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Abstract

Artificial neural networks are gaining popularity for developing continuous solution functions to address
various types of differential equations. In this research, we introduce a physics-informed neural network
(PINN) approach for solving fractional diffusion equations with variable coefficients over a finite domain.
The PINN framework approximates solutions to fractional PDEs by optimizing a physical loss function
that incorporates terms for the residual, boundary conditions, and initial conditions. The fractional PDE
is discretized using the Grunwald-Letnikov scheme, and the resulting semi-discrete equation is employed
to define the residual term for the PINN. Numerical tests confirm that the proposed PINN method

achieves precise solutions within the defined computational space-time domain.

Keywords: 35R11 Fractional partial differential equations, 656N22 Numerical solution of boundary

value problems, 68T07 Artificial neural networks and deep learning.

Kesirli Difiizyon Denklemlerinin PINN Metodu ile Sayisal Coziimleri

Oz

Yapay sinir aglari, gesitli diferansiyel denklemlerin ¢oziimiinde siirekli ¢oziim fonksiyonlar: olugturmak
i¢in giderek daha fazla kullanilmaktadir. Bu ¢aligmada, sonlu bir alan {izerinde degisken katsayili kesirli
difiizyon denklemlerini fizik bilgili sinir ag1 (PINN) yontemi ile sayisal ¢oziimlerini ele alacagiz. PINN,
rezidii, sinir kogulu ve baglangig kogulundan olusan fiziksel hata fonksiyonunun degerini en aza indirmek
icin egitilerek kesirli PDE’ye yaklagik ¢oziimler iiretir. Kesirli PDE, Griinwald-Letnikov formiilii ile
ayriklagtirilir ve elde edilen yar1 ayrik denklem, PINNnin rezidi fonksiyonunu olugturmak icin kullanilir.

Ele aldigimiz denklemler, mevcut PINN yonteminin dikkate alinan hesaplama uzay-zaman alani tizerinde

dogru cozlimler sagladigini gostermektedir.

Anahtar Kelimeler: 35R11 Kesirli tiirevli kismi diferansiyel denklemler, 65N22 Sinir deger

problemlerinin sayisal ¢oziimleri, 68T07 Yapay sinir aglar1 ve derin 6grenme.
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1. Introduction

Neural networks have proven to be highly effective in addressing problems that exhibit nonlinearity.
Their ability to tackle nonlinear challenges improves as the number of layers and neurons increases. One
application of neural networks involves predicting bankruptcy. Recently, various methods leveraging neu-
ral networks have emerged for solving complex nonlinear differential equations. For instance, Mall and
Chakraverty [1] proposed an artificial neural network (ANN) approach. Sabir et al. utilized a stochastic
numerical algorithm rooted in neural networks to solve boundary value problems [2]. Raissi et al. in-
troduced the Physics-Informed Neural Network (PINN) methodology, which incorporates physics-based
constraints [3]. This innovative technique has been applied to both ordinary and partial differential equa-
tions. Additionally, Dwivedi et al. devised a distributed learning machine approach to address partial
differential equations [4-7].

Fractional calculus has emerged as a significant and dynamic area of research in applied mathematics
[8-10]. This field encompasses a broad range of fractional-order operators, including both derivatives
and integrals. Recently, a novel definition of the fractional derivative based on a nonsingular kernel was
introduced in [11, 12]. Additionally, [13] proposed a new fractional derivative framework utilizing the
Mittag-Leffler kernel. Such operators are widely applied to address various challenges in science and
engineering. Rostami et al. developed a method to solve high-order fractional differential equations
using artificial neural networks (ANN) [14]. Heuristic algorithms have been employed to optimize these
complex systems [15]. Alkan et al. investigated different forms of fractional partial differential equations
(PDEs) [16-19], while Bektas et al. presented a hybrid approach for solving the fractional NWS equation
[20]. Pakdaman et al. combined an ANN with an optimization technique to tackle fractional differential
equations [21].

Moreover, the application of ANN to approximate solutions for fractional-order partial differential equa-
tions has been extensively studied. A Physics-Informed Neural Network (PINN) approach was extended
to fractional problems, introducing an innovative neural network framework [22]. The PINN method has
been particularly effective for solving fractional diffusion equations, addressing challenges like prolonged
training times and slow convergence that often hinder traditional neural network models. By training
the network to minimize a physical loss function composed of residual, boundary, and initial condition
terms, the PINN method offers a robust tool for approximating solutions to fractional PDEs.

In this research, the fractional derivative term is approximated using the first-order Griinwald-Letnikov
formula, and the resulting semi-discrete equation is utilized to formulate the residual function for the
PINN. Numerical results demonstrate that the proposed PINN approach delivers precise solutions within

the specified space-time computational domain.

2. Material and Methods
2.1. Fractional Diffusion Equation

We consider the following diffusion equation of order 1 < § < 2

U (, 1) 9°U (1) 9°U (x, 1)
T—d#x)w—d—@)wzf(%t)’ (1)
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rp <x < TR 0<t<T,
U(zp,t) =0, U(zg,t) =0, 0<t<L
U(J?,O) = UO(x)7 TR <z<uxp

and the Dirichlet boundary condition as

U(zp,t) =0 and Ul(xg,t) =£()

8 8
07U (z,t) and OaU(z,t)

where the left-sided (-) and the right-sided (+) fractional derivatives === .7~ can be written

in the Grinvald-Letkinov form:

OPU (z;, 1™ 1 4 .
a( B ) = (Ax)ﬁ Zhl(cﬂ)Uikarl + O<h)v (2)
- k=0
OPU (z;,t™) 1 N -
9,27 (Ba)? > UL +O(h). (3)
k=0

Here, h,(f) = (—1)¥( b )F(F(ki_ﬁ) where ( b

& — BT & ) is the fractional binomial coefficient. Furthermore, the

coefficients hl(f ) can be evaluated in recurrence relation
1
e R Y @)

The case 1 < 8 < 2, it is beneficial in applications.

2.2. Physics Informed Neural Network(PINN)

(PINNSs) are a deep learning framework designed to solve partial differential equations (PDEs) [3]. This
approach enables computers to efficiently and accurately compute partial derivatives of functions. The
time variable, t, is treated as a specific component of x, while © represents the spatial domain. The initial
condition can be viewed as a special case of a Dirichlet boundary condition applied to the spatio-temporal
domain, making the process relatively straightforward. By training a neural network to minimize a loss
function, which incorporates terms for the mismatch of initial and boundary conditions along the space-
time boundary as well as the PDE residual at selected interior points, PINNs approximate solutions to
PDEs. Furthermore, they allow for direct differentiation of functions.

Let us begin by analyzing a problem expressed as follows:

LU(z,t) = fpp(x,t), (x,t) € © x (0,77, (5)
U(z,0) = g(x), r € O, (6)
U(z,t) = 0, z € 00, (7)

where the function ¢(.) represents the initial condition. The proposed approximate solution is defined as

Ulz,t) = tp(x)Unn(z,t; p) + g(2), (8)
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which inherently satisfies the initial and boundary conditions. Here, L(.) denotes either a linear or
nonlinear operator.

By defining z = [z,#]7, the PINN method assumes the following approximate function:
Up(z) = WEeE(WEeE7 (Lot (W02 +8Y)) + b~ 1) + bt (9)

where 0 represents the set of weight matrices (W) and bias vectors (b). The weight matrices are specified
as W0 € Rm>2 Wie Rmxm (i =1,2,....L—1) and WE € R*™ where m is the number of neurons and
L denotes the total number of layers. The bias vectors are defined as b* € R™*!(i = 1,2,...,L — 1) and
bY € R. The activation function o(.) transforms the network into a nonlinear model. The expression in Eq.
(9) serves as an approximate function for a multilayer feedforward neural network. This function depends
on the parameter set 8 = WO 80, W bl ... . WL v, which must be optimized to solve the fractional

diffusion equation. The continuous residual function used in this optimization process is expressed as:
Rg(l’,t) = etUQ(ZIJ,t) _L[UQK'T7t)+q(I7t)a (10)

which is derived by PINN from Egs. (2) and (3).
The PINN method minimizes the residual function over the collocation points defined in the region of
the fractional differential equation. Simultaneously, the network adjusts the 6 parameters to satisfy both

boundary and initial conditions. Suppose the collocation points are given as:
X7 =A@, 1)} C [zr, 2r)x[0,T] (11)

that is generetad by PINN from Eqs. (2) and (3).

The PINN methodology seeks to minimize the residual function at collocation points within the domain
of the fractional differential equation, while simultaneously optimizing the parameter 6 to satisfy both
boundary and initial conditions. Let the collocation points be defined as follows:

In the standard PINN approach, collocation points are typically chosen randomly. However, in this case,
they are taken as uniformly spaced points. This is due to the derivative approximations in equations (2)
and (3), which require z; points with a step size h.

The PINN approach minimizes the following loss functional to solve Eq. (1):
Po = p(X") + d5(X7) + 05 (XY). (12)

Here, the functional comprises three distinct loss components corresponding to the residual, initial con-
dition, and boundary conditions. The Nadam optimization algorithm is employed to minimize these loss

terms. Specifically, the residual loss function is expressed as:

PH(X") = Zm) (7, 7)) (13)

Meanwhile, the loss functions for initial and boundary conditions are defined as:
HXD = 5 Z jug(a?,0) - g(a) . (14)
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¢9(Xs) = § Jug (2, £) — up (2, £) . (15)
The boundary condition function uy(zf,t7) is given by:
0, ifaf=uxr,
Ut =4, ot (16)
1, itz ==xp.

Thus, solving the optimization problem:
O* = arg m(én@(a:R)7 (17)

yields the optimal parameters ¢*, which minimize the initial and boundary loss terms.
For this study, the implementation was carried out using the TensorFlow Python library, and the optimal

parameters ¢* were obtained via the Nadam optimization algorithm.

3. Numerical Example

3.1. Example 1

Let us consider the fractional diffusion equation (1) with
dy(z) =T(1.2)2'® and d_(z)=T(1.2)(2—2)"5.

The spatial domain is [zg,z1] = [0,2] and the time interval is [0,7] = [0, 1]. The source term and the

initial condition are given by

flz,t) = =32e  [2? + (2 — 2)* +0.1252%(2 — ) — 2.5(z® + (2 — 2)®) + == 25

—@ee-l ()

up(z) = 422(2 — x)? (19)
respectively. The exact solution to the corresponding fractional diffusion Eq. (1) is given by [18]
u(z,t) = de”'2?(2 — x)% (20)

In the numerical experiment, we apply the PINN method with N = 20 and L = 1 to solve the given
equation numerically and absolute errors are presented in Table 1 for different spatial mesh sizes and
fixed time step. Also we compare the results with fast forward difference and forward difference results

that is obtained in [23].

Table 1: Maximum absolute errors, At = 1/128

n  PINN FD[23]  FFD[23]

20 859x10~ % 1.74x10 2 1.55x10 2
27 2.98x107*  8.35x1073  7.02x1073
28 7.25x1075  4.08x1073  3.18x10~3

3.2. Example 2

Let us analyze the following other fractional diffusion equation from [24] with

= F(L)ng (21)
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—— Test loss

0 2000 4000 6000 8000
# Steps

Figure 2: Behaviour of Error for Ex.1.

Figure 1: Graph of Ex.1 with N = 27 and At =
1/128.

The spatial domain is [zg, 2] = [0, 1] the time interval is ¢ > 0. The source function is given by
flz,t) = (1 +x)e ta?,
and the initial condition is given by
u(z,0) =23, 0<z<l.
Dirichlet boundary conditions are
u(l,t) =0 and wu(l,t)=e"", ¢>0.

The exact solution to the corresponding fractional diffusion equation is given by u(x,t) = e~ tz3.

In the numerical experiment, we reapply PINN method with N=5 and N=20 and L=1 to solve the given

equation numerically and absolute errors are presented in Table 2 for different spatial mesh sizes and fixed

time step. Also we compare the results with non polynomial spline method [24] and local polynomial

regression (LPR) method [25].

Table 2: Maximum absolute errors, At = 0.01

n PINN (N=h, L=1) PINN (N=20, L=1) Spline M.[24] LPR M.[25]

11 0.03687 0.01125 0.1762 0.10446
21 0.01482 0.009588 0.1663 0.10518
61 0.008754 0.005224 0.1307
121 0.001547 0.0009874 0.0859
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PINN Solution; h=k=1/20; 20 Neuron; 1 Layer Analytical Solution

1.0 1.0 " 10 10

Figure 3: Solution graphs of Ex.2
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Figure 4: Behaviour of Error for Ex.2

4. Conclusion

This research presents approximate solutions and error analysis for the fractional diffusion equations,
achieved through the feed-forward PINN model. Unlike traditional numerical methods, PINNs utilize
automatic differentiation to manage differential operators. In contrast to numerical differentiation, au-
tomatic differentiation avoids differentiating the data itself. The neural networks designed to solve these
problems were implemented using the Nadam optimizer and the Sigmoid activation function within the
TensorFlow framework. Based on numerical experiments, it has been concluded that the PINN method
offers a promising, convergent alternative. Future research will focus on applying the neural network

approach to solve higher-order fractional partial differential equations (PDEs) numerically.
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