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Striction Lines of Non-developable Ruled Surfaces
in Euclidean 3-Space’

Ali CAKMAK

ABSTRACT: The ruled surfaces, one of the areas of interest of differential geometry, have been one of the surface
types studied by many mathematicians from the past to the present day. Similarly, some special curves which helix,
slant helix, Bertrand curve, etc. are also the curve types discussed often by mathematicians. In this paper, it will be
shown that striction lines of non-developable ruled surfaces are helix, slant helix, Bertrand or Mannheim curve in
some special cases.
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OZET: Diferansiyel geometrinin ilgi alanlarindan olan regle yiizeyler, gecmisten giiniimiize bir cok matematikgi
tarafindan calisilan yiizey tiplerinden birisidir. Benzer sekilde helis, slant helis, Bertrand egrisi gibi baz1 6zel
egriler de matematikciler tarafindan siklikla tartigilan egri tipleridir. Bu makalede, baz1 6zel durumlarda agilabilir
olmayan regle yiizeylerin striksiyon ¢izgilerinin helis, slant helis, Bertrand egrisi ya da Mannheim egrisi oldugu
gosterilecektir.
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INTRODUCTION

It is known that if a surface is formed by
the movement of a line, this surface is called the
ruled surface. A ruled surface is the locus of a line
depending on a parameter. We assume that this line

does not have an envelope; hence the surface is

parameters # and v in E’ by X (u,v). Let

X(u,v)=a(u)+vb(u)

be a non-developable ruled surface in E’ with
b’ (u )=1 and the parameter u is the arc length
parameter of b (u ) as a unit spherical curve in E’
(Liuetal.,2014; Yuetal.,2014).1f a'(u).b'(u) =0,

base curve a( u ) is striction line of ruled surface.

MATERIAL AND METHOD

Definition 2.1. A curve 3 with K (S)7'E 0 is defined

as a cylindrical helix if the tangent lines of the curve

(Zj(s) = constant.

K

Here, if K (S) and T(S) are constants we call a

circular helix.

Definition 2.2. A curve 3 with K(s)#O is
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non-developable (Kiihnel, 2006). In other words,
it is mean that a non-developable surface free
of points of vanishing Gaussian curvature in a
3-dimensional Euclidean space (Yoon, 2007). We
denote the Euclidean 3-space by E’ and a regular

parameter surface with the

(1)

Some special curves which are helix, slant helix,
Bertrand and Mannheim curves are examined
by the some authors. (Izumiya and Takeuchi,
2002; Liu and Wang, 2008; Yayli and Saragoglu,

2012).

[} creative a constant angle with a fixed direction.

Proposition 2.1. A curve f with K(5)#0 is a
cylindrical helix if and only if

2)

defined as a slant helix if the principal normal
lines of 3 creative a constant angle with a

fixed direction.
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Proposition 2.2. Let £ be an unit speed space curve with K(S)¢ 0. Then, S is a slant helix if and

only if

1s a constant function.

Definition 2.3. A curve B :/ = E’ with K(s)#0
is defined as a Bertrand curve if there is a curve

E :1 = E’ under the condition that the principal

A(T'(S)K(S) —K'(S)T(s))—r'(s) =0

suchthat 4 # Oand A € R Here,B = B (s) + An(s)

is Bertrand mate of f3.

Definition 2.4. A curve B :/ = E with ()0
is defined as a Mannheim curve if there is a curve

E:I — E° such that the principal normal lines

K =c(1<2 +r2),

3)

normal lines of (3 and E at Vs € [ are equal.

Proposition 2.3. Let § be a space curve with
K (s);é 0 and T (s) Then, 3 is a Bertrand curve if
and only if

4

of 3 with the binormal lines of E at Vse [ are

equal.

Proposition 2.4. A space curve in E’ is a

Mannheim curve if and only if

®)

where ¢ is a nonzero constant and Kand T are curvature and torsion of curve, respectively.

Definition 2.5. A ruled surface is defined by transformation

X(a,b): IxE — E°
(u,v)—X(a,b)(u,v)=a(u)+vbu),
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where a:l — E3,bi[ —E° are differentiable
transformations and / is an open interval. a(u)
and b(u) are called base curve and director curve,
respectively. If b(u) is a constant, ruled surface is

called as a cylinder.

It is known that if Gaussian curvature is zero,
the ruled surface is developable ruled surface. In
addition, it is mean that a non-developable ruled
surface free of points of vanishing Gaussian

curvature.

x'(u)Za(u),
o () =—x(u)+k, () y(u),

V() =k, (u)er(u),

where K¢ (“) is called the spherical curvature func-
tion and {x(u),oc(u ),y(u)} is called the spherical
Frenet frame of the spherical curve b(u) (Liu et

al.,2014; Yu et al., 2014).

Definition 217. Suppose that
X (u,v)=a(u) +vb(u) is a non-developable ruled
surfaceand a(u) isthestrictionlineof X (u,v) under
the conditions @' (u)= M (u)x(u)+ n(u)y () and
u 1s the arc length parameter of b(u). Let k, (u)
be the spherical curvature function of b(u), then
X (u,v) can be given by {kg (u),}\(u),u(u)} up to

a transformation in E’ . Here, the functions k, (u)>

222

Definition 2.6. Suppose that X (u,v) = a(u) + vb(u)
is a non-developable ruled surface in E°. We
assume that b(x) is a unit spherical curve in E’
such that b* (u )21 and the parameter u is the
arc length parameter of bh(u) and base curve
a(u) 1is the striction line of the non-developable
ruled surface X (u,v). In this case, if we write as
x(u)=b(u),x'(u)=a (u) and yu)=o() x(u),
the spherical Frenet formulas of the curve b(u) can

be given by

(7)
8)

©)

A(u) and u(u) are defined as structure functions

of X(u,v) in E’ (Liuetal., 2014; Yu et al., 2014).

Definition 2.8. Suppose that
X (u,v)=a(u)+vb(u) is a non-developable ruled
surfacein E’ and a(u) isthe strictionline of X (u,v)
under the condition g '(u) = k(u)x(u)+ w (u ) y(u )
Here,{oc (u), x(u)= b(u), y(u )} is the spherical
Frenet frame of the spherical curve b(u) and the

parameter u is the arc length parameter of b(u) .

We assume that 7»(24 );é 0,then X'(u,v) is described
as pitched ruled surface. (Liu et al., 2014; Yu et

al.,2014).
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RESULTS AND DISCUSSION

Let X (u,v) = a(u) +vb(u) be a non-developable  w(x) and k < (u) Then, the curvature K and torsion

ruled surface with the structure functions A(x), T of striction line a(u) are, respectively, given by

L (A—kopt) (2 +42)+ (Xu—2pt')
(/12 + )3

and
(A= pak, ) (A" = 2pa+ (2, + 1) (2~ ,ukg))+(/1'/1—/1/1')(2/1'—Zkgy'—kg'y)

o (A—kou) (2 + 1)+ (Xu—2pd'

(Liu et al., 2014; Yu et al., 2014).
From ‘“Eq. 10.”” and ‘“‘Eq. 11.”’, we obtain
(ﬂ—ykg)(iu”—/’t”y+(}tkg +p)(A-pk,))

+(z'u—zy')(2/1'—2kgy'—kg'y)

I3 (A—kou) (2412 )+(Au—2u')’
K (A—kou) (2412 )+ (A - 2w’y
(/12 + 1’ )3

By definition of helix, the last equation should be constant. In this case, if we choose

A
— = constant , we get

U
Au—2u4'=0
and
Au"—A"u=0

Then, we have

o (A-uk)(Ak +p)(A-pk,) (2 N

SRS [V R PR Fny
T ﬂkg +u
K Ak
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(13)

(14)

(15)

(16)
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If striction line is helix ‘‘Eq. 16.”’ is constant and so, we can write

Ak, +
A—k,u

=c, (celR)

and we obtain

cA—u

k, = :
A+cu

g

From here, we can express the following theorem:
Theorem 3.1. Suppose that X (u,v) = a(u)+ vb(u) is any non-developable ruled surface

in E° and a(u) is the striction line of X (u,v) under the condition a'= Ax(u)+ uy(u).

. . A -
a(u) is a helix if and only if A constant and k, = bl

,(CER).
U A+cu (CER)

By the definition of slant helix, ‘“Eq. 3.”” should be constant. From ‘“Eq. 10.”” and ‘‘Eq.

. A
11.”’, if we choose — = constant, we have

u
K:A—@u
A+’
and
T:ﬂkg+,u.
AT+t

Then, we obtain

1+k;
At

KP+7t =

] b e s
K

Akt (A—kou)

(zj’:kg’(zzwz)

K (ﬂ’_kg'u)z

(17)

(18)

(19)

(20)

21)

(22)

(23)
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2

(}b —ku )

12 + 2 k ! /12 + 2 k '
s K E) o

1+k2 ) (A_kgﬂ) (1+k2)2

AT+l

Here, if we choose —=— = ¢ and solve this differential equation, we obtain
(1+47)
k
£ =cu+d,(c,dconstant) . (25)

.

2
1+£k,
Therefore, we can say the following theorem:
Theorem 3.2. Suppose that X(u,v) = a(u)+vbh(u) is a non-developable ruled surface in

E’ and a(u) is the striction line of X(u,v) under the condition

a'(u)=x1x(u)+,uy(u). a(u) 1is a slant helix if and only if i=constant and
U

k
£ - =cu+d, where k, (), A(u) and p(u) are structure functions of X (u,v) and
1+k
g

.

c,d are constants.

It is know that a space curve is a Bertrand curve under the condition that

Atk —")=17', (26)
where A is nonzero a real number. From ‘‘Eq. 26.””, we can write
(Ej KPA=1", @7
K
: . . o) . A
Here, if we use value in ‘‘Eq. 23.”” instead of (—j and consider — = constant, we get
K H
’ 2
k(A + 1) (A - pik,) (28)

(ot )2 (/12+,u2)2 A=k, + 2k, +u
¢

Cilt / Volume: 8, Say1/ Issue: 1,2018 225



Ali CAKMAK

2

! 2 2 _
kg (/1 +,Ll )(i ﬂkg)zA:A'kg'f‘/lkg,'f'ﬂ'

(k) (7 e

Ak, +u
A:l+é’—ﬂ’

’
4

where u is the arc length parameter of a(u) . Since

A is a non-zero constant, A and Y are constants.

In this case, we can write the following theorem:

Theorem 3.3. Suppose that X (u,v) = a(u) + vb(u)
isany non-developableruled surfacein £° and a(u)
is the striction line of X (u,v) under the condition
a'(u)z}\ x(u )+ wy (u ) a(u) is a Bertrand curve
if and only if A and | are constants, where u is

arc length parameter of a(u) .

K:C(K'2 +T2)

1+k2  A—k,u
C =
/124_/12 2«2"'/«12
A—k u

g
2 b
1+kg

where c#0, ceIR.

Hence, we can give the following theorem:

Theorem 3.4.Supposethat X (u,v) = a(u) + vb(u)

is a non-developable ruled surface in E’ and

226

(29)

Corollary 3.1. The striction line a(u) of X(u,v)

is a Bertrand curve if and only if 4 =M.

Proof: If A and W are considered constants in
“Eq.29.”, it can be easily obtained 4=\

It is just known that a space curve in E’ is a

Mannheim curve if “Eq. 5.” is provided. If we

suppose that 4 s constant and use “Eq. 19.7,

U
“Eq.20.” and “Eq. 21.”, we obtain

(30)

(1)

(32)

a(u) is the striction line of X(u,v) under the

condition
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a'(u)=/1x(u)+,uy(u). a(u) 1s a Mannheim curve if and only if A constant and

A-k

M

y7i

c=——-"—, where k, (), ﬂ(u) and ,u(u) are structure functions of X(u,v) and cis a

1+k2 7

g

non-zero constant.

CONCLUSION

In this paper, firstly, we gave definitions
of helix, slant helix, Bertrand and Mannheim
curves. Then, non-developable ruled surfaces

and striction lines of non-developable ruled
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