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Abstract”

Clarity and consistency are increased if the Caputo-Fabrizio fractional gas dynamics equation is analyzed using
the Caputo-Fabrizio q-Elzaki homotopy analysis transform technique (CFq-EHATT). Numerical solutions of
this equation are represented in 2D and 3D graphs using Maple software. Table 1 demonstrates the effectiveness
and consistency of the proposed method. The #-curves of the obtained solutions are plotted. The derived
solutions facilitated a physical understanding of the gas dynamics equation.
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Caputo-Fabrizio Kesirli Gaz Dinamigi Modeli i¢in Giiclii Yontemle Yeni Sayisal Analiz
Oz

Caputo-Fabrizio kesirli gaz dinamigi denklemi, Caputo-Fabrizio g-Elzaki homotopi analiz doniisiim teknigi
(CFq-EHATT) kullanilarak analiz edilirse, netlik ve tutarlilik artmaktadir. Bu denklemin sayisal ¢6ziimii Maple
yazilimi kullanilarak 2D ve 3D grafiklerle gosterilmistir. Tablo 1 6nerilen yontemin etkinligini ve tutarliligini

gostermektedir. Elde edilen ¢oziimlerin % egrileri ¢izilmigtir. Tiiretilen ¢dziimler gaz dinamigi denkleminin
fiziksel olarak anlagilmasini kolaylastirmistir.
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1. Introduction

Fractional calculus (FC) is a branch of applied mathematics that focuses on derivatives and
integrals of arbitrary orders. The primary advantage of employing fractional partial differential
equations (FPDEs) is their nonlocal characteristic. FPDEs play a significant role in modeling
many problems. Numerous FPDEs have been identified in the literature [1, 2, 3, 4, 5, 6].

FPDEs offer generalized forms of differential equations of integer order. FPDEs have been
extensively studied in recent years due to their significant applications in several fields. FC is
an unparalleled discipline for investigating several complicated processes that display
nonlinearity. A multitude of established approaches have been proposed to ascertain precise
solutions to FPDEs [7, 8, 9, 10, 11, 12, 13].

The principles of energy, momentum, and mass conservation are expressed through the
mathematical formulation of gas dynamics equations (GDEs). Gas dynamics is a branch of fluid
dynamics that investigates the movement of gases and its effects on physical structures. The
examination of gas dynamics has numerous practical applications in various scientific and
technical issues. Recently, many academics have investigated the GDE in different works
because of its significance in multiple physical processes [2, 14].

Recently, numerous researchers have examined the GDE due to its importance in diverse
physical processes. The various techniques, such as semi-analytical and numerical methods,
have been employed to analyze the gas-dynamics equation [14, 15, 16, 17, 18, 19, 20, 21, 22,
23, 38].

In recent years, various definitions of fractional derivatives have been proposed to model
memory and hereditary properties of complex systems. Among these, the Caputo and Riemann—
Liouville derivatives are widely used due to their effectiveness in capturing power-law memory
effects through singular kernels. However, these classical operators often lead to mathematical
and computational challenges due to their nonlocal and weakly singular nature. In contrast, the
Caputo-Fabrizio (CF) derivative introduces a non-singular exponential kernel, offering
improved analytical and numerical properties. The CF operator avoids the singularity at the
origin, facilitating the modeling of systems with fading memory and allowing for more stable
numerical implementations. This distinction makes the Caputo-Fabrizio derivative particularly
attractive for applications where regularity and well-posedness of the solutions are essential [4,
31].

The Elzaki transform (ET) is a mathematical instrument employed in the resolution of
differential equations, especially within engineering and applied sciences. It is an integral
transform akin to the Laplace transform, possessing distinctive qualities that render it
advantageous for specific issue types. The ET is employed to resolve linear and nonlinear
ordinary differential equations. ET has been augmented to proficiently manage fractional-order
derivatives. It is advantageous for assessing systems when conventional transformations may
not facilitate efficient calculations. It diminishes the intricacy involved in resolving differential
equations. It offers alternative alternatives when other transformations may be unwieldy. It is
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congruent with fractional calculus and other sophisticated mathematical systems [24, 25, 26,
27,28, 29, 30].

The Caputo-Fabrizio fractional derivative has emerged as an alternative to conventional
fractional derivative formulations and has gained extensive application. This derivative
definition was established to enhance the modeling of memory effects. The Caputo-Fabrizio
fractional derivative facilitates a more precise examination of features like viscosity, energy
dissipation, and diffusion processes in modeling intricate physical phenomena, such as gas
dynamics equations [31].

In [2, 14], the subsequent GDE has been examined utilizing diverse methodologies.

%+%(uz(x,t))x=u(x,t)—u2(x,t),0 <u<s1t>0, (1)
via the initial condition (IC) u(x, 0) = 0(x).
In this article, this equation is examined in the Caputo-Fabrizio (CF) fractional sense as
2)

1
plu(x,t) + E(uz(x, t))x =u(xt) —u?(x,t),0<u<1t>0.

The aim of the paper is to obtain the novel numerical solution of the Caputo-Fabrizio fractional
GDE (CFFGDE) by a novel semi-analytical method. The first innovation in the paper is to
present the CF g-Elzaki homotopy analysis transform technique (CFq-EHATT), which is a new
semi-analytical method that combines the CF Elzaki transform (CFET) with the g-homotopy
analysis transform technique (q-HATT). This method provides faster, easier and more effective
numerical solutions of Caputo-Fabrizio FPDEs (CFFPDEs).

The rest of this work is as follows. The Part 2 presents the fundamentals of CF fractional
calculus and the ET. CFq-EHATT is introduced in Section 3. The CFFGDE is analyzed in Part
4. The conclusion is given in Part 5.

2. Preliminaries

In this section, main definitions, theorems and methods are introduced.

Definition 2.1. [24] The ET of the function ¥ (t) is described as

T
E[Yy(0)] =T(s)=s | P(r)exp|——|dr,t > 0.
of = 3)

Definition 2.2. [31] The CF fractional derivative of order 4 > 0 for the function 1 (t) is defined
by
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Do ()] = (“) f P’ (7) ex [ “it__ﬂ dr, 7 >0, “

where ¥ (u) is the normalization function such that @w(0) =@(1) =1, and Y €
H'(ay,a,),a, > a,.

Definition 2.3. [32] The Caputo-Fabrizio (ET) (CFET) of the CF derivative (CFD) for the
function Y (t) is defined by

PESEDE (O]} = (FELw(®] - w?p(0)),u € (01]

1—pu+uw
6))

2.1. The Main Idea of CFq-EHATT
In this part, it is presented the CFq-EHATT [33], which combines via CFET and q-HATT.

Consider the Caputo-Fabrizio time-fractional nonlinear partial differential equation
(CFTFNPDE)

WDEY(E D) + AP, D+ HYE, D = (¢, )n—1<p<n, (6)

where A and H are linear and nonlinear operators, {(&, T) is a nonhomogeneous function, and
D} is CFD of order p.

Step 1. By applying the CFET to CFTFNPDE with the IC, Eq (7) is identified as

(GEGE D -wiE0) N
Tpe—" FLEMYED T IYE DI = GELED).

Rewriting the Eq (7), Eq (8) is acquired as
GEWE D= w?P(§,0) + (1 — p+ pw) GE[AY(E,T) + HY(§,T) ®)
—{(¢ D] =0.

Step 2. Via the HAM, the nonlinear operator (NO) of w (¢, T; q) is described by
N'wE 1] = CEJwE, 1 9)] — ww(E, ;) (0%)
cr : : €))
+(1 =+ ww) [FE A0 7 q) + Ho(€, 1 9) - ¢, D],
where ge [0, ﬂ
A homotopy is constructed as
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(1 - nQ) LE[w(& 7 9) — Po(§, D] = hqA§, D) G E[w (&, 75 )], (10)
where ¢ E,, signifies CFET and A # 0. The outcomes of Eq (10) are determined for ¢ = 0 and

1
q =—by

1
(U(f, T, O) = lpO(f) T),(l) (E:T; E) = l/)(f, T)- (11)

With q increasing from 0 to 1/n, w(é, T; q) converges to the solution Y (&, ) from Y, (&, 7).

When the Taylor theorem is applied to g, the result is found by

- (12)
0T = PoE D + ) (6D
c=1
where
100,15 9) (13)

Ye (E: T) =

c! aq° la=0-

For ¥ (&, ), n and A, which are convenient, Eq (12) converges at q = %

By dividing by c! and differentiating the 0-th order deformation Eq (10) ¢ times with regard to
q, for g = 0 it is acquired as

CEpe (€ 1) = xche-1(E D] = RAE DRy (Pe-1)- (14)

Step 3. When inverse CFET (ICFET) is used on Eq (14), the outcome result is obtained by

V&0 = xeher (61 + h(FE) MG DRy (Pe-r)], (15)

where

Ruc(es) = BEulther (€01 = w? (1-25) po €, )

(16)
+(1 = o pw) [FEL A1 (6,7) + Ay (6,7) — (D]
and
(0, c<1, (17)
Ae = {n, c>1,

where A, is homotopy polynomial and it is presented as
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10¢ b
Ac:a%lq=0' w( 7;,q9) = wo + qu; + qw, + -
(18)
Via Eqgs (16)-(17), it is acquired as
5 Xe
YD) = (e + WPes (6 0) = w2 (1-25) Yo, 1)
—1 (19)
+h(E) " [(( = i+ p) FEL[APe_1 (6,0 + Aea (6,03, D).
Step 4. Thus, the solution of Eq. (6) via CFq-EHATT is as follows.
(o] 1 c
PED = W€D+ ) pe@D(5) -
c=1 (20)

2.2. Convergence Analysis

In this section, theorems related to the existence and convergence of the method are given.
Theorem 4. 1. (Uniqueness Theorem) [34, 35, 36] The solution for the CFTFNPDE (6)
acquired by CFq-EHATT is unique for Vue(0,1), where p = (n + h) + A(p + v)P.

Theorem 4. 2. (Convergence theorem) [35, 36] Let € is a Banach space (BS) and Z: Q@ — Q
is a nonlinear mapping. Assume that the inequality

1Z(a) = Z(WIl < nlla = hl|,Va,b € X 1)

holds, then Z has a fixed point (FP) in BS. Therefore, for the arbitrary choice of ag, by € Q, the
sequence created by the CFq-EHATT converges to a FP of Z and the following inequality holds

n" (22)
1—7 lles — eoll, Va, b € Q.

llom — onll <

3. Application
In the part, the numerical solution of the CFFGDE are acquired with CFq-EHATT.
Example 3.1. Consider the CFFGDE [2, 14]

“Dlu(x,t) + %(uz(x, t))x =u(x,t) —u?(x,t),u € (0,1],t >0, (23)

with the IC
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u(x,0) = e~

Implementing the CFET to Eq. (23) via IC, then it is acquired as

PE, [ulx, )] = w?u(x,0) + (1 — u+ uww)EE, E (u?(x, t))x —u(x,t)

+u?(x,t)] = 0.
The NO is constructed with Eq. (25) as

N'w(x,t;q) ] = CEJw(x t; )] —w?e™ + (1 — p + uw)

« CFE lawz(x, t;q)

_ . 2 :
toEu |3 I w(x,t;q) + @ (x,t;q)|

The c-th order deformation equation is identified as
CtI;Ey [uc(x, ) = xcte—q(x,6)] = hRy ([tic_q],

where

R - - X
R cltie1 (6, 0] = FE,[tley (6, 0] = ew? (1-75)

c—1 P c—-1
Uc—1-5
Zus dx - uc—l(x' t) + zousuc—l—s]-
S=

s=0

+(1 = p+uw)CE,

Implementing the ICFET to Eq. (27), we have

ue(x%,6) = Kette 1 (6, 8) + A(EEL) (Ruelilemn (01}
By employing IC, we obtain
uy(x,t) = e™*.
Substituting ¢ = 1 in Eq (29), then u, (x, t) is acquired as
uy(x,t) = —he (1 — u + ut).
In the similar way, substituting ¢ = 2 in Eq (29), then u, (x, t) is obtained as
u,(x,t) = (n+ h)(—he‘x(l —u+ ,ut))

2,—x 2 /“thz
+hoe™ (1 —w)*+2u(1 —wt+ > |

(24)

(25)

(26)

27)

(28)

(29)

(30)

1)

(32)
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This way the remaining terms are found. The solution of the CFFGDE is identified via the CFq-
EHATT

c

u(x, t) = uplx, t) + i u.(x, t) (%) . (33)
c=1

c
Putting u = 1,n =1, h = =1 in Eq. (33), X_, u.(x,t) (%) converge to the exact solution
(ES) u(x, t) = e **t of the CFFGDE when © — oo,

Fig. 1 indicates the 3D graphs of CFq-EHATT, the ES, and the absolute error (AE) for u(x, t).

@

(b)
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Figure 1: (a) CFq-EHATT solution (b) ES (¢) AE for CFFDEatn =1,h = —-1,u = 1.

Fig. 2 illustrates the 2D plots of CFq-EHATT for the u(x, t) solution with the ES for various u
values.

u(x.t)

mu=0.6

| mu=0.7

mu=1 mu=0.9
Exart

Figure 2: The behaviour of the CFq-EHATT solutions for u(x,t) and ES for h = —-1,n =
1,t = 0.01 and various u values.

Fig. 3 indicates the A-curves for u(x, t) of CFFGDE with varying u and n.
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T
-2 —13 —1 —03 1]
h

mu=0.7 mu=0.6 mu=0.8 mu=1 mu=0.9

n=2

mu=0.8 mu=0.7 mu=1 mu=0.9

mu=0.6
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n=3

mu=0.6 mu=0.7 mu=0.% mu=1

mu=1 I

Figure 3: A-curves for u(x, t) of CFFGDE with varying g at x = 1 and t = 0.01 for varied n.
4. Results and Discussion

The numerical simulations performed for the CFFGDE are presented. The simulations were
conducted for different values of x,t, and p. Fig. 1 illustrates the comparison of results
generated by Cq-HATM, ES, and the AE. Fig. 2 illustrates the two-dimensional graphical
depiction of the results obtained for the CFFGDE, with varied values of u. Fig. 3 illustrates the
h-curves for the CFFGDE, with each curve representing a distinct set of y and n values for

CFFGDE. These curves are essential in altering the convergence region.

86



Alkan EJSAT 2026, 19(1) 76-91

In the context of the Caputo-Fabrizio g-Elzaki homotopy analysis transform technique, the A-
curve serves as a critical tool for analyzing and controlling the convergence of the series
solution. It provides a graphical representation of how the auxiliary parameter A influences the
convergence behavior of the solution series. A flat segment in the hA-curve indicates a valid
range of h values where the method converges to a reliable solution. Conversely, steep or
oscillatory behavior signifies regions of instability or divergence. Therefore, plotting A -curves
helps identify optimal # values that ensure faster and more stable convergence. In this study,
Fig. 3 presents the h -curves for various values of the fractional order a and time t. These
curves reveal the sensitivity of the method's convergence to the choice of 4 and demonstrate
the robustness of the proposed CFq-EHATT.

Table 1 presents the numerical solutions of u(x, t) derived from the CFFGDE solution with
CFq-EHATT for distinct valuesof tatuy =1, h=-1,n=1,x = 0.001.

Table 1: Comparision EDM [14] and CFq-EHATT solutions u(x, t) for CFGGDE.

t |Uexact — Uppml |uexact - uCFq—EHATM'
0.001 4.99 x 1077 2.00 x 10710
0.002 1.99 x 107 1.00 x 107°
0.003 4.49 x 107 4,00 x 107°
0.004 7.98 x 107 1.10 x 1078
0.005 1.24 x 1073 2.10 x 1078
0.006 1.79 x 1073 3.60 x 1078
0.007 2.44 x 1075 5.70 x 1078
0.008 3.1x 1075 8.50 x 108
0.009 4.03 x 107° 1.22 x 1077
0.010 497 x 107° 1.67 x 1077

Although Table 1 presents numerical comparisons between the CFq-EHATT and the EDM, a
more in-depth analysis can provide greater insight into the strengths of the proposed method.
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From a theoretical standpoint, the CFq-EHATT combines the advantages of the Caputo-
Fabrizio exponential kernel with the flexibility of the g-homotopy approach, resulting in
improved convergence behavior. In contrast, EDM relies on recursive decomposition, which
may be computationally less stable for complex nonlinearities. Regarding computational
complexity, CFq-EHATT demonstrates reduced iteration count and improved convergence
rates due to its analytical construction and tunable auxiliary parameter /. Furthermore, while
EDM often requires symbolic integration or repeated convolution operations, CFq-EHATT
benefits from the Elzaki transform’s compatibility with the Caputo-Fabrizio derivative, which
simplifies the inversion process and reduces computational burden. Thus, the proposed method
not only yields more accurate results but also offers greater computational efficiency, making
it preferable for solving nonlinear fractional models.

5. Conclusion

This study analyzes CFFGDE using CFq-EHATT. This approach is a recently introduced semi-
analytical technique. Furthermore, the two and three dimensional plots depicting the solutions
to these equation for different values u were produced with the Maple. The overall
configuration of the surface plots for CFFGDE is observed to differ. Furthermore, Table 1
indicates that CFq-EHATT outperforms EDM with AE. It can be concluded that the newly
proposed approaches for addressing CFTFNPDE are both beneficial and efficient.
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