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a ‘compact quantum metric space’ we mean a unital C*-algebra together with a Lipschitz
seminorm, in the sense of Rieffel, which induces the weak* topology on the state space of
the C*-algebra. Our main result generalizes a classical result to noncommutative world.

1. Introduction

One of the basic ideas of Noncommutative Geometry is that any unital C*-algebra A can be considered as the algebra of continuous functions
on a (symbolic) compact quantum (noncommutative) space QA. From this point of view, any unital *-homomorphism ® : B — A between
unital C*-algebras can be interpreted as a quantum map Q® from QA into QB. There are many notions in Topology and Geometry that can
be translate into NC language. The notion of quantum family of (quantum) maps, defined by Woronowicz [16] and Sottan [15] (see also
[10, 11, 12]), conclude from the following fact: “Every map f from X to the set of all maps from Y to Z (or in other word, any family of
maps from Y to Z parameterized by f with parameters x in X) can be considered as a map f : X x ¥ — Z defined by f(x,y) = f(x)(y)” A
translation of this to noncommutative language is as follows.

Definition 1.1. ([10, 11, 12, 15, 16] Let B,C be unital C*-algebras. A quantum family of morphisms from B to C (or, a quantum family of
maps from QC to QB) is a pair (A, D) consisting of a unital C*-algebra A and a unital *-homomorphism ® : B— C ® A, where ® denotes
the spatial tensor product of C*-algebras.

Another concept that can be translate from Geometry into NC Geometry, is distance or metric. Marc Rieffel, by using the notion of order
unite spaces, has developed the notion of quantum metric space in a series of papers [5, 6, 7, 8, 9]. For two other different notions of quantum
metric see [3, 13, 14]. Here, we deals with special examples of Rieffel’s quantum metric spaces, stated in the C*-algebraic formalism. The
aim of this note is to show that any quantum family of maps from a quantum space to a compact quantum metric space has a canonical
quantum pseudo-metric structure. We are motivated by the following trivial fact: Let (Z,d) be a metric space and f : X x ¥ — Z be a family
of maps from Y to Z, then X has a pseudo-metric p defined by

p(xvx,) = Supd(f(xzy)7f(~xlvy))'

yey

In Section 2 we introduce the notion of compact quantum pseudo-metric space. In Section 3 we define a natural compact quantum
pseudo-metric space structure on any quantum family of maps from a quantum space to a compact quantum metric space. In Section 4 we
examine our definition in the classical case.

2. Compact quantum pseudo-metric spaces

By a pseudo-metric d on a set X we mean a positive valued function on X x X which is symmetric, satisfies triangle inequality, and d(x,x) =0
for every x € X. For any topological space X with topology T (resp. pseudo-metric space (X,d)) C(X,7) (resp. C(X,d)) denotes the

Email address: sadr @iasbs.ac.ir (M. M. Sadr)



Universal Journal of Mathematics and Applications 55

C*-algebra of all continuous bounded complex valued maps on X with the uniform norm. For a pseudo-metric d, 7; denotes the topology
induced by d. Let (X,d) be a pseudo-metric space. For every f € C(X,d), the Lipschitz semi norm || f||4 is defined by

{\f(x) — )l
d(x,x")

Also, the Lipschitz algebra of (X,d) is defined by,

”f”d = sup SX,X/ GX,d()C,X/) 7 0}

Lip(X,d) = {f € C(X,d) : || flla <}
We need the following simple lemma.

Lemma 2.1. Ler (X,d) be a pseudo-metric space and a be a complex valued map on X. Then a € Lip(X,d) and ||a||q < 1 if and only if
la(x) —a(x)| < d(x,x") for every x,x' € X. In particular; if b € C(X,d), then ||b||; = 0 if and only if b is a constant map.

Proof. Leta € Lip(X,d) and ||a||s < 1. Suppose that x,x" € X. If d(x,x") =0, then a(x) = a(x'), since a is continuous with 7. If d(x,x’) # 0,

then 1 > ||a||s > M, and thus |a(x) —a(x’)| < d(x,x'). The other direction is trivial. O
)

&

For any C*-algebra 2/, S(2() denotes the state space of 2 with w* topology. If 2 is unital, 1g denotes the unit element of 2.

Let o be a self adjoint linear subspace of the C*-algebra 2, and let L : &# — [0, 0) be a semi norm on .«7. Connes has pointed out [1], [2],
that one can define a pseudo-metric py, on S(2) by

pL(p,v) =sup{|p(a) —v(a)| :a€ &/, L(a) <1} (4,v €S(A)). 2.1

Note that py, can take values +eo and O for different states of 2(. Conversely, let d be a pseudo-metric on S(A) (such that the topology induced
by d on S(21) is not necessarily w* topology). Define a semi norm L : 2 — [0, 40| by

a)—Vv(a
La(a) = sup{ MOV s 0 a(uv) £0) (ae )
d(u,v)
Note that L;(a) = Ly(a*) for every a € 2.
Let (X,d) be a compact metric space. Consider the Lipschitz semi norm

I lla : Lip(X,d) C C(X,d) — [0,+o0).

Then it is easily checked that the semi norm py.|, on the state space of C(X,d) is a metric, called Monge-Kantorovich metric [4]. It is well
known that the topology induced by pj.| ., is the w* topology, and for every x,y € X, d(x,y) = pj.|, (O, 6y), where § : X — C(X,d)" is the
point mass measure map.

Proposition 2.2. Let (X,7) be a compact Hausdorff space and d be a pseudo-metric on X such that the topology induced by d on X is
weaker than 7, i.e. Ty C T. Consider the Lipschitz semi norm || -[|4 : Lip(X,d) C C(X, ) — [0, +c0) and let p = p.|,. Then the following
are satisfied.

i) d(x,y) = p(6x, ), for every x,y € X.

it) Ly = -[lq on C(X,d) C C(X,7).
iii) Leta € C(X,7), then a € C(X,d) if and only if the map v — v(a) on S(C(X, 7)) is continuous with p.
iv) the topology induced by p on S(C(X, 1)) is weaker than the w* topology.

Proof. i) Let x,y be in X. Suppose that a € Lip(X,d) and ||a||; < 1. Then by Lemma 2.1, |6c(a) — 8y(a)| = |a(x) —a(y)| < d(x,y), and thus
by definition of p, we have p(8;,8,) < d(x,y). Conversely, let a, € C(X,d) be defined by a,(z) = d(x,z) (z € X); then for every ',y € X,
lax(x") —ax(y")| = |d(x,%') —d(x,y')| < d(x,y’), and thus by lemma 2.1, a € Lip(X,d) and ||a||; < 1. Now, we have

P (8, 8y) > [8i(ax) — &y(ax)| = |ax(x) —ax(y)] = d(x,y).

i) By i) and definitions of L, and || - ||y, it is clear that || - | s < L, on C(X, ).
Leta € C(X,d). If ||al|g = 0, then by Lemma 2.1, a is a constant map and thus L, (a) = 0. If ||a||; = e then L, (a) = o since ||al|g < Ly (a).
Thus suppose that 0 < ||a|| < ee. Then for every u,v € S(C(X, 1)), we have

a ) _ (@)~ via)

V) > —v
PV 2 I v, Tl

and thus if p(u, v) # 0 then ||a||; > W Therefore,

lu(a) —v(a)
llalla > SUP{W :

iii) The ‘if” part is an immediate consequence of i). For the other direction, we need some notations: Let ~ be the equivalence relation on
X defined by x ~ ¥’ < d(x,') =0. Let Y =X/ ~ and let": X — Y be the canonical projection. Then d, defined by d(£1,%) = d(x1,x2),
is a well defined metric on ¥, and"is an isometry between (X,d) and (Y,d). Thus the C*-algebras C(X,d) and C(Y,d), and the Lipschitz
algebras (Lip(X,d),|| - ||4) and (Lip(¥,d),| - | 4) are isometric isomorph. In particular, the topology induced by p on S(C(X,d)) is the w*

1.V € S(C(X,7)). p(1,V) # 0} = Lp(a).

topology, since as mentioned above the Monge-Kantorovich metric Pyl induces the w* topology on S(C(Y, d}) Consider the canonical
embedding ® : C(X,d) — C(X, 7). For every v,V € S(C(X,7)), vo® and v/ o ® are in S(C(X,d)) and

p(v,V)=p(vod, Vv o®). (2.2)
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Now, let a € C(X,d) and v; — Vv be a convergent net in S(C(X, 7)) with p. Then v;o® — v o ® is a convergent net in S(C(X,d)) with p,
and since the topology induced by p agrees with the w* topology on S(C(X,d)), we have

Vi(a) = vio®(a) = vod(a) = v(a).

Thus we get the desired result.
iv) Let v; — v be a convergent net in S(C(X, 7)) with w* topology. Thus as in the proof of iii), v;o ® — v o ® with p, and by (2.2), v; — v
in S(C(X, 7)) with the topology induced by p. This completes the proof of iv). O

Definition 2.3. By a compact quantum pseudo-metric space (QSM space, for short) we mean a triple (A, 7 ,L), where 2 is a unital
C*-algebra, o is a self adjoint linear subspace of A with 1o € of, and L : o/ — [0,+o0) is a semi norm such that

(a) L(a) = L(a*) for every a € ,
(b) foreveryac of, L(a) =0 if and only if a € Clg, and
(c) the topology induced by the pseudo-metric pr, on S() is weaker than the w* topology.

As an immediate corollary of the definition, for any compact quantum pseudo-metric space (21,27, L), the topology induced by pz, on S(21)
is compact and in particular the diameter of S(21) under py, is finite.

Proposition 2.4. Let (A, .o/, L) be a QSM space. Then, for every a € <7, the map |1 — [L(a) on S(21) is continuous with topology induced
by pr.
Proof. Straightforward. O

Definition 2.5. A OSM space (2, .o/, L) is called a compact quantum metric space (QM space, for short) if o/ is a dense subspace of 2.

Let (2, .o/,L) be a QM space and 1,V be two different states of 2(. Then since < is dense in 2, there is a € &7 such that y(a) # v(a). Thus
(by (2.1)) pr is a metric on S(2). It is an elementary result in Topology that any Hausdorff topology T weaker than a compact Hausdorrf
topology 7’ on a set X, is equal to the same topology 7’. Using this, we conclude that the topology induced by py on S(2() is the w* topology.

Example 2.6. Ler (X,d) be a compact metric space. Then
is a compact quantum metric space.

Example 2.7. Let (X,7) be a compact Hausdorff space and let d be a pseudo-metric on X such that t; C 1. Then Proposition 2.2 and
Lemma 2.1, show

(C(X7 T)vLip(X7d)7 H ’ ”d)
is a compact quantum pseudo-metric space.
Remark 2.8. Let (A, o7,L) be a OM space and A C </ be the linear subspace of all self-adjoint elements of <. Then A is an order unite
space and (A,L|4) is a compact quantum metric space in the sense of Rieffel’s definition [7].
Lemma 2.9. Let 2 be a C*-algebra with the C*-norm || - ||, 7 be a self adjoint linear subspace of 2 containing 1o and L : o/ — [0, +o)
be a semi norm such that for every a € </, L(a) = 0 if and only if a € Cly. Let L and | - |[ denote the quotient norm of L and || - || on %
and %ﬂ‘, respectively. Suppose that the image of {a € o/ : L(a) < 1} in %ﬁ‘ is totally bounded for || - |[: Then the topology induced by pr,
onS (Qlj is weaker than the w* topology. )
Proof. See Theorem 1.8 of [5]. O

Example 2.10. Ler 2 be a finite dimensional C*-algebra and N be a Banach space norm on 2 such that N(a) = N(a*) for every a € 2. Let
the semi norm Ny : 24 — [0,00) be defined by

N():inf{N(a-i-l]m)t A,G(C}

Since U is finite dimensional, the C*-norm of A and N are equivalent. Thus the image K of {a € 2 : No(a) < 1} is closed and bounded in

Cl&' Again, since 21 is finite dimensional, K is compact and thus totally bounded for the quotient norm of the C*-norm. Thus by Lemma 2.9,
A

(A, A, No) is a OM space.

Example 2.11. Let G be a compact Hausdorff group with identity element e. Let { be a length function on G, i.e. { is a continuous non
negative real valued function on G such that

(i) L(gg") < L(g)+L(g), foreveryg,g' € G,
(ii) £(g) = £(g™") for every g € G, and
(iii) €(g) =01ifand only if g =e.
Let 2 be a unital C*-algebra with a strongly continuous action - : G X A — A of G by automorphisms of 2, i.e.
(a) forevery g € G the map a — g-a is a *-automorphism of 2,
(b) e-a=aforeveryac,

(c) g-(g-a)=(gg')-a foreveryg,g € G,acA, and
(d) if gi — g is a convergent net in G and a € 2, then g; -a — g - a with the C*-norm of 2.
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Define a semi norm L on 2 by

Let of ={a € A : L(a) < +e}. Then by Proposition 2.2 of [5], < is a dense *-subalgebra of A. Now, suppose that the action of G is
ergodic, i.e. if a € 2 and for every g € G, g-a = a, then a € Cly. Then it is trivial that L(a) = 0 if and only if a € Clg. Rieffel has proved
[5, Theorem 2.3], that the topology induced by pr on S(21) agrees with the w* topology. Thus (,7,L) is a OM space.

g€G,g#e} (aeA).

For some other examples that completely match our notion of QM space, see [S]. As we will see in the next section, using quantum family of
morphisms we can construct many QSM spaces from a QSM space.

3. The main definition

We need the following simple topological lemma.

Lemma 3.1. Let Y be a compact space, X be an arbitrary space and (Z,p) be a pseudo-metric space. Also, let C(Y,Z) be the space of all
continuous maps from Y to Z, with the pseudo-metric p defined by

p(f.g) =sup{p(f(y),e(y)): ye¥} (f,g€C(Y,2)).

Suppose that F : Y x X — Z is a continuous map. Then the map F : X — C(Y,Z), defined by F (x)(y) = F (y,x) is continuous.

Proof. Let xg € X and € > 0 be arbitrary. Since F is continuous, for every y € Y, there are open sets Uy, V) in X and Y respectively, such
that (y,xp) € V;, x Uy and p(F (y,x0),F(y',x)) < €/2 for every (y',x) € V;, x Uy. Since Y is compact, there are yj,---,y, € Y such that
Y = UL, V). Let W be the open set N/, Uy,. Let x € W and y € Y be arbitrary. Then for some i (i = 1,--- ,n), y belongs to V), and we have,

p(F(y,x),F(y,%0)) < p(F(,x), F(yi,x0)) + p(F (yi,x0), F (y,%0)) < €.

Thus we have p(F(x),F(xq)) < & for every x € W. The proof is complete. O

Let (2,97, L) be a QSM space, B be a unital C*-algebra, and (€, ®P) be a quantum family of morphisms from 2 to B, @ : 2 - BRC.
Let d be a pseudo-metric on S(¢), defined by

d(v,v') = sup{pL (L@ V)P, (LOV)P): peS(B)} (v.v' €5(€)).

Proposition 3.2. With the above assumptions, let € be the linear space of all ¢ € € such that the map v — v(c) on S(€) is continuous
with the topology induced by d, and L;(c) < oo. Then the following are satisfied.

i) € is a self adjoint linear subspace of € and 1¢ € €.

ii) Foreveryc €€, Ly(c)=0ifand only if c € Clg.
iii) The topology induced by d on S(€) is weaker than the w* topology.
iv) With the restriction of the domain of Ly to €, pr, < d.

v) The topology induced by p;,, on S(€) is weaker than the w* topology.

Proof. 1) is easily checked.
ii) Let ¢ be in ¢ and L;(c) = 0. By Lemma 2.1, the map v — v(c) on S(€) is constant, and thus ¢ € Cl .
iii) Apply Lemma 3.1, with X = S(€), Y =S(8B), Z=S(), p = pr and F : Y X X — Z defined by

F(u,v)=(uov)d® (ney,veX).

We get £ : X — C(Y,Z) is continuous with the metric p on C(Y,Z). On the other hand, for every v, Vv’ we have d(v,v') = p(F(v),F(V")).
Thus, if v; — v is a convergent net in X with w* topology, then

d(vi,v) =p(F(vi),F(v)) = 0.

This implies that the topology induced by d is weaker than the w* topology.
iv) Let v, v/ be in S(€). If d(v, V') = 0 then for every ¢ € €, v(c) = V/(c) (since the map pt — (c) is continuous with d) and thus by
the definition of pz,,, pr,(v,v') = 0. Thus suppose that d(v, V') # 0. Let ¢ € € with Ly(c) < 1. Then 1 > L;(c) > MO=vIOl and thus

d(v,v')
[v(c)—V'(c)| < d(v,V'). Therefore
pr, (v,V) <d(v,v").
v) follows directly from iv) and iii). O

Definition 3.3. With the above assumptions, Proposition 3.2, shows that (€, ,Ly) is a QSM space that is called QSM space induced by the
OSM space (U, <7 L) and quantum family of maps (€, P).

Lemma 3.4. With the above assumptions, let a € < and let i € S(B). Then ¢ = (U Q ide)P(a) is in €, and Ly(c) < L(a).
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Proof. We first show that L;(c) < L(a)(< o). If L(a) = 0 then a € Clg and thus ¢ € Cl¢ and Ly(c) = 0. Suppose that L(a) # 0. We prove
that for every v, v’ € §(€) with d(v, V') #0,

[v(e) = V()]
d(v,V') <L) D

Let v,V € S(€) be such that d(v, V') #0. If |[v(c) — V/(c)| = 0, then (3.1) is satisfied. Suppose that

v(e) =V (e)] = [(n®V)P(a) — (L@ V)D(a)| # 0.
By the definition of d, we have d(v, V') > pr((4 ® v)®, (4 ® v')®). On the other hand, by the definition of py,

pL(L@V)®, (V' )D) > |(u®V)¢(ﬁ) = (u®V’)¢(ﬁ)l
(e v)®@) - (4o v)P(a)]
L(a) '

Thus, (3.1) is satisfied and Ly (c) < L(a).
Now, we show that the map v — v(c) on S(€) is continuous with 7,. Let v, — v be a convergent sequence in S(€) with the metric d.
Thus, by the definition of d, we have

PLI(L® Va)®@, (L@ V)P) — 0.
Therefore, by Proposition 2.4,
Vale) = (@ Vi) D(a) = (H® V)D(a) = V(c).

Proposition 3.5. With the above assumptions, suppose that (U,.27 L) is a QM space and the linear span of
G={(u®ide)®P(a): peS(B),acU}
is dense in € (for example ® is surjective). Then (€, € ,Ly) is a OM space.
Proof. Since <7 is dense in 2 and the linear span of G is dense in €, we have
Go={(u®idg)®P(a): HeS(B),ac o}
is dense in €. On the other hand, by Lemma 3.4, Gy C €. Thus ¢ is dense in € and (€,%4,L,) is a QM space. O
Example 3.6. Let 2 and € be unital C*-algebras. Suppose that A ® € has a QSM structure. Consider *-homomorphisms
id:ARE>ARE and F:ARC—ER,
where F is the flip map, i.e. F(a®c)=c®aforae€A,c €. Then
(C,idyge) and (A, F)

are quantum families of morphisms. Thus 2 and € have naturally QSM structures. Also, by Proposition 3.5, if A ® € has a QM structure
then so are 2 and €.

Example 3.7. Let 2 be a unital C*-algebra and suppose that A has a QSM structure. Let ® : 2 — B be a unital *-homomorphism. Then
(B, D) can be considered as a quantum family of morphisms from 2 to C. Thus B naturally has a QSM structure. Also, if ® is surjective
and A has a QM structure, then by Proposition 3.5, B has a QM structure.

4. The commutative case

In this last section we study induced metric structures on ordinary families of maps.

Lemma 4.1. Let (X,7) be a compact Hausdorff space and let d be a pseudo-metric on S(C(X, 7)) such that t; is weaker than the w*
topology. Let € be the space of all ¢ € C(X,t) such that the map v — v(c) is continuous on S(C(X, 7)) and Ly(c) < eo. Consider the
semi norm Ly : € — [0,~+o0). Then for every x,x' € X, d(6x,6v) = pr,(6x, bv).

(We remark that Lemma 4.1 is different from part i) of Proposition 2.2.)
Proof. Let x,x' be in X. By the definition of py,,, we have
oL, (8x,0v) =sup{la(x) —a(x)|: a€C, Ly(a) <1} 4.1
Leta € 4 and Ly(a) < 1. If d(x, 6) =0, then a(x) = a(x) since the map 8, — &x(a) = a(x) is continuous with d, thus (4.1) implies that
PLy(8x,8v) = d(8x,8y) = 0.

Now, suppose that d(Jx, 8y) # 0. Since 1 = Ly(a) > %{g(ﬁ’)\, we have d(8y,8y) > |a(x) —a(x)|, thus (4.1) implies that py, (6, 6y) <
d(8y,0y). Now, define a map by on X by by(y) = d(0y, dy). Then b, € € and Ly(bx) < 1. Thus

PL, (8 8¢) > |bx(x) — bu(x')| = d(8y, ).
This completes the proof. O
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Theorem 4.2. Let (X,7), (Y,7'), (Z,7") be compact Hausdorff spaces and let dy be a pseudo-metric on X such that T4, C T. Let
F:YxZ—X
be a continuous map with t,7’, 7", and define a pseudo-metric d, on Z by

di(z,7) = supdy(F (y,2),F (,7))-
yeY

With the canonical identification C(Y x Z,7' x ") = C(Y,7') ® C(Z,7") let
F:CX,1) = C,7)oC(Z,17")

be defined by F(a) = aF, for a € C(X, 7). Let
(C(z,7"),¢,N)

be the QSM space induced by QSM space (C(X,7),Lip(X,dp), | - |4,) and quantum family of morphisms (C(Z, ), F). Then the following
are satisfied.

i) di(z,7) = pn(6;,8;) for every z,7 € Z.
ii) € C Lip(Z,d,).
ii) || -[la, <N
Proof. 1) Let L= || ||4,- Let us recall the definition of (C(Z,t"),¢,N). Let d be the pseudo-metric on S(C(Z,7")) defined by
d(v,v') = suplpr (L © V)E (e v)E) . e S, T)).

Then N = L and % is the space of all ¢ € C(Z,t") such that the map v — v(c) on S(C(Z,1")) is continuous with d and N(c) < . By
Lemma 4.1, we have,

d(SZaaz’) :pN(8Z761’)7 4.2)

for every z,7 € Z. Now, we explain the relation between d; and d.
Letz,7 € Zand y € Y. Then

(8, 8,)F = Oy and (6, ® SN F = Op(y.2)-
On the other hand, by Proposition 2.2, for every x,x’ € X, dy(x,x') = pp(6x, 8). Thus
pL((8y @ 8)F (8, ® 87)F) = do(F (y,2),F(v,7)).
This formula together with the definitions of d and d|, show that
di(z,7) <d(8;,8). 4.3)

Let u € S(C(Y,7')) be arbitrary. We consider it as a probability Borel regular measure on (Y,7’). Then for every a € Lip(X,dp) with
llallg, < 1, we have,

(u®&)F(a) — (n®8:)F(a)| = | ./IV(GF(M) —aF(y,2))du(y)]

. (4.4)
< [ latF(2) = a(F (2 ))ldu ).

For every y € Y, by Lemma 2.1,

|a(F (y,2)) —a(F (y,2))| < do(F (y,2), F (,2)).
Therefore, we have

la(F (y,2) —a(F (y.2))| < di(2.7). 4.5)
(4.5) and (4.4) implies that

(u®8:)F(a) — (n® &) F(a)| < di(2.2).
Therefore, by the definition of d,

d(8;,8,) <di(z,7). (4.6)

Now, by (4.6) and (4.3), d(8;,68,) = dy(z,7'), and thus by (4.2),
d1(6:,8;) = pn(8:,67)

for every z,Z' € Z, and i) is satisfied. ii) and iii) are immediate consequence of i) and definitions of €, || - ||;, and N. O
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5. Conclusion

In this note, we introduced the new concept of compact quantum pseudo-metric space as a generalization of the concept of compact quantum
metric space. The C*-algebraic examples of the latter concept, which has been introduced by Rieffel, are very restricted. But, by using the
concept of quantum family of maps, it was denoted that the source of examples for (C*-algebraic) quantum pseudo-metric spaces are very
wider than those for (C*-algebraic) quantum metric spaces.
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