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Curvatures of Implicit Hypersurfaces in Euclidean 4-space

Bahar UYAR DULDUL!

ABSTRACT: In this paper, we study the Gaussian and the mean curvatures of a hypersurface in Euclidean 4-space.
We obtain the formulas of these curvatures by using the Riemannian connection of Euclidean 4-space. As an appli-
cation of the obtained formulas, we give the Gaussian and mean curvatures of an implicit hypersurface. Also, the
Gaussian curvatures of some quadric hypersurfaces are given.
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4-boyutlu Oklid Uzayinda Kapah Hiperyiizeylerin Egrilikleri

FBED

OZET: Bu calismada, 4-boyutlu Oklid uzaymnda bir hiperyiizeyin Gauss ve ortalama egrilikleri ¢alisilmistir.
4-boyutlu Oklid uzaymnda Riemann konneksiyonu kullanilarak bu egriliklerin formiilleri elde edilmistir. Elde
edilen formiillerin bir uygulamasi olarak bir kapali hiperyiizeyin Gauss ve ortalama egrilikleri verilmistir. Ayrica,
bazi kuadrik hiperyiizeylerin Gauss egrilikleri elde edilmisgtir.
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INTRODUCTION

The Gaussian and the mean curvatures are the
most important curvatures of a surface in Euclidean
3-space. The formulas for these curvatures are well-

known not only for parametric surfaces but also for

MATERIALS AND METHODS

implicit surfaces (see e.g. (Gray et al., 2006)). These
curvatures are defined by the shape operator of the
surface and they are independent of the chosen basis
of the tangent space. In this paper, we study these
curvatures for implicit hypersurfaces in Euclidean

4-space.

i

4 4 4
Definition 1. The ternary product of the vectors a = z ae;, b= Z be,,and c= Z c.e
i=1

i=l1 i=l1

is defined by, (Hollasch, 1991; Williams and Stein, 1964),

a®b®c=|1 2 % a4’
b b b b,

where {ee,,e;.e,} isthe standard basis of R*.

The ternary product has the following properties (Williams and Stein, 1964):

) a®b®c=-b®a®c=b&®c®a,

2) (a,b®c®d)=det{a,b,c,d},
3)(a,b®c®d)=—(a®b®c,d),

4) (a+b)®c®d=a®c®d+b®c®d.

Definition 2. Let M be a regular hypersurface
in Euclidean 4-space E*, D be the Riemannian

connection of E*, U be the unit normal vector field

of M, and P € M be a point. Then, for a tangent
vector v, to M at P the shape operator of M is

defined by S (v, ) =-D, U (Lee, 1997).

230

(1)

Definition 3. Let M be a regular hypersurface in

Euclidean 4-space E*. The Gaussian curvature

K and the mean curvature H of M at a point

PEM are defined by K(P)=det(S,) and

1
H(P) = gtrace(SP) where S, is the matrix of the

shape operator S of M (Lee, 1997).
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RESULTS AND DISCUSSION linearly independent tangent vectors to M at P.
Theorem 1. Let P be a point on a regular  Lhen the Gaussian and the mean curvatures of M at

hypersurface M < E*, and let v,, w,, r, be P satisfy the following equations:

S(v,)®S(w,)®S(r,)=K(P).v,®W, r,, 2)
S(v,)®W,®r,+v,®S(W,)®r,+v,®W,®S(r,)=3H(P).v,®W,®r,. (3)
Proof. Since v,, w,, and r, are linearly independent, they constitute a basis of the

tangent space T, (P) Then we can write

S(Vp) =ayv,+bw, +cr,,
S(wp):azvp+b2wp+c2rp, 4)
S(rp): av,+bw +cr,.
where a;, b;,c; ER,1<i < 3.
al aZ a3
Thus, the matrix at P of the shape operator is givenby S, =|b b, b, |.
G 6 G

Using Eq. (4), we obtain

S(vp)®S(w,)®S(r,)=(aby; +abe, +abe, —abe, —abe; —ab,c,).v, ®w, ®r,
=det(S,).v, ®w, ®r,

=K(P).v,®w,®r,
and
S(v,)®W,®r,+v,®S(W,)®r, +v,®W,®S(r,)=(a,+b,+¢;).v,®W, ®r,
=trace(S,).v, ®w, ®r,

=3H(P).v,®w,®r,.
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Theorem 2. Let Z be a nonvanishing normal vector field on a regular hypersurface

McE*. Let V, W, and R be the tangent vector fields of M satisfying

V®W®R =Z. Then the Gaussian and the mean curvatures of M can be given by

K= ”Z1” det{D,Z, D\Z, D, Z,Z} (5)
and

3”Z” —(det{Z,V,R,D,Z} —det {Z, W,R, D, Z} —det {Z,V,W,D,Z}), (6)
respectively.

Proof. Let us denote the unit normal vector field of the hypersurface with U. Then we

may write U= ” i Then we have S(V)=-D,U=-V| 4|z Iz ||D +Z. Therefore,
we obtain

S(V)@S(W)@S(R)—” P ! p,z®D,20D,Z+0,

where

W[Z]D 28D, Z®Z- V[” ]D WZODZ®Z - R[” ]D Z®D,ZOZ

is a tangent vector field of A . Then, by using Eq. (2), we have

K.V®W®R:K.Z— D Z®D,Z®D,Z+Q. (7)

Taking the scalar product of both sides of Eq. (7) with Z yields

K(Z,Z)=

= ——(D,Z®DZR®D,Z,Z).
|z
Then, using Eq. (1) we get

K =——=det{D,Z, DZ, D, Z,Z}.
IIZII
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Similarly, from Eq. (3) we have

3BHVOWRR=S(V)®WRR+VRS(W)®@R+VOWRS(R)

and

3HZ = (D ZOWRXR+VRIDWZIR+VIOIWRKXD Z)

]
—V[ﬁ]Z@W@R—W[ﬁ]V@Z@R—R[ﬁ]V@W@Z. (8)

Taking the scalar product of both sides of Eq. (8) with Z and using Eq. (1) yield

S (det{Z,V,R, Dy Z} —det{Z, W,R, D, Z} —det {Z,V,W, D, Z}).

As an application of Theorem 2, we may give the following:

Example 1. Let M be the hypersurface given by
(%2, x0.3,) € E* | fixf + foxh + fixd + fix) =1},
where f,, f,, f;, f, are constants being not all zero, k is a nonzero real number, and

X,, X,, X;, x, are the natural coordinate functions of E*.

19
Now, by using Theorem 2, let us obtain the Gaussian curvature and the mean curvature of

M.

Let g(x,x,,x,X,)=fix; + f,x, + fix; + f,x;.Thus, we have M:{PeE4 |g(P):1}.

4
Then Z =Vg is anonvanishing normal vector field of M ,ie. Z= kz fixi 2

Xi
i=1

4
Let V= Z Vi z lﬁx , and Z aL be three linearly independent

i=1

tangent vector fields on M . Since f,, 1<i<4, are constants, we have

D,Z= kZV[f,xf‘] 2=k (k- IZf,le, EE

i=1
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D, Z= kZW[f,x,’”] & =k(k- Iwax =,

i=l1

D, Z= kZR[flel]xi (k- IZf,r,x, &

i=1

Therefore, det{D,Z, DyZ, D,Z,Z} is equal to

k(k —l)flle,"’2

k(k - l)flwlxl"—2

k(k - l)flrlxl"—2
Kt

k(k - l)fzvzxg—2 k(k - l)f3v3x3k—2 k(k - 1)f4v4xj§—2

k(k - 1)f2w2x§—2 k(k - 1)f3w3x§—2 k(k - 1)f4w4xf§—2

k(k - l)fzrzxg—2 k(k - 1)f3r3x§—2 k(k - 1)f4r4x§—2
Kt k! Kfxi!

=k* (k=1 £ fofofs (xx,x, ) det{V,W,R, X},

4
where X=>x Z.

i=1

We choose V, W and R suchthat VOIW®R =Z. Using Eq. (5), we obtain

(k-1)° ST, (x1x2x3x4) B <Z’ X>'

4
Since Zflxlk =1, we get

—%(k - 1)3 N1t (x1x2x3x4 )kiz

Now let us compute the mean curvature of M . We have

k- _ _ -
kfix™ kf Kf ! Kf i
v, V. V. \%
det{Z,V,R,DZ} = 1 ’ ' )
h r £ Ty
k(k - l)flwlxl’f—2 k(k - 1)f2w2x§—2 k(k - 1)f3w3x§—2 k(k - 1)f4w4xj§
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=k’ (k —1){f1f2 (x,x, )k72 (x,w, —wix, ) (vsry —13vy ) + £/ (0, )k72 (xywy —wixy ) (v, —vyry )
+/h/a (x1x4 )k_2 (x1W4 - W1x4)(vzr3 —hYs ) + /31, (x2x4 )k—2 (x2W4 _sz4)(rlv3 _V173)
+1,/s (xzxs )kiz (X2W3 WX )(v1r4 —NhVy ) +f3/4 (x3x4 )kiz (x3W4 — WXy )(Vlrz —hVs )} .

Similarly, we obtain
det{Z, W,R, Dy Z} =& (k=1){ £, (xx,)" (xivy =vix, ) (wary =13, )
S VACES )H (v =y ) (rw, —wor )+ £y (3, )H (v, =wxy ) (wars —r5ms )
i () (v —ax ) (s —win )+ o fs (305 ) (v v ) (wiry =)
+fsfa(X32,) 2 (304 — V3x4) (Wi, — TyW,)}
and
det {Z,V, W, D, Z} =k (k=1){ £, (%) (73 =73, ) (vowy =wyvy )
+hifs (0, )H (x5 =7y ) (wavy —vyw, )+ £s (%, )H (27 =7, ) (Vs —wyvs )
+ /i (%%, )H (37 =10, ) (wivs —vws )+ £ f; (0,5 )H (273 =75 ) (s =i, )
+fsfa(x3x,) 2 (20314 — T3x4) (VW — Wy 1,)}

Therefore, det{Z,V,R,DyZ}—det{Z, W,R,D,Z} —det{Z,V,W,D.Z} is equal to

K (k-1)3 £f (vx,) det{X,, W, V.R}, ©)

l=i<j

where X, =x Z+x 2, 1=i<j<4. Since VOW®R=Z, substituting

7o

det{X, W,V,R}:—<XU,Z> into Eq. (9), and using Eq. (6), we obtain the mean

y’)

curvature of M as

H P 3 o ) (410,
3(Zfi2xizk—z} I=i<j
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Corollary 1. The Gaussian curvatures of the quadric hypersurfaces

N Xy ozZw S
i) —+—+—+—=1, (Ellipsoid
@) —s+iz+=+-z=1 (Ellipsoid)

I, (Ellipsoidal hyperboloid with one sheet)

@ b d -
2 2 2 2
(i) =+ Z—z - Z—z - % =1, (Troidal hyperboloid )
xZ 2 2 W2
(iv) pra Z—z I =1, (Ellipsoidal hyperboloid with two sheets)

are given in each case by K =F—1

24212 407) " \where the minus sign appears
(abed)* \ a* ~ b* & at ?

in (1) and (iii). The lines of curvature on above quadric hypersurfaces are studied in

(Sotomayor and Garcia, 2016).

CONCLUSION

In this paper, the Gaussian and the mean curvatures

of a hypersurface are studied in 4-dimensional
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