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Abstract: In this study, two of the most commonly used zero-truncated regression models for modeling positive
count data, namely Zero Truncated Poisson and Zero Truncated Negative Binomial, are compared with the
classical Poisson and Negative Binomial regression models. The role of the mean of the dependent variable in
model selection is examined. Simulations were first conducted using different mean values for the dependent
variable, followed by a comparison of model performances using two different real data sets. The real data sets
were constructed using crime data published by Turkish Statistical Institude (TSI). AIC, BIC, and residual plots
were utilized to determine the most suitable model. The study found that zero-truncated models perform better
when the mean of the dependent variable is below 5, compared to classical models.
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Sifir Deger Kesilmis Modellerin Regresyon Analizindeki Avantajlari: Kiicik Ortalama
Degerler Uzerine Bir Inceleme

Oz: Bu calismada, pozitif sayim verilerinin modellenmesinde en sik kullanilan zero-truncated regresyon
modellerinden ikisi Sifir deger kesilmis Poisson, Sifir deger kesilmis Negatif Binom ile klasik Poisson ve Negatif
Binom regresyon modelleri karsilastirilmis ve bagimli degiskenin ortalamasmin model se¢imindeki rolil
incelenmistir. Oncelikle bagimli degisken igin farkli ortalama degerleri kullanilarak simiilasyonlar
gergeklestirilmis, ardindan iki farkli gercek veri seti izerinden model performanslari kargilagtirilmigtir. Gergek
veri setleri, Tiirkiye Istatistik Kurumu (TUIK) tarafindan yayimlanan sug verileri kullanilarak olusturulmustur.
En uygun modelin belirlenmesinde AIC, BIC ve residual grafikleri kullanilmistir. Bagimli degiskenin
ortalamasinin 5’ten kii¢liik oldugu durumlarda, sifir deger kesilmis modellerin daha istiin bir performans
sergiledigi tespit edilmistir.

Anahtar Kelimeler: Negatif binom, Poisson, Sifir deger kesilmis negatif binom, Sifir deger kesilmis poisson
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1. Introduction

Count data often deviate from normal distribution and typically start from zero with positive
values (Zeileis et al., 2008; Coxe et al., 2009). Such data generally do not satisfy the assumptions of
normality and take on positive, greater-than-zero values. This can lead to biased parameter estimates
when applying linear regression to count data. Count data typically follow a Poisson distribution, for
which Poisson regression is commonly used (Agresti, 1997). However, issues such as overdispersion or
underdispersion arise when the equality between the variance and the mean is violated (Cox, 1983).
Overdispersion occurs when the variance exceeds the mean, indicating greater variability in the data
than expected under a Poisson model, whereas underdispersion refers to the case where the variance is
smaller than the mean, suggesting less variability than anticipated. In such cases, alternative models like
negative binomial (NB) and generalized Poisson (GP) regressions can be employed (Lawal, 2012; Saez-
Castillo & Conde-Sanchez, 2013; Hilbe, 2014). Zero-truncated regression models also provide an
effective approach for positive count data.

Poisson regression is suitable when the variance equals the mean, but it may yield biased
estimates and narrow confidence intervals in the presence of overdispersion (Hilbe, 2011). In such
situations, NB and GP regressions are preferred (Long, 1997; Jansakul & Hinde, 2002). For count data
that do not include zeros, zero-truncated regression models are appropriate. These models estimate
probabilities based on positive count data and are utilized in fields such as modeling gene expression in
medicine (Thygesen & Zwinderman, 2006). When overdispersion stems from multiple sources, the zero-
truncated generalized negative binomial method is preferred (Hilbe, 2011). The comparison of Poisson,
negative binomial, and zero-truncated models is often based on AIC and BIC values; the model with the
smallest value is considered the best fit (Rose et al., 2006; Sileshi, 2008). Truncated models are widely
applied in various fields. For instance, Thygesen & Zwinderman, (2006) and Lee et al. (2003) employed
these models in medical studies; Liu et al. (2013) used zero-truncated negative binomial regression with
guantile regression to estimate train derailment probabilities; Puza et al. (2008) applied a Bayesian
approach to truncated Poisson regression for analyzing illegal immigrant data in the Netherlands; Creel
and Loomis (1990) analyzed deer hunting in California; and Van Der Heijden et al. (2003) used zero-
truncated regression models to estimate offender populations based on police records in Germany.

Residual analysis is an effective method for determining the best-fitting model, as it directly

impacts the accuracy and validity of the model (Draper & Smith, 1998). Residual plots displaying a
wide distribution and systematic patterns indicate poor model fit (Montgomery et al., 2012). Another
approach to identifying the best model involves examining the AIC and BIC values, with lower values
indicating a better model fit (Burnham & Anderson, 2002).
This study investigates the role of the dependent variable's mean in model selection and discusses
potential issues arising from the failure to choose an appropriate regression model. By employing AlC,
BIC, and residual plots, the study aims to determine the best model theoretically and practically,
providing insights into model performance evaluation.

2. Material and Methods

The real data used in this study consists of crime statistics recorded in 81 provinces of Turkey
between 2009 and 2013, obtained from the Turkish Statistical Institute (TUIK). The crimes analyzed
include bad treatment, sexual crimes, crimes related with firearms and knifes, homicide, assault,
robbery, production and commerce of drugs, use and purchase of drugs, and kidnapping. These statistics,
categorized by province in the TUIK dataset, were grouped into seven geographical regions and
incorporated into the regression model as the "region" variable. Additionally, each year was included in
the model as the "year" variable. The study utilized a total of 11 variables (considering "year" and
"region" as single variables) and 405 data points.

The study employed the R 3.5.2 statistical software and several R packages. The packages used
include "msm™ and "sandwich" for Poisson regression, "MASS" and "foreign" for negative binomial
regressions, and "VGAM," "ggplot2,” and "boot" for zero-truncated regression methods. In the
simulation study, 1,000 samples, 1 dependent variable, 10 independent variables, and the *"‘pscl*
package in R were utilized. A sample size of 1,000 was chosen to ensure the statistical stability of the
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estimators, maintain computational efficiency, and adopt an approach consistent with the existing
literature.

The regression methods applied in this study were Poisson, negative binomial, zero-truncated
Poisson (ZTP), and zero-truncated negative binomial (ZTNB) regressions.

2.1. Poisson regression

Poisson regression is one of the generalized linear models in regression analysis. It is used for
analyzing count data and contingency tables. When modeling contingency tables, it is often referred to
as log-linear regression. In this model, the dependent variable follows a Poisson distribution, and a log
link function is used to relate the dependent variable to the independent variables, resulting in a linear
equation (Winkelmann, 2008; Yesilova et al., 2010).

When the independent variables are X3, X, .... X;,, the log link function is expressed as follows:

log(u) = Bo + 1 X1 + BoXo + -+ + BinXipy (1)

where X;, X5, ..., X, is the vector of independent variables and By, 81,82, -, Bm represents the
regression coefficients (Kutner et al., 2004).

Here, u is an exponential function of the independent variables. The log-likelihood function is
defined as (Khoshgoftaar et al., 2005):

LB /yox) = ) [yee'B = exp (x/8) = Iny!] (2)

2.2. Negative binomial regression

Negative binomial (NB) regression is a method used as an alternative to Poisson regression
when overdispersion is observed in the dependent variable. It relates the dependent and independent
variables through a log link function. The probability function is given as:

i + ) (@p)”

Pr(y) = 1 1
VilTEA + ap)” e

, a>0 (3)

In this equation, i is the mean of the distribution, « is the NB dispersion parameter, and T'(.)
denotes the gamma function (Simo et al., 2007).
The log-likelihood function of the NB regression model can be expressed as (Lawless, 1987):

n

LB, a,y) = Z Elog(l + ay;) — y;log (1 + %) + logl’ (yi + %) — logl’ G) — logy;!] 4)
i=1 .

2.3. Zero truncated poisson regression
Zero-truncated Poisson (ZTP), also known as positive Poisson, is a distribution where all

values are positive and zero (0) is not included, unlike the standard Poisson distribution. The zero-
truncated Poisson model is given by (\Van Der Heijden et al., 2003):

PO exp (<O
PO > 08 =500 = 3 — exp(-0) ®)
P(y; >0,[) =1 —exp(—A),y; =12,... , i=12,...N, (6)
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For the i-th observation, the log-likelihood function is expressed as:
1y u;ly; > 0) = v [XT:8] — exp(XT;8) — In(y;!) — In[1 — exp{—exp(XT;$)}] @)

Here, y; represents the observed count outcome, while A denotes the Poisson rate parameter. The term
XT B represents the linear predictor in the regression model.
The log-likelihood for the ZTP model is given by (Hilbe, 2014):

[ uily; > 0) = Ty [XT i8] — exp(XTB) — In(y;!) — In [1 — exp{—exp(X";8)}] (8)
2.4. Zero truncated negative binomial regression

Zero-truncated negative binomial (ZTNB) regression is a method used for modeling dependent
variables with positive values (y; > 0) that also exhibit overdispersion. The log-likelihood for the
ZTNB model can be written as:

LGsyly > 0) = ) {lusz = Inl1 = {1+ aexp(ey £} 1) ©)

i=1

where Lyg, is given by (Hilbe, 2014):

aexp(x;'B)

1 1
HTW) - (;) log(1 + aexp(x;'B)) + logTl (yi + E)

LBy, @) = ) {yilog(
; (10)

1
—logl(y; + 1) — logl'(_)}
3. Results

3.1. Simulation study

In the simulation study, one dependent variable and 10 independent variables were generated.
The sample size was set to 1,000. The dependent variable had a minimum value of 1 and followed a
Poisson distribution with a mean of 100. This mean value was subsequently altered to 50, 10, 5, and 3,
and model performances were compared accordingly.

In the second simulation study, the dependent variable was again a count variable with a
minimum value of 1 but exhibited overdispersion. The mean values were similarly set to 100, 50, 10, 5,
and 3, and model performances under conditions of overdispersion were compared.

Residual plots, along with AIC and BIC criteria, were used to determine the best-performing
model. Residual plots for the highest mean of 100 and the lowest mean of 3 were presented to visualize
changes in model performance across the two extreme mean values. The goal was to observe the
variation in model performance across different mean levels.

The results obtained for models using one dependent variable (consisting of positive values
following a Poisson distribution) and 10 independent variables across different mean values are
summarized below.

Table 1. AIC and BIC values of Poisson and ZTP regressions for different mean values

p=100 p=50 p=10 pn=5 n=

MODEL  4jc  BIC AIC  BIC AIC BIC AIC BIC AIC BIC

POISSON 7453  7507.77  6785.1 6839.1 5153.547  5207.532 434298 4396.96 3702.74 3756.72

TP 7453 7507.77  6785.1 6839.1 5153.455 5207.44 4328.02 4382.00 3589.41 3643.40
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For u=100, the Poisson and ZTP models show similar AIC and BIC values, suggesting similar
fit performance. As p decreases, the ZTP model generally provides a slightly better fit (lower AIC and
BIC values) compared to the Poisson model. This indicates that the ZTP model may be more appropriate
for datasets where zero values are truncated, as it results in lower AIC and BIC values, signaling better
model fit.
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Figure 1. Residual plots for a mean value of 100.
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Figure 2. Residual plots for a mean value of 3.
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Residual plots exhibit a wide distribution and systematic patterns, which indicate poor model
fit. This behavior is observed in the residual plots of the Poisson model. Particularly, when the mean
decreases (u=3), the model demonstrates inadequate fit to the dataset and produces higher prediction
errors. In contrast, the Zero-Truncated Poisson (ZTP) model shows better fit to the data, with residuals
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distributed more narrowly and homogeneously. The ZTP model is more suitable for count data without
zero values, and this suitability becomes more pronounced at lower mean values.

In Table 1, the AIC and BIC values for the models at means of 100, 50, and 10 are identical. As
the mean decreases, these values also decrease. However, when the mean is set to 5, the AIC and BIC
values begin to diverge, and the differences grow significantly at a mean of 3. For larger mean values,
no significant differences are observed in AIC and BIC values across the regression models employed.
So, for dependent variables with a mean of 5 or less, the ZTP model is preferable to the Poisson model.

Table 2. AIC and BIC values of NB and ZTNB regressions for different mean values

p=100 p=50 p=10 p=5s p=3
MODEL AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC
NB 9755.43 9814.32 8446 8505 5785 5844 4781 4840 3995 4054
ZTNB 9755.43 9814.32 8446 8505 5782 5841 4745 4804 3851 3910
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Similar results were obtained in Negative Binomial (NB) and Zero-Truncated Negative
Binomial (ZTNB) regressions as in the Poisson application. When the mean is 3, the residual plot of the
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ZTNB model shows a narrower and more homogeneous distribution compared to the NB model. This
indicates that the ZTNB regression is a more suitable model for the dataset.

Moreover, the AIC and BIC values diverge when the mean is set to 10, and as the mean
decreases, it becomes increasingly evident that the ZTNB model is the more appropriate choice.

3.2. Real dataset application

In this study, one of the dependent variables, the crime of bad treatment, was found to consist
of positive values, with a minimum value of 1 and a maximum value of 18. Additionally, it exhibited a
Poisson distribution with a standard deviation of 1.603 and a mean of 1.54.
Four different regression models were employed in the study, and the results are presented in Table 3.

Table 3. AIC and BIC values of regression models used in the study

Model AIC value BIC value
Poisson(PR) 1052.4 1128.43
Negatif binomial(NB) 1054.4 1134.44
Zero truncated Poisson(ZTP) 590.89 666.97
Zero truncated negatif binomial(ZTNB) 1021.81 1101.89
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Figure 5. Residual values of Poisson regression and ZTP regression models (Real Data).

The second dependent variable used in the study is "sexual crimes." This variable has a minimum
value of 1, a maximum value of 324, a mean of 21.56, and a variance of 1355.98. The variance being
significantly larger than the mean indicates overdispersion. The regression models employed and the
results obtained are presented in Table 4.

Table 4. Regression methods used and their AIC and BIC values

Model AIC value BIC value
Poisson(PR) 3556.7 3632.821
Negatif Binomial(NB) 2622.3 2702.341
Zero Truncated Poisson(ZTP) 3553.009 3629.082
Zero Truncated Negatif Binomial(ZTNB) 2595.403 2675.481
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Figure 6. Residual values of negative binomial regression and ZTNB regression models (Real Data).

The residual plot of the negative binomial regression demonstrates a more balanced residual
distribution. Systematic errors are less pronounced, and residuals are generally symmetric around zero.
In contrast, the residual plots for the ZTNB regression show significant deviations and systematic errors,
particularly at the negative extremes.

Table 5 provides the parameter estimates and standard errors for the Poisson and ZTP regression
models when the dependent variable is "bad treatment."

Table 5. Comparison of independent variable estimates for PR and ZTP models when the dependent
variable is "bad treatment"” crime

Poisson Parameter Poisson ZTP Parameter ZTP

Estimates exp () Standard Estimates exp () Standard
VARIABLE Errors Errors
Sexual crimes 0.98*** 0.003 0.96*** 0.004
2010 1.04 0.13 1.11 0.22
2011 1.01 0.14 1.02 0.26
2012 0.96 0.14 0.74 0.28
2013 0.89 0.16 0.63 0.33
Aegean 0.99 0.17 0.96 0.26
Marmara 1.30 0.17 1.56 0.24
Black Sea 0.92 0.17 0.48* 0.34
Central Anatolia 0.96 0.16 0.69 0.28
Eastern Anatolia 0.81 0.17 0.23** 0.48
Sotheast Anatolia 0.72 0.2 0.15*** 0.54
Homicide 0.97* 0.001 1.007*** 0.001
Crimes related with 0.99 0.001 1.003 0.001
firearms and knifes
Production and commerce 1.001 0.0006 1.001 0.0007
of drugs
Use and purchase of drugs 1.003** 0.2 0.99 0.001
Robbery 0.99*** 0.001 0.99*** 0.0001
Kidnapping 1.001 0.004 1.004 0.005
Assault 1.002*** 0.0005 1.004*** 0.0007

#(p<0.1), **( p<0.01), ***( p<0.001)
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In Table 5, significant differences were observed between the parameter estimates of the Poisson
and ZTP models. For instance, the "Eastern Anatolia" variable was estimated as 0.81 in the Poisson
model and 0.23 in the ZTP model. Similar differences were observed for other variables as well.

The AIC and BIC values presented in Table 3 also reflect this difference, with values of 1052.4
and 1128.43 for the Poisson regression, and 590.89 and 666.97 for the ZTP regression, respectively
(Table 3).

Similarly, the "Southeast Anatolia" variable was estimated as 0.72 in the Poisson model,
whereas this value dropped to 0.15 in the ZTP model. This indicates that the ZTP model is more sensitive
to zero-truncated datasets and better captures the structure of the data.

In contrast, variables such as "Robbery" (0.99 in both models) and "Production and Commerce
of Drugs" (1.001 in both models) showed consistent parameter estimates across the models. This
suggests that the effect of zero truncation on these variables is limited, and their sensitivity to model
selection is relatively low.

Table 6. Comparison of Independent Variable Estimates for NB and ZTNB Models When the Dependent
Variable is "Sexual Offenses"

N!3 Parameter NB Standard ZTI_\IB Parameter Stal:o?ar d

VARIABLE Estimates exp (B) Errors Estimates exp (B) Errors
Bad treatment 1.03 0.02 1.03 0.02
2010 1.41%** 0.10 1.47%** 0.11
2011 1.16 0.10 1.19 0.11
2012 2.07*** 0.10 2.18*** 0.11
2013 3.09*** 0.11 3.35** 0.12
Aegean 1.15 0.12 1.16 0.13
Marmara 1.06 0.12 1.06 0.13
Black sea 0.65*** 0.12 0.64*** 0.13
Central Anatolia 0.79 0.12 0.78 0.13
Eastern Anatolia 0.37*** 0.12 0.34*** 0.14
Southeast Anatolia 0.36*** 0.14 0.33*** 0.15
Homicide 1.006*** 0.001 1.007*** 0.001
Crimes related with 1.004%%+ 0.001 1,004+ 0.001
firearms and knifes

Production and 0.99* 0.0005 0.99% 0.0006
commerce of drugs

grsuegi”d purchase of 0.99%* 0.001 0.99%* 0.001
Robbery 0.99* 0.001 0.99* 0.001
Kidnapping 0.99 0.003 0.99 0.003
Assault 1.001** 0.0004 1.001** 0.0004

#(p<0.1), **( p<0.01), ***( p<0.001)

In Table 6, it was observed that the parameter estimates of the NB regression and ZTNB
regression models were very close to each other, with some variables even having identical estimates.
The AIC and BIC values for the two methods also showed similar results.

The AIC value for the NB regression was found to be 2622.3, while for the ZTNB regression,
it was slightly lower at 2595.403. Similarly, the BIC values were also close, with the NB regression
having a BIC value of 2702.341 and the ZTNB regression yielding a BIC value of 2675.481.

These results suggest that both models perform similarly for this dataset, with ZTNB showing
a slight advantage in terms of model fit as indicated by its lower AIC and BIC values.
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4, Conclusion

In this study, the effects of the mean of the dependent variable on the choice of regression
models were examined in models where the dependent variable consisted of positive count data. Both
simulation studies and real datasets were utilized to evaluate these effects. Zero-truncated models (ZTP
and ZTNB) were compared with classical Poisson and Negative Binomial (NB) models, and model fit
was assessed using AIC, BIC values, and residual plots.

The findings indicated that when the mean of the dependent variable was 5 or lower, zero-
truncated models provided better fit compared to classical models. Using classical models for datasets
with low mean values may result in biased parameter estimates, which could have critical implications
in certain fields. For example, in areas such as medicine or pharmacology, where minimal differences
in values can lead to significant outcomes, this could directly influence theoretical and application
strategies.

The AIC and BIC values obtained in the real data application suggested that the ZTP regression

model explained the data more effectively. However, residual plots indicated that the ZTP model could
produce larger errors for low-fitness observations. A similar result was observed for the ZTNB
regression model. When the mean of the dependent variable was less than 5, zero-truncated models
generally performed better in terms of overall fit. If producing large errors for specific observations is
acceptable and general fit is prioritized, zero-truncated models can be preferred.
When the mean of the dependent variable exceeded 5, no significant differences were observed between
zero-truncated models and classical models. However, slight deviations were noted in the NB models
when the mean was slightly above 5, indicating the need for more caution in model selection. This
consideration is particularly important for datasets where the dependent variable exhibits
overdispersion.

In light of the study's general findings, it is recommended that the mean of the dependent
variable be taken into account when modeling positive count-dependent variables. Specifically, zero-
truncated models should be preferred for dependent variables with a mean of 5 or less. In such cases,
the use of classical methods could lead to biased parameter estimates depending on the research topic,
scientific discipline, and dataset characteristics.
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