
ABSTRACT: In this paper, we study the Gaussian and the mean curvatures of a hypersurface in Euclidean 4-space. 
We obtain the formulas of these curvatures by using the Riemannian connection of Euclidean 4-space. As an appli-
cation of the obtained formulas, we give the Gaussian and mean curvatures of an implicit hypersurface. Also, the 
Gaussian curvatures of some quadric hypersurfaces are given. 

Keywords: Gaussian curvature, hypersurface, mean curvature

ÖZET: Bu çalışmada, 4-boyutlu Öklid uzayında bir hiperyüzeyin Gauss ve ortalama eğrilikleri çalışılmıştır. 
4-boyutlu Öklid uzayında Riemann konneksiyonu kullanılarak bu eğriliklerin formülleri elde edilmiştir. Elde 
edilen formüllerin bir uygulaması olarak bir kapalı hiperyüzeyin Gauss ve ortalama eğrilikleri verilmiştir. Ayrıca, 
bazı kuadrik hiperyüzeylerin Gauss eğrilikleri elde edilmiştir.

Anahtar Kelimeler: Gauss eğriliği, hiperyüzey, ortalama eğrilik

Curvatures of Implicit Hypersurfaces in Euclidean 4-space

4-boyutlu Öklid Uzayında Kapalı Hiperyüzeylerin Eğrilikleri

Bahar UYAR DÜLDÜL1
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INTRODUCTION

The Gaussian and the mean curvatures are the 
most important curvatures of a surface in Euclidean 
3-space. The formulas for these curvatures are well-
known not only for parametric surfaces but also for 

implicit surfaces (see e.g. (Gray et al., 2006)). These 
curvatures are defined by the shape operator of the 
surface and they are independent of the chosen basis 
of the tangent space. In this paper, we study these 
curvatures for implicit hypersurfaces in Euclidean 
4-space.  

Definition 2. Let M  be a regular hypersurface 

in Euclidean 4-space 4 ,E  D  be the Riemannian 

connection of 4 ,E  U be the unit normal vector field 

of ,M  and P M∈  be a point. Then, for a tangent 

vector Pv  to M  at P  the shape operator of M is 

defined by ( )
PPS = - vv D U  (Lee, 1997). 

Definition 3. Let M  be a regular hypersurface in 

Euclidean 4-space 4E . The Gaussian curvature 

K  and the mean curvature H  of M  at a point 

P M∈  are defined by ( ) ( )det PK P S=  and 

2 
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Definition 1. The ternary product of the vectors 
4
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is defined by, (Hollasch, 1991; Williams and Stein, 1964),  25 
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The ternary product has the following properties (Williams and Stein, 1964):  28 
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Theorem 1. Let P  be a point on a regular hypersurface 4M E , and let ,pv  ,pw  pr  39 

"4-boyutlu Öklid Uzayında Kapalı Hiperyüzeylerin Eğrilikleri" başlıklı makalenin 

dizgisinde karşılaşılan hatalar:  

Sayfa 2'de işaretlenen hatalı yere yazılacak olan yeni denklem:          

 

Sayfa 2'de yer alan Definition 2’nin solunda yazan (1) silinmelidir.           

 

Sayfa 3'te işaretlenen birinci hatalı yere yazılacak olan yeni denklem:        

 

Sayfa 3'te işaretlenen ikinci hatalı yere yazılacak olan yeni denklem:                   

 

Sayfa 5'te işaretlenen hatalı yere yazılacak olan yeni denklem: 

        [  
‖ ‖]       [  

‖ ‖]       [  
‖ ‖]                      (8) 

Sayfa 7'de işaretlenen birinci hatalı yere yazılacak olan yeni denklem: 

     (    )   (         )(         )} 

 

   Sayfa 7'de işaretlenen ikinci hatalı yere yazılacak olan yeni denklem: 

     (    )   (         )(         )} 

 

Ayrıca, sayfa 6'da en alt satırda yer alan determinantın sağdaki çizgisi çıkmamıştır. 
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be linearly independent tangent vectors to M  at P . Then the Gaussian and the mean 40 

curvatures of M  at P  satisfy the following equations:  41 

       .P P P P P PS S S K P     v w r v w r                                   (2) 42 

       3 .P P P P P P P P P P P PS S S H P           v w r v w r v w r v w r     (3) 43 

Proof. Since ,Pv  ,Pw  and Pr  are linearly independent, they constitute a basis of the 44 

tangent space  MT P . Then we can write  45 

 
 
 

1 1 1
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3 3 3 .

p p p p

p p p p

p p p p

S a b c

S a b c

S a b c

    
    


  

v v w r

w v w r

r v w r

                                                       (4) 46 

where , , , 1 3.i i ia b c i    47 

Thus, the matrix at P  of the shape operator is given by 
1 2 3

1 2 3

1 2 3

.P

a a a
S b b b

c c c

 
   
  

 48 

Using Eq. (4), we obtain  49 

       1 2 3 2 3 1 3 1 2 1 3 2 2 1 3 3 2 1 .P P P P P PS S S a b c a b c a bc a b c a bc a b c         v w r v w r50 
                          det .P P P PS  v w r  51 

                          . P P PK P  v w r  52 

and  53 

       1 2 3 .P P P P P P P P P P P PS S S a b c            v w r v w r v w r v w r  54 

                                           trace .P P P PS  v w r  55 

                                                         3 . P P PH P   v w r  56 
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4 
 

  V W R Z . Then the Gaussian and the mean curvatures of M  can be given by 59 

 5
1 det , , ,K  V W RD Z D Z D Z Z

Z
                                                 (5) 60 

and 61 

      3
1 det , , , det , , , det , , , ,

3
H   W V RZ V R D Z Z W R D Z Z V W D Z

Z
         (6) 62 

respectively. 63 

Proof. Let us denote the unit normal vector field of the hypersurface with U. Then we 64 

may write 
ZU
Z

. Then we have   1 1 .S       V VZV D U V Z D Z
Z

 Therefore, 65 

we obtain  66 

3
1( ) ( ) ( ) ,S S S 

     V W RV W R D Z D Z D Z
Z

                               67 

where                      68 

1 1 1

2 2 2

     
              

Z Z Z
V R W R V W

W V R
D Z D Z Z D Z D Z Z D Z D Z Z

Z Z Z
 69 

is a tangent vector field of M . Then, by using Eq. (2), we have  70 

3
1. . .K K 

      V W RV W R Z D Z D Z D Z
Z

                               (7) 71 

Taking the scalar product of both sides of Eq. (7) with Z  yields  72 

3
1. , ,K 

  V W RZ Z D Z D Z D Z Z
Z

. 73 

Then, using Eq. (1) we get 74 

 5
1 det , , , .K  V W RD Z D Z D Z Z

Z
 75 
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Similarly, from Eq. (3) we have  76 

     3 .H S S S          V W R V W R V W R V W R   77 

and 78 

 13 .H          V W RZ D Z W R V D Z R V W D Z
Z

                                              79 

         1 1 1 .                  Z Z ZV Z W R W V Z R R V W Z             (8) 80 

Taking the scalar product of both sides of Eq. (8) with Z  and using Eq. (1) yield 81 

      3
1 det , , , det , , , det , , , .

3
H   W V RZ V R D Z Z W R D Z Z V W D Z

Z
 82 

As an application of Theorem 2, we may give the following: 83 

Example 1. Let M  be the hypersurface given by  84 

  4
1 2 3 4 1 1 2 2 3 3 4 4 1k k k kx x x x E f x f x f x f x           85 

where 1f , 2f , 3f , 4f  are constants being not all zero, k is a nonzero real number, and 86 

1x , 2x , 3x , 4x  are the natural coordinate functions of 4E .  87 

Now, by using Theorem 2, let us obtain the Gaussian curvature and the mean curvature of 88 

M . 89 

Let  1 2 3 4 1 1 2 2 3 3 4 4 .k k k kg x x x x f x f x f x f x       Thus, we have   4 1M P E g P    . 90 

Then gZ  is a nonvanishing normal vector field of M , i.e. 
4

1

1
.

i

k
i i

i
xk f x 
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4
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4

1
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4

1
ii

i
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tangent vector fields on M . Since if , 1 4i  , are constants, we have  93 
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1 1
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i i

k k
i i i i i
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x xk f x k k f r x 

 

 
      RD Z R  96 

Therefore,  det , , ,V W RD Z D Z D Z Z  is equal to  97 

       
       
       

2 2 2 2
1 1 1 2 2 2 3 3 3 4 4 4

2 2 2 2
1 1 1 2 2 2 3 3 3 4 4 4

2 2 2 2
1 1 1 2 2 2 3 3 3 4 4 4

1 1 1 1
1 1 2 2 3 3 4 4

1 1 1 1

1 1 1 1

1 1 1 1

k k k k

k k k k

k k k k

k k k k

k k f v x k k f v x k k f v x k k f v x
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kf x kf x kf x kf x
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1 2 3 4 1 2 3 41 det , , , ,kk k f f f f x x x x   V W R X  99 

where 
4

1
ii

i
xx




 X . 100 

We choose V , W  and R  such that   V W R Z . Using Eq. (5), we obtain  101 

  24 3
1 2 3 4 1 2 3 45

1 ( 1) , .kK k k f f f f x x x x    Z X
Z

 102 

Since 
4

1
1,k

i i
i

f x


  we get 103 
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2

3 2
1 2 3 4 1 2 3 4

4
2 2 2

1

1 1 k

k
i i

i

K k f f f f x x x x
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Now let us compute the mean curvature of M . We have 106 
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r r r r
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            2 22
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                2 2
1 4 1 4 1 4 1 4 2 3 2 3 2 4 2 4 2 4 2 4 1 3 1 3
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                 2 2
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4 22

1
1 det , , , ,

k

i j i j ij
i j

k k f f x x


 

  X W V R                                         (9) 122 

where , 1 4.
i jij i jx xx x i j 

     X  Since ,  V W R Z  substituting 123 
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 det , , ,ij ij  X W V R X Z  into Eq. (9), and using Eq. (6), we obtain the mean 124 

curvature of M  as 125 

   3
2

4 2

4 12 2 2

1

1 .

3

k k k
i j i j i i j j

i jk
i i

i

kH f f x x f x f x
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Corollary 1. The Gaussian curvatures of the quadric hypersurfaces 127 

2 2 2 2

2 2 2 2( ) 1 (Ellipsoid)x y z wi
a b c d

      128 

2 2 2 2

2 2 2 2( ) 1 (Ellipsoidal hyperboloid with one sheet)x y z wii
a b c d

        129 

2 2 2 2

2 2 2 2( ) 1, (Troidal hyperboloid )x y z wiii
a b c d

     130 

2 2 2 2

2 2 2 2( ) 1, (Ellipsoidal hyperboloid with two sheets)x y z wiv
a b c d

     131 

are given in each case by  
5

2 22 22

2 4 4 4 4
1

( )
yx wz

abcd a b c d
K



    , where the minus sign appears 132 

in (i) and (iii). The lines of curvature on above quadric hypersurfaces are studied in 133 

(Sotomayor and Garcia, 2016). 134 

CONCLUSION 135 

In this paper, the Gaussian and the mean curvatures of a hypersurface are studied in 136 

4-dimensional Euclidean space and the formulas for these curvatures of implicit 137 

hypersurfaces are obtained. 138 
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Corollary 1. The Gaussian curvatures of the quadric hypersurfaces 127 
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