n
Wssin(9+2k7r) —W7Sin(0+2kﬂ)

n n
W7sin(9+§k”) Wasin((9+2k7r)

For k =0, the first root is

o
coS—
n
.0
w, sin —
n
.0
W, Sin—
n

.0
W, Sin —
n
Wsing
““n
.0
w, sin—
n

.0
W, sin—
n

.0
W, sin =
n

0+2kn

0+2kr 0+2krx

6+ 2k, |

—Wzsin(9+2k7[) —-W, sin( ) —w,sin( ) —wysin( ) —wssin(9+2k7[) —W, sin( )
n n n n n n
—Wasin(9+2k”) wzsin(lek”) _Wssin(0+§k7r) W‘,Sin(9+:k”) W7Sin(9+§k”) —W6Sin(9+nZk7[)
Cos(0+2k7r) _Wlsin(9+2k7r) _Wssin(9+2k7r) —W7Sin(9+2k”) WASin(0+2k”) W5Sin(6’+2k7r)
n n n n n n
. 0+2kr 0+2krx . 0+2kr . 0+2krx . O0+2kr . 0+2krx
w, sin( ) cos( ) —w,sin( ) w;sin( ) —wsin( w, sin( )
n n n n n n
. 0+2kr . 0+2kr 0+2kr . 0+2kn . O+2kr . O+2kr
w; sin(———) W, sin(—) cos(——— —W, sin(———)  —w,sin( —W, sin( )
n n n n n
. 0+2krx . O+2kr . O+2kr 0+2kr . O+2kr . 0+2kr
W7SIH(T) —WGSIH(T) w, sin( cos( ; ) WSSIH(T) —wzsm(T)
. O+2kr . O+2kr . O+2kr . O+2kr 0+2kr . 0+2krn
—W, sin( p ) wgsin( p ) w,sin( p —W, sin( N ) cos(———) W13'“(T)
. 0+2krx . 0+2krx . 0+2kr . 0+2krx . 0+2kr 0+2kn
—W sin( ) —w,sin( ) w;sin( . WZSIH(T) —W; sin( cos( . )
.0 .0 .0 .0 .0 .6 .0
W, sin—  -w,sin— —-w,sin— —-W,SIn— —W;SIN— —W;SIn— —W,SIn—
n n n n n n n
1 .0 .6 .0 .0 .0 .0
CoS—  —-W,sin— Ww,sin— -wgsin— w,sin— w,sin— -w,sin—
n n n n n n n
.0 o .0 .0 .0 .0 .6
W, SIn — COS— =W, SiIn—  -Wgsin— -W,SIn— W, SIn— W; SIn —
n n n n n n n
.0 .0 0 .0 .0 .0 .0
-W,sin—  w,sin— cos—  —-W,sin— wgsin— —w,sin— w,sin—
n n n n n n n
.0 .0 .0 4 .0 .0 .0
W;SIn—  w;sin— W, SIn— COoS— W, sIn—  —-W,sIin— —W;sin—
n n n n n n n
.0 .0 .0 .0 0 .0 .0
-w,sin—  w,sin— —wgsin—  w,sin— cos— w,sin—  —w,sin—
n n n n n n n
.0 .0 .0 .0 .0 o .0
=W, SIn—  —-w,siIn—  W; SIn— W, sIn— =W, SIn— COS — W, Sin —
n n n n n n n
.0 .0 .0 .0 .0 .0 0
w,sin— -w,sin— -w,sin— w,sin— w,sin— -wsin—  cos—
n n n n n n n |

Similarly, for k = n—1, we obtain the n-th root.

3.4. Relations between powers of octonions matrices

Some relations between the powers of matrices associated with a real octonion is sketched in the following

theorem.

Teorem 7. Let X be a unit real octonion with the polar form x=cos@+Gsing. And let m=

the matrix A correspondto x. Then n= p(modm)is true ifand only if A" = AP,

Proof: The proof is similar proof of Theorem 4.

Example 7. Let x

is

1 1
7+7
2

N
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eZ" {1} and

(1,-1,1,0,1,—1,1) be a unit real octonion. The matrix corresponding to this octonion
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On The Structure Of The Octonion Matrices
1 1
See appendix for more clarification. Also, it is easy to see that A? + A? =0.

From the Theorem 7, with , — 27 —13,weget
Vs

A=A*=A"=A" =
A=A =A=A"= .
A=A=A =A== =]

4r

4. Results and discussion
In this paper, we defined and gave some of algebraic properties of real octonions and investigated the De

Moivre’s formulas for the matrices associated with octonions. The relation between the powers of these matrices

is given in Theorem 7. We also showed that the equation A" =1 has uncountably many solutions for any general

unit real octonions (Theorem 6). In the next work, we will repeat this study for split octonions [6].
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On The Structure Of The Octonion Matrices

s s 202 ¢ = § oy
ZM_W ZM_WZTWZTWZW_WZ_*_WZTW 8
- | ﬂ?,_G Rlo R|o© ﬂL.G ﬂL.G R|© ﬁ?,hau
"2 ke o M2 8L ke 28 8 2 g 2 Y3
‘G m m ‘5 '3 m .ﬂ.QﬁG ZSﬁ '3 b Sﬁ n/_Sﬁ ‘5 2 Sﬁ
s s ol o5 o5 s 8 Fols oz oS fSals S o
_ _ !
R | K| K| K|
klo ko Rl© RO o k| &6 ﬂ&g &6 n&?o &6 ‘o &6 ﬁ%ﬁ
S £ & 7 £ Ke 3z £ = £ = £ B £ =
(%2} %]
N N e Y A N o N o e
_ [ _
Rj© R|]O RO R|©
ﬂh?O .ﬂ.nITO EHTO ﬂmTD R|© EWG .ﬂ.FHG m m m m ﬂL_G ﬂ&,G ﬂm/_,uﬁ ﬁw/_,uﬁ
B e B e 8 e T T T A N
N O Y S - A = RN R I N ISP S 1S
_ _ ! [ [ [ ,
klo klo K|o© klo klo ko Rl© ko Rl@ ko K€ ko 8l€ °
£ §= £ rlo c = 5 o B ko &« B8 o & , ! ©
_ _ _ ~ ~ ~
_ ! _ _ ﬁﬁ3737ﬁﬁﬁﬁ371,2@ﬁ
ﬁ,nino ﬂniro ko .ﬂ%G HHTO ﬂnino ﬂ%ro .ﬂ.L.G .ﬂ?rpo klo K|o K|© ﬂL.G .ﬂ.?rG _7 _Ji_J _Ji_J _7 _7 _Ji_J : _7
= 7] = %) = 7] ] o Rl© oy N [N o o
NS N ST R S s 8 2 2 g g = SusBlerSs vBten
| | | 2_7_J2_7_J ° n/;_W?;_W?;_WZ_TJ2_7_J M~ @i~ |~ |~
k|© Rl© Rlo R|© ko k|o© _Ji_J_Ji_J_Ji_J_JTJ 1_,2 ﬁiﬁﬁiﬁﬁiﬁ
= ﬂcﬁ6 = £ £ £ £ ﬂ?,_6 ‘o n?,_po n?:G k|o© ﬂL_G n?,.G k| | _ | |
- N N N N 2 0y 2 2 2 2 2 B8 Rom9lqcer S s
7] 173 —_ 7 — 7] 7] —
_ e g el e o
klo 8l© o Rl K@ o R R L C T T R e o
Rlo o 'S £ ‘D 'S £ Kk |© R|l© R|© R|© R|© R|© | | : | |
R N R N S e T8 3 8 308 g, OIS (oo @ €l
S Ay o~

R[© R|© RO R|[O kR

ol T
2
NI
2
V7
2
V7
2
7

sin
i

B e e e i e A A A

N
Il

ASZ —

In example 6, the polar form of matrix 4 is

ol ol ofs of ofs ofs ofs

52-th and 90-th powers are

and



V4 2 . Vs 2 . 2 . Vi 2 . T 2 . V4 2 . V4 2 . 7]
c0s90— —-—=sin90— -—=sin90= —-—=sin90— ——=sin90—= ——=sin90— ——=sin90— ——=sin90—
6 7 6 7 J7 6 7 6 7 6 7 6 7 6
2 . Ve 2 . T 2 . Vi 2 . T 2 . Ve 2 . T 2 . V4
—sin— c0s90— ——=sin90— ——=sin90— —sin90— —=sin90—  —=sin90—= ——=sin90—
J70 6 6 J7 6 7 6 J7 6 7 6 7 6 J7 6
isinE isinﬁ cosZ —isinﬁ —isinﬁ —isin90E isin90ﬁ isinQOE
776  J1 6 6 J77 6 J77 6 J7 6 7 6 7 6
isinﬁ —isinﬁ isin— cos— —isinz isinﬁ —isinf i in”
RO N N AN e e e e
isinﬁ isinﬁ isinﬁ isinﬁ cos— —isinﬁ —isinﬁ 2 g nZ
776 J7 6 76 J7O 6 J7O 6 J70 6 ﬁ "5
isinz _isinz isinﬁ _isinz isinz CoS — ising i i ﬁ
76 J77 6 76 J77 6 J77 06 J77 6 ﬁ 6
isinz _isinz _isinz isinz isinz _isinz cos = i E
76 J70 06 Nraa J70 6 J77 6 J77 6 ﬁ 6
isinz isinz —isinz —isinz isinﬁ isinz —isinz cosZ
N7 6 716 N 16 76 N N 6 |
[<1 0 0 0 0 0 O O]
0 -1 0 0 0 0 0 O
0 0 -1 0 0 0 0 O
/0 0 0 -1 0 0 0 O
=2 .
o 0 0 0 -1 0 O O
0O 0 0 00 -1 0 O
0 0 0O 0O 0 0 -1 0
0O 0 0 0 0 0 0 -1]
In example 7, the square roots of the matrix A can be calculated as follows:
1
A =
l:()S(2k7r+27r/3) 7W15in(2kﬂ+2ﬂ/3) Wzsin(2k7I+2/z/3) 7W35in(2k7r+27r/3) 0 —W5sin(2k”+2”/3) Wesin(Zklr+27r/3) 7W7Sin(2k7r+27r/3)7
Wlsin(2k7r+227z/3) c05(2k71'+2271'/3) _Wasin(Zkzr+227z/3) —Wzsin(aJrrfk”) —W5sin(2k”+22”/3) 0 W7sin(2k7z+227r/3) W6sin(2k7z+227r/3)
_Wzsin(2k7r+227r/3) Wasin(2k7r+27r/3) Cos(2k7z+271'/3) —Wlsin(ngZkﬁ) Wesin(2k7r+227z/3) _W7sin(2k7r+227z/3) 0 Wasin(2k7r+227z/3)
Wasin(2k7r+227z/3) Wzsin(Zkﬁ+27r/3) Wlsin(HJrnZk”) COS(H+2k7z) —W7sin(2k”+22”/3) _Wesin(Zkzr+227z/3) _Wssin(Zkzr+27z/3) 0
0 W5sin(2k”+22”/3) —Wssin(9+:k”) W7sin(g+§k”) COS(Zkﬁ+227r/3) —Wlsin(Zk”+22”/3) Wzsin(2k7r+227z/3) —W3sin(2k”+22”/3)
Wasin(Zk”+22”/3) 0 W,Sin(0+:k”) wssin(€+2k”) Wlsin(2k7r+27r/3) COS(Zkzr+227z/3) Wasin(2k7r+227r/3) Wzsin(an+227r/3)
_Wesin(anJrZZ/r/S) —W7sin(2k”+2”/3) 0 W55in(9+nzk”) _Wzsin(Zkiz'+227r/3) _Wgsin(Zkﬂ+227r/3) cos(2k7r+227z/3) Wlsin(2k7r+227r/3)
W7sin(2k7r+227r/3) _Wesin(Zkﬁ+227r/3) —W5sin(0+§k”) 0 Wasin(2k7r+27r/3) _Wzsin(Zkzr+227z/3) _Wlsin(2k7r+27r/3) COS(an+227r/3)
If k=0, then
i T . T . T . T . T . T . 72'7
cos=  —wsin= w,sin= —w,sin>= 0 -w;sin=  wgsin= -w,sin—
3 3 3 3 3 3 3
. T T . T . T . T . T . T
w, sin— cos=  —w,sin= -w,sin= —wsin— 0 w,sin=  w,sin=
3 3 3 3 3 3 3
. T . T T . T . T . T . T
-w,sin=  w,sin= cos=  -wsin=  wgsin=  -w,sin> 0 Wy sin =
3 3 3 3 3 3 3
. T . T . T T . T . T . T
1 w,sin=  w,sin=  wsin= cos=  —w,sin= -w,sin= -wsin= 0
A 3 3 3 3 3
. T . T . T T . T . T . T '
0 wgsin=  —wgsin=  w,sin= cos=  -wsin=  w,sin>=  —w,sin=
3 3 3 3 3 3 3
. T . T . T . T T . T . T
W, sin = 0 w,sin=  wgsin=  wsin= Cos— w,sin=  w,sin=
3 3 3 3 3 3 3
. T . T . T . T . T T . T
—w,sin=  —w,sin= 0 w;sin= -w,sin= -w,sin>=  cos— w, sin =
3 3 3 3 3 3 3
. T . T . T . T . T . T T
w,sin=  —w,sin>=  —wgsin= 0 w,sin= -w,sin= -wsin=  cos—
L 3 3 3 3 3 3 3

On The Structure Of The Octonion Matrices

62




If k =1, then
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