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Abstract  Öz 

Soft clustering, which is one of the most important research 

areas of unsupervised machine learning, is preferred 

because it provides more suitable results for real-life 

applications. The fundamental idea of concept is that an 

item can belong to multiple clusters. Fuzzy-based 

approaches are generally applied for analysis. Especially 

due to the insufficient data, soft clustering algorithms have 

poor performance. In this study, a new soft clustering 

method based on Grey System Theory has been developed. 

The method and other soft clustering approaches used in the 

literature were applied for customer segmentation to a 

dataset containing customer transaction data of an e-

commerce company. According to the results, it was 

determined that the developed method has given more 

successful results in small datasets compared to other soft 

clustering algorithms.  

 Denetimsiz makine öğrenmesinin en önemli araştırma 

alanlarından biri olan yumuşak kümeleme, gerçek yaşam 

uygulamaları için daha uygun sonuçlar sağlaması nedeniyle 

tercih edilmektedir. Kavramın temel fikri, bir öğenin birden 

fazla kümeye ait olabilmesidir. Analiz için genellikle 

bulanık tabanlı yaklaşımlar uygulanmaktadır. Özellikle 

veri yetersizliği nedeniyle yumuşak kümeleme 

algoritmaları düşük performans göstermektedir. Bu 

çalışmada, Gri Sistem Teorisine dayalı yeni bir yumuşak 

kümeleme yöntemi geliştirilmiştir. Yöntem ve literatürde 

kullanılan diğer yumuşak kümeleme yaklaşımları, bir e-

ticaret şirketine ait müşteri işlem verilerini içeren veri 

setine müşteri segmentasyonu için uygulanmıştır. 

Sonuçlara göre geliştirilen yöntemin diğer yumuşak 

kümeleme algoritmalarına kıyasla küçük veri setlerinde 

başarılı sonuçlar verdiği belirlenmiştir.  

Keywords: Soft clustering, Overlapping clustering, Grey 

system theory, Soft grey relational clustering, Customer 

segmentation  

 Anahtar kelimeler: Yumuşak kümeleme, Örtüşen 

kümeleme, Gri sistem teorisi, Yumuşak gri ilişkisel 

kümeleme, Müşteri segmentasyonu 

 

1 Introduction 

One of the main goals of companies for profit 

maximization is to increase their customer value [1]. 

Customer Relationship Management (CRM), that is one of 

the strategic research areas, aims to gain new customers, 

increase purchasing and customer loyalty. Especially with 

the increase in e-commerce transactions all over the world, 

this aim has become a critical issue for companies. 

Accessing real transactional data with e-commerce has 

enabled more realistic analyses and thus customer profiles 

have identified more accurately [2]. Customer segmentation 

that is defined as dividing customers into groups according 

to their similar characteristics [3], is seen as one of the most 

common tools for understanding customer structure [4]. In 

order to better understand and interpret the customer 

structure, customers are divided into categories according to 

their characteristics and transactions [5]. Customer 

segmentation has been applied in various research areas 

such as finance [6], e-commerce [7], industry [8], and 

information technologies [9]. In the studies, RFM 

(Recency-Frequency-Monetary) is commonly used for 

grouping customers [10, 11, 12] and customer scores are 

calculated with transactional data, and customers are 

grouped according to the scores [13]. However, this method 

has some drawbacks such as determination of threshold 

points according to scores [14], causing unsuccessful 

forecasting results [15] and differences in RFM values 

according to sectors [13]. Although different models have 

been developed to expand RFM capabilities such as LRFM 

[16] and LRFMP [17], the process in question is basically 

clustering, which is an unsupervised machine learning 

technique [4]. In this context, clustering is seen as the most 

appropriate method to be used for customer segmentation 

[5, 18, 19].  

Clustering is an unsupervised machine learning 

technique and defined as identifying the most proper group 

for data items [20]. The concept is based on the idea that an 

item with more similar features will definitely be found in a 

dataset [21]. In other words, clustering is the grouping of 

items in a dataset according to their similar properties. 

There are two approaches depending on the number of 

clusters an item can be in. The basic clustering idea, called 
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hard clustering, is that an item can belong to only one cluster 

[4, 20, 21]. The second one is soft clustering that each item 

can be located in more than one cluster [22]. In these 

studies, various clustering algorithms are used such as K-

Means [23, 24], K-Medoids [25], EM (Expectation-

Maximization) [26], SOM (Self Organizing Map) [16, 27], 

FCM (Fuzzy C-Means) [28, 29]. Hard clustering methods 

are generally preferred in customer segmentation, and 

analyses are carried out with the K-Means algorithm [1]. 

However, determining only one cluster for customers will 

not be sufficient to characterize customer profiles. For 

example, labelling a movie with just "adventure" will not 

give the audience enough information about the movie. The 

film can be labelled as both "adventure" and "romantic". 

The same is true for data that is frequently encountered in 

social life, such as news, articles, photographs, videos, and 

books. Similarly in customer segmentation, hard clustering 

will determine a customer only in one group such as “low 

login”. But, the consumer may be one who logs into the 

system less but spends a lot. In this case, an exact inference 

cannot be made about the consumer. However, with soft 

clustering, a customer may be included in the cluster of "low 

login", as well as in cluster of "high spenders". Soft 

clustering will give more detailed information about the 

customers and will have an important role in customer 

segmentation. It is clear that further increasing of soft 

clustering approaches will make positive contributions to 

customer segmentation studies. The reasons why soft 

clustering is rarely used are that soft approaches have some 

deficiencies such as complicated implementations [30], 

high sensitivity for outliers [31], long processing time [32], 

difficulty in finding optimal cluster centers [33, 34], low 

performance [35] and challenges in interpreting the results 

[36]. In this context, soft clustering is recognized as a 

research area where new models and algorithms need to be 

developed [28, 37]. On the other hand, in recent years, it has 

been suggested that Grey System Theory (GST) can provide 

successful results in the case of insufficient data [38, 39]. In 

several studies, GST-based Grey Relational Clustering 

(GRC) method was developed for hard clustering, and 

successful results were obtained [33, 36, 39, 40]. But, GST, 

which can provide a solution to the problems of insufficient 

data and small datasets, is not included in soft clustering 

studies. The development of GST-based soft clustering 

algorithm will make positive contributions to soft clustering 

literature in analysis of small datasets and insufficient data. 

The main purpose of the study is to develop a new GST 

based soft clustering algorithm and determine its 

performance for customer segmentation of small datasets. 

Thus, the GST based algorithm to be developed will provide 

an alternative solution to the problems experienced due to 

insufficient data in the analysis of small data sets with FCM 

and EM based algorithms.  

In this study, a new GST-based soft clustering algorithm 

named Soft-G was developed and applied to customer 

transaction data obtained from an e-commerce company. In 

order to observe the performance of the algorithms in terms 

of the amount of data, six datasets consisting of 10, 50, 100, 

500, 1000, and 5130 customers were created. Besides the 

Soft-G, the most preferred soft clustering algorithms FCM, 

Type2-FCM (FCM-T2), and EM for customer segmentation 

were used in the analysis. Clustering performances were 

compared with the internal validation measures Partition 

Coefficients (PC), Partition Entropy (PE), Fuzzy Silhouette 

Coefficients (FSC) and Xie-Beni Index (XB). 

The rest of the article is organized as follows. In the 

second section, the clustering problem, soft clustering 

algorithms, and related literature are introduced. Section 3 

includes the explanations of the datasets, research model, 

theory of Grey Relational Analysis and performance 

metrics. The experimental results and comparisons are 

given in Section 4. The last section contains conclusions and 

suggestions.  

2 Background 

2.1 Clustering problem 

Clustering, one of the unsupervised machine learning 

methods, is the grouping of items in a dataset according to 

their feature-based similarities. The concept is based on the 

assumption that there may be items with more similar 

features than others in a dataset [21]. So, the clustering is 

defined as identifying the most proper groups for data items 

[20]. Distance criteria such as Cosine, Manhattan, Gini, and 

Euclidean are used to determine the similarity levels 

between items. Items with low distance criteria are those 

that are close to each other in terms of features and can be 

included in the same cluster. In the clustering literature, two 

types of methods are used, as hard and soft, depending on 

an item can belong to one or more clusters [22, 28, 41]. 

2.2 Soft clustering 

More than one term can be used to describe objects or 

events in social life. A similar situation can be thought for 

clustering analyses. Determining more than one label to 

express the attributes of an item means that the items can be 

included in more than one cluster. This approach, called soft 

clustering, is seen as a more realistic for clustering 

applications [28, 41, 42]. More exhaustive and more 

exclusive clusters can be realized for representing data by 

using soft approaches. 

The idea that an item may be in more than one cluster 

was first expressed as a mathematical model by Jardine and 

Sibson [43]. Considering more than one group for items as 

fuzzy, Ruspini [44-46] carried out the first studies that 

included fuzzy theory in grouping items. The first clustering 

method based on fuzzy theory was developed on the basis 

of the K-means algorithm [47, 48]. The clustering approach 

became widespread in the field of unsupervised machine 

learning with the name FCM, after Bezdek's work [49] on 

pattern recognition on uncertain membership. The studies 

of Ruspini [44], Dunn [47] and Bezdek [49] constitute a 

starting point for soft clustering methods. In this context, 

most of the methods developed on the subject in the 

literature use the fuzzy theory and are based on the FCM 

algorithm. 
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2.2.1 Fuzzy C-Means clustering 

FCM is the most widely applied soft clustering 

algorithm. As seen in Figure 1, each item has relational 

values called membership functions with all cluster centers. 

Membership values are between [0,1] and their sum equal 

to 1. 

 

 

Figure 1. Fuzzy clustering 

 

The distance of the items is calculated by Euclidean 

metric. It is aimed to minimize the weighted sums of the 

membership values calculated by the distances. It is seen in 

Equation 1 that 𝑁 items and 𝐾 clusters are created using 

fuzzy approach. 

 

min  𝐽 =  ∑  𝐾
𝑘=1 ∑ 𝜆𝑖,𝑘

𝑚𝑁
𝑖=1 |𝑥𝑖 − 𝜇𝑘|2  (1) 

 

where 𝜆𝑖,𝑘 is membership value of item 𝑖 for cluster 𝑘 and 

𝜆𝑖,𝑘 ∈ [0,1]. 𝑚 is fuzzifier parameter and 𝑚 ∈  (1, ∞). As 

the value of 𝑚 increases, the fuzzyness increases, as 𝑚 gets 

closer to 1, the FCM acts as K-means [50]. In the literature, 

it is usually taken as 𝑚 = 2 for better results [28, 49, 50]. 

𝑥𝑖 is the 𝑖𝑡ℎ item, 𝜇𝑘 is center of cluster 𝑘 and |𝑥𝑖 − 𝜇𝑘| 
represents the Euclidean distance between item 𝑖 and center 

of cluster 𝑘.  𝜆𝑖,𝑘 is shown in Equation 2. 

 

𝜆𝑖,𝑘 =  
1

∑ ( 
𝑑(𝑥𝑖,𝜇𝑘)

𝑑(𝑥𝑗,𝜇𝑘)
 )

2
𝑚−1𝐾

𝑗=1

  
(2) 

 

𝜆𝑖,𝑘 = 1 means that 𝑖 is in cluster 𝑘 and cannot be in any 

other one. 𝜆𝑖,𝑘 = 0 means that item 𝑖 is not in 𝑘.  𝜆𝑖,𝑘 is (0 <

𝜆𝑖,𝑘 < 1) and represents the closeness of the item 𝑖 to cluster 

𝑘. Considering that the sum of all membership values of an 

item should be equal to 1 [49], the membership value of an 

item being greater than 0 means that the item belongs to at 

least two clusters.  

Although many fuzzy-based clustering methods have 

been developed in the literature, almost all of them are based 

on FCM [28]. FCM algorithm, which has attracted a lot of 

attention in the clustering literature since its first 

appearance, is widely used for datasets having uncertainty. 

It is a powerful algorithm that offers flexible usage, but it 

has some shortcomings in practice. It is stated that there are 

problems such as the necessity of determining parameter 

values before the analysis [28], the analysis results being 

affected by the parameter values, and unsuccessful results 

with a limited amount of data [51]. Especially in the case of 

insufficient data, FCM fails in clustering analyses due to the 

inability to produce sufficient membership functions [36, 

51]. 

2.2.2 Type2 Fuzzy C-Means 

FCM-T2, which is the extended form of the FCM 

algorithm, is a fuzzy-based soft clustering algorithm 

developed by Rhee and Hang [52]. In the traditional FCM 

algorithm called Type1, each item is assigned a membership 

function according to the distance values from the cluster 

centers. Items with high membership values have a 

dominant effect in determining the center. This situation 

creates problems in the selection of cluster centers in noisy 

datasets and leads to a decrease in clustering performance. 

It is assumed that high membership values have low 

uncertainty and low membership values have large 

uncertainty [52]. So, the problem will be eliminated by 

applying fuzziness again to Type1 FCM membership 

values. Thus, compared to FCM, cluster centers will have a 

better representation in FCM-T2 and more successful 

results will be obtained in the case of noisy data [29]. The 

expression of Type2 membership values (𝑎𝑖𝑘) as Type1 

membership values (𝜆𝑖𝑘) is given in Equation 3. 

 

𝑎𝑖𝑘 =  𝜆𝑖𝑘 −  
1−𝜆𝑖𝑘

2
  (3) 

 

𝜈𝑘 =  
∑ 𝑎𝑖𝑘

𝑚 𝑥𝑖
𝑛
𝑖=1

∑ 𝑎𝑖𝑘
𝑚𝑛

𝑖=1

  (4) 

 

Determining cluster centers by using the Type2 

membership values is shown in Equation 4. 𝜈𝑘 is the center 

of cluster 𝑘. 

2.2.3 Expectation maximization 

It is a Gaussian Mixture Model (GMM)-based clustering 

algorithm introduced by Dempster, Laird and Rubin [53]. 

The EM algorithm developed to determine the maximum 

similarity in case of missing data is a probability-based soft 

clustering method [53]. The algorithm assumes that data 

points are generated from a mixture of probability 

distributions and it has two stages [54]. In the first step of 

the algorithm called Expectation, missing data is estimated. 

In the second stage called Maximization, the parameters are 

estimated according to the generated data. These steps are 

repeated until the estimated parameters approach the 

previous parameter values [53].  

 

𝑝(𝑥) = ∑ 𝜋𝑘 𝑁(𝑥𝑛; 𝜇𝑘, 𝜎𝑘
2, 𝑏𝑘)𝐾

𝑘=1   (5) 

 

For a single variable 𝑥, Gaussian Mixture distribution 

shown in Equation 5, can be expressed as a linear stacked 

form of Gaussian density values 𝐾. The component mixture 

𝑁 that calculated according to each 𝑘 value in the equation, 

has the values mean 𝜇𝑘, variance 𝜎𝑘
2 and bias 𝑏𝑘. 𝜋𝑘 

represents the mixing coefficients, 0 ≤ 𝜋𝑘 ≤ 1 and 

∑ 𝜋𝑘 = 1𝐾
𝑘=1  [55]. 

One of the most successful methods of estimating 

parameters is Maximum Likelihood Estimation (MLE). 

MLE and Bayesian theorem are used for parameter 

estimation of the EM algorithm [55]. According to Bayes' 
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theorem, the posterior probability of the distribution in 

Equation 5 can be calculated as in Equation 6. 

For the Expectation step, the posterior probabilities are 

calculated by Equation 7. For maximizing likelihood (i.e., 

for the Maximization step), the derivatives of Equation 7 

with respect to 𝜋 , 𝜇, 𝜎2 𝑎𝑛𝑑 𝑏  and 𝑏 are taken and equated 

to 0. Thus, according to the estimated data in the 

Expectation step, parameter values are calculated in the 

Maximization step. The processes are repeated until these 

parameter values are closest to each other [56]. 

 

𝑝(𝑘|𝑥) =  
𝜋𝑘 𝑁(𝑥𝑛;𝜇𝑘,𝜎𝑘

2,𝑏𝑘)

∑ 𝜋𝑘 𝑁(𝑥𝑛;𝜇𝑘,𝜎𝑘
2,𝑏𝑘)𝐾

𝑘=1
  (6) 

 

ln 𝑝(𝑥|𝜋, 𝜇, 𝜎2) =
 ∑ ln(∑ 𝜋𝑘  𝑁(𝑥𝑛|𝜇𝑘, 𝜎𝑘

2, 𝑏𝑘))𝐾
𝑘=1

𝑁
𝑛=1   

(7) 

 

2.3 Related works on customer segmentation 

Customer segmentation is a concept used in the field of 

marketing. It was first introduced by Smith [57] in his 1956 

paper titled "Product differentiation and market 

segmentation as an alternative marketing strategy". The 

paper proposed the market segmentation approach, which 

involves dividing a heterogeneous market into more 

homogeneous segments, along with a product 

differentiation strategy. E-commerce systems enable 

interactive relationships with customers by using web 

infrastructure and personalization technologies [58]. In the 

book named “Electronic Commerce: A Managerial 

Perspective,” Turban et al. [59] also examined the structure 

and purchasing behaviour of customers. Emphasizing the 

importance of customer segmentation within the scope of 

improving customer relations, the authors stated that it 

would be appropriate to group e-commerce customers into 

3 groups: “impulsive deals,” “patient deals,” and “analytic 

deals”. Ozer [60] divided music service customers into 6 

groups by applying clustering analysis to the survey data he 

collected from 160 people. Bhatnagar and Ghose [61], who 

divided online consumers into groups according to their 

purchasing behaviour, conducted a survey on 1330 people. 

The researchers determined that the customers would be 

grouped into 3 groups according to the Bayesian 

Information Criteria (BIC) value and identified customer 

groups using the latent class model they developed. Rho et 

al. [62] argued that using e-commerce data instead of 

surveys in customer segmentation would yield more 

realistic results. The analysis, which they conducted by 

using K-means algorithm, resulted in the formation of 3 

clusters based on demographic characteristics and 

transaction data. Tsai and Chiu [13] remarked that 

traditional market segmentation applications are based on 

customer demographic characteristics and lifestyles. So, 

this approach has some problems and the segmentations are 

unreliable. The researchers compared the algorithm's 

performances and stated that the developed algorithm's 

performance was higher and that better segmentations could 

be achieved using fuzzy algorithms. Chan [27], who divided 

online auction customers into 3 groups, "impulsive deals," 

"patient deals," and "analytic deals," using the approach, 

applied the neural network-based Self-Organizing Maps 

(SOM) algorithm for clustering. In a study in which the 

clustering of 3419 e-commerce customers according to their 

purchasing behaviour was carried out with K-Means and 

SOM algorithms, it was determined that the K-means 

algorithm has more stability [63]. Performing cluster 

analysis using the same algorithms, Hong and Kim [64] 

suggest that although there are basically 3 groups of 

customers: high propensity to buy (segment A), distrustful 

customer (segment B), and customers who rarely visit 

(segment C), customers can also be among these segments. 

According to this approach, customers with both A and B 

segment features will be in the AB segment. Thus, 

segmentation was carried out with 5 clusters as A, AB, B, 

BC and C. Kansal et al. [65] created 5 clusters using K-

means, Hierarchical and Mean-Shift algorithms, compared 

their performance with the Silhouette index and determined 

that the performance of K-means and Hierarchical 

clustering algorithms was high. In a recent study, Koul and 

Philip [66] determined that the K-means algorithm gave 

more successful results than the hierarchical and density-

based clustering algorithms, according to the results of the 

analysis performed using hard clustering algorithms. 

Representing customers who make transactions in e-

commerce with only one group is not a realistic approach. 

In this context, soft clustering based on the idea that a 

customer can be in more than one cluster will yield more 

realistic results. In fact, this idea was also emphasized by 

researchers in the early years of e-commerce. Basak and 

Kumar [67] suggested that a precise model of a customer 

cannot be created exactly, but different group membership 

values can be determined using fuzzy approaches with 

historical transaction data. Their study, which was carried 

out only in a theoretical framework, suggests that customer 

segmentation should be analysed with soft clustering 

methods. In another study, customer segmentation for an 

online music service was carried out with fuzzy clustering 

[60]. Sicilia and Garcia [58] stated that the definition of a 

valued customer is a fuzzy concept, and they proposed the 

fuzzy theory for segmentation of online customers 

according to their calculated values and developed a 

mathematical model. Shin and Sohn [68] compared K-

Means, SOM and FCM algorithms using stock trading 

customers data, found that FCM gave the most robust 

results. Kaur et al. [69] determined that Type2 fuzzy 

algorithms give healthier results in clustering noisy datasets 

due to their approach to detecting cluster centers. It was also 

determined by Gosain and Dahia [29] that FCM-T2 gave 

more successful results compared to FCM. Wu and Chou 

[11] developed a new soft clustering method that determines 

the differences with the cut-off value by creating a score 

vector with customer information. According to the method, 

if the cut-off value is high, the probability of the customer 

to be in the multi-group increases. Although it is stated that 

the method gives more successful results than the hard 

approaches, the main deficiencies of the study are that there 

is no model for determining the cut-off value and that the 

customer differences are determined according to the 
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highest customer score. Hiziroglu [5] made a systematic 

review of 40 studies including soft approaches on customer 

segmentation, determined that 20 of these studies were 

based on SOM and 6 of them were based on FCM 

algorithm. It is surprising that the hard clustering algorithm 

SOM is used much more instead of the FCM algorithm for 

the soft approach in customer segmentation. There are other 

researchers who make similar findings. Khalili-Damghani, 

Abdi and Abolmakarem [70] argued that K-Means is mostly 

used in customer segmentation, performed by developing a 

hybrid model that includes K-Means, decision tree and rule 

mining. In another study, a hybrid model was developed 

with K-Means-based k-overlapping and k-harmonic 

algorithms, and also claimed that the outlier problem in soft 

clustering is a serious problem and they achieved successful 

results with the hybrid approach [30]. According to Yoseph, 

Malim and Almalaily [71], soft approaches were given little 

place in customer segmentation, compared the 

performances of EM and FCM algorithms. The results of 

the study revealed that the EM algorithm was more 

successful. Ferraro and Giordani [26] found that EM 

produced similar clustering results with fuzzy approaches in 

clustering.  

In recent years, the literature has placed increasing 

emphasis on fuzzy clustering, particularly highlighting the 

limitations of FCM. To address these shortcomings, 

researchers have explored hybrid approaches, aiming to 

enhance the performance of FCM. Although these 

developments undoubtedly contribute to the literature, they 

also prove that FCM-based clustering approaches are 

inadequate in some areas. Drawing attention to the low 

performance of FCM in noisy datasets, Wu and Zhang [72] 

developed the adaptive weighted fuzzy clustering method. 

Yu et al. [73] claimed that FCM did not give meaningful 

results in fuzzy boundary data. The authors used FCM 

together with Rough-set theory to remove the uncertainty in 

the boundary values and also stated that the performance 

increased. Yue et al. [74] emphasized that the high level of 

uncertainty in real transaction data reduces the clustering 

performance and suggested the harmonic difference method 

for the solution. Considering the performance of fuzzy-

based clustering algorithms decreases in case of insufficient 

data, Alekhya and Sasikumar [75] used the FCM and 

Support Vector Machine algorithm as a hybrid. Researchers 

found an increase in FCM performance, and recommended 

that the method could even be used in the clustering of niche 

diseases. Oskouei et al. [76] remarked that the initial cluster 

center selection in the FCM algorithm is a factor affecting 

the success of the FCM, and recommended using the FCM 

and Feature-Weight method together. In this way, they 

calculated 3% increase in FCM performance. 

Recently, methods such as Deep Learning (DL), Genetic 

Algorithm (GA) and Artificial Neural Network (ANN) have 

been applied in soft clustering studies [10, 77-79]. 

However, these methods are costly applications because 

they require long computational time, large amount of data, 

high performance peripherals and hard implementations 

[77]. Shimura, Li, and Fukumoto [79] emphasized that there 

is a lack of consideration of clustering infrastructures in DL 

approach analyses. According to Menzies et al. [80], 

emphasizing that DL methods are successful in analyses 

with a large amount of data, DL gives unsuccessful results 

when the amount of data decreases. According to the 

research, an improved K-means algorithm will be less 

costly and more successful than DL methods in clustering 

analysis. Similarly, methods based on GA, ANN and 

association rules require much more data, long 

computational time, capacity hardware and analysis results 

have low stability [10]. For this reason, the decrease in the 

amount of data for these approaches leads to their failure. 

When the studies on customer segmentation are 

examined, it is seen that the studies are generally carried out 

with hard clustering approaches, and with the spread of e-

commerce, survey methods are abandoned and analyses are 

carried out with e-commerce transaction data. In addition, it 

is seen that there is no clarity in the number of customer 

groups in the studies, and accordingly the number of 

clusters varies between 2 and 6. The most important 

shortcoming about the methods used in the studies is that 

soft approaches are not sufficiently included in applications. 

It is seen that studies using soft approaches are limited to K-

Means and Fuzzy based algorithms and new methods with 

high performance have not been developed sufficiently. 

Especially the fact that fuzzy-based clustering algorithms 

present different accuracy values due to data-based 

problems negatively affects the selection of appropriate 

algorithms. Peters et al. [28] argue that there is a need for 

basic approaches that deal with uncertainty as a whole 

(holistically) rather than approaches involving hybrid and 

complex algorithms in soft clustering applications. In this 

context, the use of basic soft approaches in the development 

of low-cost, high-performance and easy-to-implement soft 

clustering algorithms will make significant contributions to 

the literature. 

In some studies, it is seen that GST-based approaches 

are applied in machine learning in case of uncertainty 

caused by insufficient data. It is emphasized that successful 

results were obtained in hard clustering by using GRC [33, 

36, 40]. It is seen that recent GST-based studies are 

generally carried out in areas such as optimization [81, 82], 

multi-criteria decision making [83, 84], image segmentation 

[85, 86], clustering [36, 87]. Although there are a few 

studies in the field of clustering, no GST-based study on soft 

clustering has been found. The GRC method, which 

provides clustering analysis using similarity values between 

items, also has the ability to perform analyses with a small 

number of items. In this context, GST-based approach will 

be a suitable option for soft clustering of customer 

segmentation. 

3 Material and method 

3.1 Dataset 

The dataset to be used for the analysis was obtained from 

an actively operating e-commerce company. The company, 

which has been operating since 2020, has 38426 registered 

customers as of October 2024. The number of customers 

who have purchased from the company at least once is 5130. 

The dataset contains 7 variables that are given in Table 1. 
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Table 1. Dataset variables 

Variables Explanations 

Var1 The count of all purchases 

Var2 How many days ago the last purchase was 

Var3 Number of years the customer was registered 

Var4 The count of customer’s logins  

Var5 Number of customer's product returns 

Var6 Number of comments (Positive-Negative) 

Var7 Number of deletions from cart 

 

In order to evaluate the performance of the algorithms 

according to the amount of data, 6 datasets with customer 

numbers of 10, 50, 100, 500, 1000 and 5130 were created. 

Each item in the dataset represents a customer. Explanations 

about the created datasets are presented in Table 2. 

 

Table 2. Datasets 

Dataset Item count Explanations 

Ds1 10 Top 10 items of the dataset 

Ds2 50 Top 50 items of the dataset 

Ds3 100 Top 100 items of the dataset 

Ds4 500 Top 500 items of the dataset 

Ds5 1000 Top 1000 items of the dataset 

Ds6 5130 Entire dataset 

3.2 Grey relational analysis 

Grey Relational Analysis (GRA) that is a decision-

making method based on Grey System Theory (GST) 

determines the similar items with a reference [38, 39]. The 

similarity values which vary between 0 and 1 are calculated 

by item criteria. The item with the highest value indicates 

the highest similarity with the reference. So, items can be 

clustered using relational similarity degrees [39]. 

First step of GRA analysis is the building of decision 

matrix. Decision matrix 𝑋 given in Equation 8 consist of 

alternatives (or items) in the dataset (𝑎 =  1,2,3, . . . 𝑚) and 

the criteria (or features) (𝑐 =  1,2,3, . . . 𝑛) of each 

alternative. For example 𝑋2𝑛 represents the 𝑛𝑡ℎ criteria of 

the second item. 

 

𝑋 =

𝑋11 𝑋12 ⋯ 𝑋1𝑛

𝑋21 𝑋22 ⋯ 𝑋2𝑛

⋮ ⋮ ⋯ ⋮
𝑋𝑚1 𝑋𝑚2 ⋯ 𝑋𝑚𝑛

 (8) 

 

Normalization is applied to minimize the differences. In 

the study, Min-Max normalization was preferred to avoid 

negatively affecting the data distribution. A reference series 

𝑋0𝑐 that defines the decision criteria is added to 𝑋 as an item 

(alternative). The reference series is shown in Equation 9 

and it has all criteria of 𝑋. In clustering, the reference series 

is not added, and normalization is applied by considering 

the first item as the reference series. 

 

𝑋0𝑐 = 𝑋01, 𝑋02, … 𝑋0𝑛 (9) 

 

If the maximum value of the criteria contributes the 

decision positively, the utility based Min-Max 

normalization (Equation 10) is used. Thus, the normalized 

matrix given in Equation 11 is obtained. 

 

𝑋𝑎𝑐
∗ =  

𝑋𝑎𝑐−𝑚𝑖𝑛𝑋𝑎𝑐

maxX 𝑎𝑐−𝑚𝑖𝑛𝑋𝑎𝑐
 (10) 

 

𝑋∗ =

𝑋01
∗ 𝑋02

∗ ⋯ 𝑋0𝑛
∗

𝑋11
∗ 𝑋12

∗ ⋯ 𝑋1𝑛
∗

𝑋21
∗ 𝑋22

∗ ⋯ 𝑋2𝑛
∗

⋮ ⋮ ⋯ ⋮
𝑋𝑚1

∗ 𝑋𝑚2
∗ ⋯ 𝑋𝑚𝑛

∗

 (11) 

 

The normalization process is not mandatory for GST-

based analyses. However, in some studies, it is emphasized 

that the application of normalization eliminates the discrete 

values and thus increases the analysis performance [36, 40].  

Absolute differences are applied to find the difference 

values between each criterion and the items. Equation 12 is 

applied to 𝑋∗ to find absolute differences and the matrix of 

absolute differences shown in Equation 13 is obtained. 

 

∆𝑎𝑐=  |𝑋0𝑐
∗ −  𝑋𝑎𝑐

∗ | (12) 

 

𝛥 =   

𝛥01 𝛥02 … 𝛥0𝑛

𝛥11 𝛥12 ⋯ 𝛥1𝑛

𝛥21 𝛥22 ⋯ 𝛥2𝑛

⋮ ⋮ ⋯ ⋮
𝛥𝑚1 𝛥𝑚2 ⋯ 𝛥𝑚𝑛

 (13) 

 

As an example, to obtain the ∆21 value, the difference 

between the criterion value of the reference series and the 

value of the 2nd alternative's 1st criterion in the 

normalization matrix is calculated (∆21= |𝑋01
∗ − 𝑋21

∗ |). 
∆𝑚𝑎𝑥 and ∆𝑚𝑖𝑛 values are determined in ∆. By using these 

values, the matrix of grey relational coefficients (𝛾) is built 

by Equation 14.  𝛾 is shown in Equation 15. 

 

𝛾𝑎𝑐 =  
∆𝑚𝑖𝑛+ 𝜌∆𝑚𝑎𝑥

∆𝑎𝑐+ 𝜌∆𝑚𝑎𝑥
 (14) 

 

𝛾 =

𝛾11 𝛾12 ⋯ 𝛾1𝑛

𝛾21 𝛾22 ⋯ 𝛾2𝑛

⋮ ⋮ ⋯ ⋮
𝛾𝑚1 𝛾𝑚2 ⋯ 𝛾𝑚𝑛

 (15) 

 

The parameter 𝜌 in Equation 14 is known as the 

distinguishing parameter, which can either collapse or 

expand the coefficient matrix 𝛾, and 𝜌 is within the range of 

[0,1]. Changing the value of 𝜌 affects the values of the 

matrix but not the item-criteria relationship. In the literature, 

𝜌 = 0.5 is commonly used [88]. 
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Equation 16 demonstrates that the average value of the 

criteria for each item in 𝛾. 𝛿𝑎 represents the gray relational 

degrees of the item 𝑎. Equation 17 shows the series of gray 

relational degrees for all items (𝛿), which represents the 

value of relationship between the reference series and 

alternatives. 𝛿𝑎 = 1 means the highest relational degree 

between 𝑎 and the reference. 

 

𝛿𝑎 = ∑ 𝛾𝑎𝑐
𝑛
𝑐=1   (16) 

 

𝛿 =

𝛿1

𝛿2

⋮
𝛿𝑚

  (17) 

 

The relational degrees calculated with the first 

reference, as shown in Equation 17, are added to the 𝐺 

similarity matrix. The process of calculating the relational 

degrees is repeated with the second item as the reference. 

The relational degrees obtained with the second reference 

are also added to the 𝐺 and the next item is selected as the 

reference. This process is repeated until all items in the 

dataset have been selected as the reference. As a result, the 

calculated relational degrees for all items are included in the 

𝐺. The maximum value in the 𝐺 matrix indicates the two 

items with the highest similarity (Equation 18). In this way, 

the items that will form the first cluster are determined. 

 

𝑐𝑙𝑢𝑠𝑡𝑒𝑟 = max 𝐺  (18) 

 

The center of the first cluster is determined by taking the 

average values of the two items in the new set, based on 

their properties. Then, both of these items are removed from 

the dataset and their averages are added as a new item. A 

new decision matrix is created with this updated dataset, and 

the process is repeated to determine the next cluster. This 

process is iterated until the desired number of clusters is 

obtained in the dataset. After completing the entire process, 

the relational degree values for all sets are found for each 

item in the dataset, as shown in Algorithm 1 and Algorithm 

2. The threshold value for cluster membership is considered 

to be 0.5 and above. Values close to 1 indicate a high degree 

of relational similarity [88]. 

 GRA method has been applied in various fields and has 

recently been utilized in data mining and machine learning 

[33, 36, 40]. Grey Relational Clustering (GRC), which is 

based on GRA method, was introduced by Deng [38] and 

later improved for clustering by Jin [39]. In literature, GRC 

has made significant contributions to clustering applications 

by offering a new perspective to solve data sparsity-related 

problems [40]. Studies using the GRC method mainly focus 

on hard clustering, and a soft clustering method based on 

GST has not yet been found in the literature. 

3.3 Research Model 

The model developed for soft clustering based on GST 

is given in Figure 2. The research model consists of three 

sequential steps as preparing dataset, building decision 

matrix and soft clustering. Soft clustering stage contains the 

developed algorithm Soft-G that has two GST based 

processes. The first step of the Soft-G is the GRC analysis 

to find initial clusters, and the second one is the GRA 

analysis for finding multi-clusters. 

 

 

Figure 2. Research model 

3.3.1 Preparing datasets 

While creating the 6 datasets to be used in the analysis, 

only consumers who made a shopping transaction were 

selected. Since there was no missing value problem in the 

created datasets, data cleaning process was not applied. 

Since the analysis data were obtained from real transaction 

data, no intervention was made to the datasets with the idea 

of presenting the current situation exactly. In this context, 

the datasets were analyzed with real transaction values, and 

outliers were not excluded from the analysis. 

3.3.2 Building decision matrix 

Vector Space Model (VSM) is a common method used 

for text representation of documents. With VSM, vector 

representation of documents can be made according to the 

number of words in each document [33]. In this way, VSM, 

which is created in a matrix structure, provides convenience 

in calculating similarities between documents based on 

word frequencies [33, 36]. Since the clustering process in 

the Soft-G algorithm will be realized according to the 

similarity values between the transaction values of the each 

consumer, it would be appropriate to create the decision 

matrix based on VSM. The VSM model is created in a 

matrix format based on the transactional data values of each 

customer in the datasets. Based on the VSM, the decision 

matrix created for Ds1 is given in Table 3. 

 

Table 3. Decision matrix for Ds1 

Custom

ers 
Var 1 Var2 Var3 Var4 Var5 Var6 Var7 

Cust1 9 35 3 134 0 0 7 

Cust2 12 17 1 45 0 5 2 

Cust3 14 16 2 63 0 2 12 

Cust4 5 23 3 91 0 1 3 

Cust5 7 8 4 218 0 0 4 

Cust6 124 48 5 147 0 12 87 

Cust7 82 25 3 105 0 1 7 

Cust8 43 15 4 84 0 0 12 

Cust9 44 14 2 71 0 0 31 

Cust10 55 33 1 67 0 6 28 

3.3.3 Finding cluster centers 

A GST-based Soft-G algorithm has two stages. In the 

first stage, the centers of clusters were carried out by GRA. 
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Thus, the initial clusters are determined and items are placed 

only in one cluster. The method is given in Algorithm 1.   

Algorithm 1 is applied separately for each dataset in the 

analysis. The algorithm detects the items with a high degree 

of similarity in the dataset and combines them by taking the 

average. These merging operations are repeated until the 

desired number of clusters is achieved. If the number of 

clusters is selected as 1, the algorithm continues to combine 

until all items are gathered under a single cluster. So, if the 

number of clusters is uncertain, cluster_count=1 is selected. 

Both the elements and centers of the clusters formed by the 

specified number of clusters can be determined by 

Algorithm 1. 

 

Algorithm 1: Finding cluster centers 

Input: Dataset (in VSM form), number of cluster 

(cluster_counts) 

Output: Clusters 

 

Find_centers (dataset D, cluster_counts) 

do{    

    set d= item count (D);  

    set dm=build decision matrix(D) 

    normalization (dm,utility based) 

    set i=0 as reference // i=0 for first customer 

   do { 

           calculate the absolute differences (∆_i) 

           calculate the Grey relational coefficients 

(γ_i) 

           calculate the Grey relational degrees (δ_i) 

           add (δ_i , G) // G has relational  degrees 

           i++ //for next customer 

         } while (i<d) // until the last customer 

  find the max degree in G as j 

  set item_1 and item_2  

  set new_cus=mean(item_1,item_2)  

  remove(item_1 and item_2)  

  add(new_cus , D)   

}while (item count (D) > cluster_counts) 

return (D) 

 

3.3.4 Finding multi-clusters 

After the cluster centers and the items to be included in 

them are determined, the relationship levels of each item 

with the cluster centers are found. The second stage of Soft-

G is the finding multi-clusters by using Algorithm 2.  

The relational similarity degrees (S) of the customers in 

the dataset (D) with each cluster produced in Algorithm 1 

are calculated by the GRA analysis given in Algorithm 2. S 

is a matrix with dimensions (number of customers x number 

of clusters) showing the cluster similarity of the items. High 

S value indicates high similarity. 

 

Algorithm 2: Finding multi-cluster 

Input: Dataset (D), clusters (C)  

Output: Relational similarities of cluster items (S) 

 

Find_multi (dataset D, centers C)  

set d=item count (D) // number of customers 

set i=0 as reference // i represents the customers 

        do { 

 set dm=build decision matrix(C , D[i])  

normalization (dm,utility based) 

calculate the absolute differences (∆𝑖) 

calculate the Grey relational coefficients (𝛾𝑖) 

calculate the Grey relational degrees (𝛿𝑖) 

add (𝛿𝑖 , S) // S is similarity matrix of all  

   customers with clusters 

i++ 

  }while (i < d) // until the last customer in D 

return(S) 

3.4 Validation Indexes 

According to the dataset being analysed, two types of 

validation indices are generally used: external and internal. 

External validation is used when the groups of items are 

known; otherwise internal validation indices are used. Index 

values reveal the clustering performance, which means the 

success of clustering algorithms. Partition Coefficients 

(PC), Partition Entropy (PE), Fuzzy Silhouette Coefficients 

(FSC), and Xie-Beni (XB) are frequently used indices for 

internal validation in soft clustering [89, 90]. These indices 

have been developed based on fuzzy membership values. 

The sum of the membership values formed as the number of 

clusters of an item is equal to 1. However, in EM and Sof-

G, the sum of the membership values of an item is not equal 

to 1.  

PC, PE, FSC and XB indexes perform calculations using 

the values of a matrix formed by membership functions in 

the range of [0 − 1]. In order to determine the EM and Soft-

G clustering performances with these indexes, it is 

necessary to convert the EM probability values and Soft-G 

relational degree values to [0 − 1] range. In order to 

increase the comparison and interpretation possibilities of 

the analyses, the process of converting the values in a 

dataset to a desired range is a widely used method in 

statistics [91]. Since there is no change in the proportional 

values after this normalization process, the effect of each 

feature will not change [92]. According to Equation 19, 

normalization is achieved by dividing the membership 

value of each item by the sum of all cluster membership 

values. Thus, the sum of probability values (for EM) and 

relational degree values (for Soft-G), which show the 

relations of an item with other clusters, will add up to 1. 

 

𝑢𝑖 =  
𝑣𝑖

∑ 𝑣𝑐
𝑘
𝑐=1

  (19) 

 

In the formula given in Equation 19, 𝑘 shows the number 

of clusters, 𝑢𝑖 indicates the calculated membership value of 

the item for cluster 𝑖, 𝑣𝑖 the relationship level of the item in 

cluster 𝑖. ∑ 𝑣𝑐
𝑘
𝑐=1   shows the sum of the relationship values 

of the all cluster items. So it can be written as ∑ 𝑢𝑖𝑐 = 1𝑘
𝑐=1  

3.4.1 Partition Coefficients (PC) 

PC index is a criterion used to determine the similarity 

levels of items within the scope of fuzzy-sets [93]. As 

shown in Equation 20, the PC index value is obtained by 
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dividing the sum of squares of the membership values of 

each item in each cluster by the total number of items [94]. 

 

𝑃𝐶 =  
1

𝑛
 ∑ ∑ 𝑢𝑖𝑗

2𝑛
𝑗=1

𝑘
𝑖=1   (20) 

 

where 𝑛 represents the number of  item and 𝑘 represents 

the number of cluster. 𝑢𝑖𝑗 is membership function of cluster 

𝑖 of item 𝑗 and PC value is 0 ≤ 𝑃𝐶 ≤ 1. 𝑚𝑎𝑥 (𝑃𝐶) 

indicates the highest clustering performance and 𝑃𝐶 value 

is not higher than 1. 𝑃𝐶 = 0 means that all items have equal 

membership values, which indicates an unsuccessful 

clustering [90]. 

3.4.2 Partition Entropy (PE) 

PE is another index for determining performances of 

soft clustering algorithms. It indicates the differences 

degree of the clusters [93] and is given in Equation 21. 

 

𝑃𝐸 =  −
1

𝑛
 ∑ ∑ 𝑢𝑖𝑗  log2 𝑢𝑖𝑗

𝑛
𝑗=1

𝑘
𝑖=1   (21) 

 

Lower values of PE indicate higher clustering 

performance, where 0 ≤ 𝑃𝐸 ≤ log2 𝑘. 𝑃𝐸 = 0 indicates 

that all items are in one cluster, while 𝑃𝐸 = log2 𝑘 indicates 

that all cluster sizes are equal. However, PE and PC values 

alone are not sufficient to determine clustering 

performance. These values are evaluated together, and the 

performance of the cluster is determined [89].  

3.4.3 Fuzzy Silhouette Coefficients (FSC) 

FSC is an adapted version of the silhouette index for soft 

clustering and is also called the Fukuyama-Sugeno index 

[95]. It determines the degree of similarity of an item to its 

own cluster compared to other clusters by using 

membership values. FSC is calculated by using Equation 

22. 

 

𝐹𝑆𝐶 =  ∑ ∑ 𝑢𝑖𝑗
𝑚 ‖𝑥𝑗 − 𝑎𝑖‖

2𝑛
𝑗=1

𝑘
𝑖=1 −

 ∑ ∑ 𝑢𝑖𝑗
𝑚 ‖𝑎𝑖 − 𝑎̅‖2𝑛

𝑗=1
𝑘
𝑖=1   

(22) 

where 𝑎̅ =  ∑
𝑎𝑖

𝑐

𝑘
𝑖=1  . FSC takes into account both 

compactness and separation values in clusters and −1 ≤
𝐹𝑆𝐶 ≤ +1. High FSC values mean high clustering 

performance [90, 95].  

3.4.4 Xie-Beni index (XB) 

XB is another widely used criterion for internal 

validation of soft clustering. XB index, which can calculate 

both compactness and separation values like FSC, is as seen 

in Equation 23 [96]. 

 

𝑋𝐵 =  
∑ ∑ 𝑢𝑖𝑗

𝑚 ‖𝑥𝑗−𝑎𝑖‖
2𝑛

𝑗=1
𝑘
𝑖=1

𝑛 𝑚𝑖𝑛𝑖𝑗  ‖𝑎𝑖−𝑎𝑗‖
2   (23) 

 

XB index takes values between 0 and infinity, with a 

lower value indicating a higher cluster performance [89]. In 

other words, the clustering is considered more successful 

when the XB index is closer to 0. 

4 Experiment and results  

4.1 Experimental settings  

In the experimental analysis, datasets containing 

customer transaction data from an e-commerce company 

were prepared as presented in Table 2. Customer 

segmentation was performed using commonly employed 

soft clustering algorithms: FCM, FCM-T2, EM, and Soft-

G. FCM, FCM-T2, and EM were implemented using 

RStudio. The implementations of GRC and GRA for Soft-

G were coded in C#, while SqlServer 2008 R2 was 

employed for database operations. 

In this analysis, the number of clusters was selected as 

k=3, k=4, k=5, and k=6 in accordance with the literature 

[27, 60, 61, 62, 64, 65]. However, hard clustering 

algorithms like K-Means, K-Medoids, Hierarchical, and 

SOM, commonly used in customer segmentation, were not 

included in this study. RStudio was employed to compute 

the validation index values for FSC, PE, PC, and XB 

methods. 

4.2 Clustering results 

Algorithms used in the analysis were applied to Ds1, 

Ds2, Ds3, Ds4, Ds5 and Ds6 according to the number of 

clusters k=3, k=4, k=5 and k=6. FCM, FCM-T2, EM and 

Soft-G membership values used for clustering Ds1, k=3 

were calculated for each item and membership values were 

given in Appendix A. The clustering results of Ds1 are 

given in Table 4. 

Based on the clusters presented in Table 4, the results of 

FCM and EM clustering indicate that unlike FCM-T2 and 

Soft-G, there are no items assigned to multiple clusters. As 

can be seen from the membership values in Appendix A 

FCM and EM algorithms exhibited hard clustering 

behaviour. This means that no item could be associated with 

two or more clusters. However, FCM-T2 suggests that 

Cust6 is located in both Cluster2 and Cluster3. Notably, 

Soft-G exhibits different clustering results compared to the 

others. Soft-G assigned the Cust3 to both Cluster2 and 

Cluster3. Upon reviewing Table 4, it is evident that clusters 

are generally formed in an unsimilar manner. However, 

Soft-G and FCM-T2 detect more overlapping items, 

whereas FCM and EM do not identify any overlapping 

items. 

As seen in Table 4, Cust6 and Cust3 exhibit inter-cluster 

overlapping characteristics. In other words, according to the 

FCM-T2 results, Cust6, and according to the Soft-G results, 

Cust3, are customers positioned near cluster boundaries and 

demonstrating overlapping behaviours. Based on the values 

presented in Table 3, Cust6 appears to be a loyal customer 

with high shopping frequency and login activity, as well as 

a long-standing presence on the platform. The relatively 

high number of reviews and cart removal actions indicates 

active engagement with the platform. In this context, Cust6 

can be classified as a high-value customer. In contrast, 

Cust3 is characterized by low shopping and login activity, a 

relatively low number of reviews, and a high rate of cart 

removals. Therefore, Cust3 can be considered a risky 

customer for the platform. FCM-T2 clustering results 

indicate that Cust6, and Soft-G clustering results indicate 
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that Cust3, belong to customer segments whose 

consumption behaviours are modifiable and open to 

managerial intervention. 

 

Table 4. Clustering results of items (for Ds1, k=3) 

Clusters FCM FCM-T2 EM Soft-G 

Cluster 1 

Cust1, 

Cust2, 
Cust3, 

Cust4, 

Cust7, 
Cust8, 

Cust9, 

Cust10 

Cust1, 
Cust2, 

Cust4, 

Cust8, 
Cust9, 

Cust10 

Cust1, 

Cust2, 
Cust3, 

Cust4, 

Cust7, 
Cust8, 

Cust9, 

Cust10 

Cust6 

Cluster 2 Cust6 
Cust6, 

Cust7 
Cust5 

Cust1, 

Cust2, 

Cust3, 
Cust4, 

Cust5, 

Cust7, 
Cust10 

Cluster 3 Cust5 

Cust3, 

Cust5, 
Cust6 

Cust6 

Cust3, 

Cust8, 
Cust9 

4.3 Comparing results 

Internal validation metrics are commonly employed to 

assess the clustering performance of datasets not having 

cluster information [89, 90]. In this study, the dataset does 

not provide any information about the clusters to which the 

items belong. Hence, PC, PE, FSC, and XB internal 

validation indexes were employed to evaluate the clustering 

performance. The cluster validation values for the 

algorithms are presented in Table 5. 

Based on the validation index values in Table 5, it is 

evident that algorithm performances are lower in datasets 

Ds1, Ds2, and Ds3, which have a smaller number of items, 

compared to Ds4, Ds5, and Ds6 datasets. Choosing a 

successful algorithm is particularly challenging process in 

Ds1. As shown in Figure 3 and Figure 4, the algorithm with 

the highest performance varies depending on the PE and PC 

values and the number of clusters. For instance, at k=3, EM 

has the highest PC value but not the lowest PE value. 

Similar patterns can be observed for k=5 and k=6. For this 

reason, it can be said that a successful clustering algorithm 

for Ds1 cannot be determined by PE and PC that should be 

evaluated together. 

 

Table 5. Validation values of the clustering 

Data 
sets 

Algo 
rithms 

k=3 k=4 k=5 k=6 

FSC PE PC XB FSC PE PC XB FSC PE PC XB FSC PE PC XB 

Ds1 

(10 

items) 

FCM 0.55 0.56 0.80 1.3 0.09 0.23 0.93 25.3 0.26 0.29 0.91 102 0.22 0.26 0.92 83.4 

FCM-T2 0.38 1.34 0.44 0.5 0.47 1.99 0.25 4.1 0.48 2.32 0.2 2.2 0.36 2.58 0.16 77.4 

EM 0.59 8.48 0.99 1.4 0.34 0.00 0.99 5.6 0.34 3.43 0.99 67.5 0.33 2.99 0.99 65.5 

Soft-G 0.52 1.48 0.38 7.4 0.51 1.87 0.58 3.4 0.48 2.39 0.95 52.1 0.46 2.84 0.99 62.5 

Ds2 

(50 
items) 

FCM 0.14 0.29 0.90 15.9 0.13 0.49 0.82 15.4 0.50 1.51 0.48 29.7 0.30 0.55 0.82 19.1 

FCM-T2 0.08 1.37 0.42 1.3 0.57 2 0.25 1.6 0.57 2.32 0.2 4.7 0.30 2.58 0.16 5.5 

EM 0.32 0.07 0.97 2.3 0.32 0.13 0.94 4.1 0.28 0.11 0.95 85.1 0.46 0.05 0.96 7.4 

Soft-G 0.44 0.49 0.54 1.3 0.58 0.74 0.61 1.4 0.66 1.2 0.88 4.3 0.52 0.96 0.97 4.7 

Ds3 

(100 

items) 

FCM 0.63 0.87 0.67 0.4 0.57 1.16 0.57 2.4 0.60 1.28 0.56 1.6 0.64 1.35 0.56 5.9 

FCM-T2 0.47 1.3 0.46 1.3 0.24 2 0.25 1.4 0.07 2.3 0.2 3.7 0.44 2.58 0.16 5.2 

EM 0.25 0.02 0.99 21.1 0.07 0.02 0.99 50.5 0.35 0.22 0.91 6.8 0.01 0.11 0.95 120 

Soft-G 0.73 0.96 0.41 1.3 0.65 1.12 0.79 2.8 0.62 1.26 0.94 1.3 0.67 1.32 0.95 3.7 

Ds4 

(500 

items) 

FCM 0.76 0.61 0.75 0.1 0.76 0.77 0.72 0.1 0.66 0.99 0.64 0.1 0.70 1.08 0.63 0.5 

FCM-T2 0.35 1.31 0.45 0.9 0.17 1.87 0.29 1.9 0.09 2.32 0.2 4.1 0.25 2.58 0.16 5.7 

EM 0.27 0.13 0.94 14.4 0.30 0.76 0.65 912 0.25 1.16 0.53 7522 0.27 0.69 0.70 45816 

Soft-G 0.65 1.58 0.68 0.2 0.68 1.68 0.55 0.2 0.69 2.15 0.53 0.3 0.70 2.75 0.50 0.8 

Ds5 

(1000 
items) 

FCM 0.82 0.61 0.77 0.1 0.71 0.85 0.69 0.1 0.73 0.99 0.65 0.1 0.73 1.1 0.63 0.2 

FCM-T2 0.43 1.33 0.45 1.4 0.25 1.9 0.28 17.9 0.61 2.32 0.2 6.8 0.66 2.5 0.16 2.5 

EM 0.33 0.32 0.85 7.03 0.22 0.52 0.78 77.9 0.02 0.61 0.74 47.68 0.41 1 0.60 35318 

Soft-G 0.62 1.28 0.67 2.4 0.59 1.42 0.5 6.1 0.61 1.83 0.48 8.6 0.63 1.96 0.54 9.7 

Ds6 

(5130 

items) 

FCM 0.87 0.54 0.81 0.2 0.69 0.84 0.68 0.1 0.74 0.94 0.67 0.1 0.71 0.99 0.66 0.3 

FCM-T2 0.68 1.3 0.46 0.2 0.63 1.86 0.29 0.1 0.75 2.32 0.2 0.1 0.75 2.58 0.16 0.1 

EM 0.21 0.21 0.90 5.9 0.09 0.34 0.86 45.4 0.11 0.31 0.86 22.7 0.05 0.30 0.87 38.5 

Soft-G 0.61 1.48 0.23 2.4 0.61 2.51 0.54 6.18 0.55 2.81 0.43 8.6 0.58 3.96 0.31 9.72 
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Figure 5 and Figure 6 present the FSC and XB index 

values for Ds1. When clustering the Ds1 dataset with k=4, 

k=5, and k=6, Soft-G emerges as the most successful 

algorithm based on the FSC index values. The same result 

is observed for XB index values. It can be stated that Soft-

G and FCM-T2, which have similar XB values, 

outperform the other algorithms. Conversely, the FCM 

algorithm demonstrates the lowest performance in 

clustering of Ds1, as indicated by the FSC and XB values. 

 

 

Figure 3. PE values of algorithms for Ds1 

 

 

Figure 4. PC values of algorithms for Ds1 

 

 

Figure 5. FSC values of algorithms for Ds1 

 

The clustering of Ds2 and Ds3 datasets, which contain a 

higher number of items compared to Ds1, yielded clearer 

performance results. Based on the PE and PC values, the 

EM algorithm demonstrated high performance. However, 

when considering the FSC and XB indexes, both EM and 

FCM emerged as the least successful algorithms. On the 

other hand, Soft-G algorithm exhibited higher performance 

than other algorithms in Ds2 and Ds3 according to FSC and 

XB. 

It is noteworthy that fuzzy-based algorithms have 

demonstrated higher performance in Ds4 than in Ds1, Ds2 

and Ds3. Particularly, the FSC and XB values indicate that 

the FCM and Soft-G algorithms yield favourable results in 

Ds4. In Ds5 and Ds6 datasets, it was observed that FCM and 

FCM-T2 outperformed other algorithms. In this context it 

can be stated that fuzzy-based algorithms are more 

successful in datasets having more data. According to XB 

values in Ds4, Ds5 and Ds6, the performance of the EM 

algorithm is relatively lower compared to the others. 

Similarly, FSC values in these datasets show that EM is not 

a successful algorithm. But, PC and PE values indicate EM 

has better clustering results. This finding reveals confusion 

on EM is successful or not. We can explain this 

contradiction by the different methodologies of validity 

indexes. While XB and FSC have a methodology based on 

the compactness-separation approach, PE-PC indexes have 

a calculation method based on the average of membership 

values. For example, the average of items with high 

membership values provides a high PC value. However, a 

high PC value does not mean that the compactness value of 

items within the cluster will be high. Similarly, items with 

low PC values may have close values to each other and their 

compactness may be high. While the arithmetic mean-based 

PE and PC indices provide measures for assessing the 

degree of fuzziness in clustering, the XB and FSC indices, 

which are based on the differences among cluster elements, 

evaluate intra-cluster compactness and inter-cluster 

separation. In this context, the XB and FSC index values 

ensure more reliable results for assessing the performance 

of soft clustering methods. Considering that the quality of a 

cluster should be evaluated by the closeness of items within 

the cluster (compactness) and the difference of the cluster 

from other clusters (separation), it can be said that the PE-

PC approach will be insufficient in deciding on cluster 

quality. In other words, it would be appropriate to take XB 

and FSC values into consideration when evaluating the 

algorithms. In this context, it cannot be said that EM, which 

has low FSC and high XB values in all data sets, has high 

clustering performance by only looking at PE-PC values. 

 

 

Figure 6. XB values of algorithms for Ds1 

 

Based on the study findings, it is evident that the number 

of clusters has an impact on algorithm performances in 

cluster analysis. The results indicate that, across all datasets, 

clustering with k=3 generally yield higher FSC values and 

lower XB values. Conversely, as the number of clusters 

increases to k=5 and k=6, FSC values tend to decrease while 

XB values increase. In essence, the analysis suggests that 

clustering performance declines as the number of clusters to 

be formed increases. Consequently, choosing less number 

of clusters will be suitable for high-performance soft 

clustering analyses.  

According to the experimental results, it has been 

observed that the algorithm performances are low in the 

datasets with a low number of items, and the algorithms 

have higher performances with the increase in the amount 
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of data. These findings are similar to the soft clustering 

literature. It has been observed that the Soft-G gives 

successful results with a small amount of data. It has been 

determined that the Soft-G is more successful than other 

algorithms in Ds1, Ds2, Ds3 and Ds4. In addition, due to the 

rising amount of data, no significant decrement or 

increment was observed in the performance of Soft-G. So, 

it can be stated that Soft-G is a stable algorithm. On the 

other hand, there were significant increases in the 

performance of fuzzy-based algorithms due to increase in 

data amount. In particular, the FCM algorithm exhibited 

significant performance improvements in Ds4, Ds5 and 

Ds6. 

Another finding within the scope of the study is that the 

EM algorithm does not perform as well as stated in the 

literature. Contrary to the findings of [65], it cannot be said 

that EM exhibits high performance in small datasets. Unlike 

[26] and [71], the results of this study show that EM does 

not produce clustering results similar to FCM. FSC and XB 

show that EM has poor performance in any dataset. In this 

context, the EM algorithm is not recommended for soft 

clustering in this article. 

It has been noted that FCM and FCM-T2 algorithms 

exhibit lower performances in small datasets. However, 

upon analysis, it was discovered that FCM-T2 yielded more 

successful outcomes than FCM in Ds1, Ds2, and Ds3 

datasets. This observation can be attributed to the fact that 

small datasets have high outlier value problems. FCM-T2, 

being less sensitive to discrete values compared to FCM, 

demonstrates greater success in such scenarios. This finding 

aligns with the findings of [29] and [69], supports for their 

findings. 

5 Conclusion and suggestions 

Soft clustering is an unsupervised machine learning 

method to use exploring the customer structure. Most of the 

studies on customer segmentation preferring soft 

approaches use the FCM algorithm. Since FCM based 

algorithms have some deficiencies, new methods are 

developed on the basis of fuzzy. It is generally accepted in 

the literature that fuzzy-based approaches fail in small 

datasets and are more affected by discrete values. On the 

other hand, GST enables the execution of meaningful and 

reliable relational analyses even with a limited amount of 

data. Owing to this characteristic, GST-based methods 

produce effective and consistent results particularly in the 

analysis of small-scale datasets. In this study, the Soft-G 

algorithm, which was developed for soft clustering purposes 

based on GST, demonstrates superior performance 

compared to other algorithms in clustering small datasets 

and yields successful outcomes. 

A dataset comprising data from 5130 customers was 

created using variables selected from an e-commerce 

company based on the RFM approach. Subsequently, six 

datasets were formed with 10, 50, 100, 500, 1000, and 5130 

items, respectively. Cluster analysis was conducted on these 

datasets using the FCM, FCM-T2, EM, and Soft-G 

algorithms, and the results were evaluated using the FSC, 

PE, PC, and XB validation indices. The analysis results 

revealed that the Soft-G algorithm exhibited superior 

performance compared to other algorithms in clustering the 

smaller datasets (Ds1, Ds2, and Ds3). While FCM yielded 

unsuccessful results in Ds1, Ds2, and Ds3, it showed 

successful outcomes in clustering Ds4, Ds5, and Ds6. 

Consequently, for datasets smaller than 500 items, the Soft-

G algorithm is recommended, whereas FCM is suitable for 

datasets larger than 500 items. Additionally, in larger 

datasets, both FCM and FCM-T2 demonstrated successful 

results. Therefore, the choice between FCM and FCM-T2 is 

less critical for larger datasets. However, when opting for a 

fuzzy-based algorithm instead of Soft-G in small datasets, 

FCM-T2 is a more suitable choice compared to FCM. On 

the other hand, the study found that the EM algorithm, often 

used in soft clustering in the literature, achieved higher 

success rates than fuzzy-based algorithms in small datasets 

but exhibited lower performance than Soft-G. Accordingly, 

the study suggests Soft-G algorithm instead of EM for soft 

clustering. Furthermore, since increasing the number of 

clusters leads to a decrease in algorithm performance, 

aiming for fewer clusters is recommended to create more 

successful clusters regardless of the dataset's size for 

customer segmentation.  

The study includes the analysis of only one dataset due 

to the use of real e-commerce transactional data. In addition, 

comparisons are limited to soft clustering algorithms 

commonly used in the literature. Determining the 

performances of the developed method in different datasets 

and comparing the results with different algorithms will 

expand the application area of the method. In addition, study 

on performance analysis of datasets having outlier problem 

will be a valuable article that reveals the success of the 

method. 
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Appendix A 

 

Memberships (FCM and FCM-T2), probality (EM) and relational degree (Soft-G) values for Ds1, k=3 

Customers 
FCM FCM-T2 EM Soft-G 

C1 C2 C3 C1 C2 C3 C1 C2 C3 C1 C2 C3 

Cust1 0.95 0.03 0.02 0.74 0.18 0.08 1.00 0.00 0.00 0.27 0.52 0.36 
Cust2 0.90 0.05 0.05 0.64 0.23 0.12 1.0 0.00 0.00 0.23 0.46 0.39 

Cust3 0.49 0.12 0.39 0.19 0.28 0.53 1.0 0.00 0.00 0.22 0.57 0.53 

Cust4 0.88 0.04 0.08 0.54 0.29 0.18 1.0 0.00 0.00 0.23 0.59 0.45 
Cust5 0.01 0.01 0.98 0.22 0.29 0.49 0.00 1.00 0.00 0.25 0.46 0.34 

Cust6 0.01 0.99 0.01 0.25 0.36 0.40 0.00 0.00 1.00 1.00 0.23 0.23 

Cust7 0.61 0.24 0.15 0.23 0.47 0.30 1.00 0.00 0.00 0.25 0.60 0.42 

Cust8 0.97 0.02 0.01 0.69 0.26 0.05 1.00 0.00 0.00 0.24 0.44 0.49 

Cust9 0.94 0.04 0.02 0.66 0.27 0.07 1.00 0.00 0.00 0.23 0.40 0.60 

Cust10 0.89 0.07 0.04 0.55 0.35 0.1 1.00 0.00 0.00 0.25 0.32 0.48 

 

 

 


