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Abstract
In this paper we have defined ¢, sign functions using the vector fields X, X,, n, and
n, which have taken derivatives with (u,v) parameters of tangent vector X of any surface in
Lorentz space and we obtain Gauss and Codazzi-Mainardi Gauss formulae of the surface.

Preliminaries
It is well known that in a Lorentzian Manifold we can find three types of submanifolds: Space-like

(or Riemannian), time-like (Lorentzian) and light-like (degenerate or null), depending on the induced metric
in the tangent vector space. Lorentz surfaces has been examined in numerous articles and books. In this
article, however, we have examined some characteristics belonging to the surface by making some special

choices on tangent space along the coordinate curves of the surface. Let IR? be endowed with the
pseudoscalar product of X and Y is defined by
<X’Y> =)+ X5Y, -5y, X= (xl’xz»xs) Y= ()’1,}’2,)’3)

(IR3,<,>) is called 3-dimensional Lorentzian space denoted by i [1]. The Lorentzian vector product is

defined by

XXY=|x x, x
Yi o X

A vector X in L’ is called a space-like, light-like, time-like vector if <X , X >) 0, <X , X > =0 or < X, X )(0

accordingly. For X € I, the norm of X defined by
X1 = l(x. )

and X is called a unit vector if ”X || = 1[2]:

1. INTRODUCTION

Definition 1.1. A symmetric bilinear form b on vector space V is
i) positive [negative] definite provided v # 0 implies b(v,v) >0[<0]
ii) positive [negative] semi-definite provided v=20[v < 0] forall ve V

iii) non-degenerate provided b(v, w) = Ofor all we V implies v =0 [1].
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Definition 1.2. A scalar product g on a vector space V is a non-degenerate symmetric

bilinear form on V [1].

Definition 1.3. The index v of symmetric bilinear form b on V is the largest integer that is the dimension of

a subspace W V' on which glw is negative definite[1].
Lemma 1.4. A scalar product space V' # Ohas an orthonormal basis for V, &, = <e,.,ei>. Then each ve V

has a unique expression [1],
n
V= Z£i<ei,ei>ei
i=1

Lemma 1.5. For any orthonormal basis {el,...,en} for V, the number of negative signs in the signature

(81,82,...,6‘”) is the index v of V [1].

Definition 1.6. A metric tensor g on a smooth manifold M is a symmetric nondegenerate (0, 2) tensor field
on M of constant index [1].

Definition 1.7. A semi-Riemannian manifold is a smooth manifold furnished with a metric tensor g.
Definition 1.8. A semi-Riemannian submanifold M with (n—1)—dimensional of a semi-Riemannian manifold
M with n-dimensional is called semi-Riemannian hypersurface of M [1].

2. GAUSS FORMULAE

Let X = X(u,v) be a surface in Lorentz space and n(u,v) be unit normal vector field of the
surface. €, £,, €, €,, € be sign functions of the vectors n,, n,, X,, X, n,respectively. Then we can

write the following equations.

2
nv

2’ <Xu’Xu>=83“Xu

(rz“,n“>=<€‘1 ’, (nv,nv>=€2

(X, X, =2 JX . ()=,

M N M E
n,X, )= , (n,,X,)= , (n,X,)= , (n,X,)=
< > sl 858, < ,/8264 < > VEE, < > VEE
X,.X,)= F (X, X,)=¢6E, (X,.X,)=¢,G

The vectors fields X, , X,,, X, can be written as linear combinations of X, X, n as follows.

uu
qu :FIIIXu +F121Xv +aln
Xuv =r112Xu +I-‘122Xv +a2n

X, =T,X, +T.X, +ayn
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where the coefficients I“; are Christoffel symbols. These equations are called Gauss formulae of the surface

X(u,v). We get &, = &L, @, =€,M and @, = €N by using inner production with the normal vector n

of the Gauss formulae.

On the other hand, we take derivatives of following equation with respect to the parameters u and

then we obtain,

<qu’Xv>+<Xu’Xuv>: F“ <XVM’XV>+<XM’XVV>: -

JEE,

E F, ¢ F
X X 4 2R s—tu g 1y X Y= 1
< uu >+ 2 ,8384 2 +< > ,8384

we multiply Gauss equations by X ., and X , we get

F, F

(X% )=—2 Sigiy xh= s Sig

JeE, 2 g 2

We get the following equations using by inner production both X, and X, of the Gauss equations.

uu

F &
(2.1) 2 —73Ev = N Ie,G
JeE JEE,
F £
(2.2) - —2iGu =TieB %15, =
-\/ 8384 8384
£ F
(23) =G, =T),,——=+T.¢,G
2 J&sE,
(2.4) LN o L
2 ,/8364
&
(2.5) TSEV = Iﬁ112‘€3E + Flzz ""F—‘
EE,
£
(2.6) ?“Gu =1 - Ile,G
&€,

Thus, we can calculate T},, I}}, T}, I3, T, and T, coefficients. At first, we have to solve (2.1) and

(2.4) together, we get
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&, FE &&£,GE, FF
2.7 Fl = 3 v + 3%4 u u
( ) 11 2 ,_—_8384H2 2H2 H2
we solve (2.5) and (2.6) together, we get
&£€,GE &FG
(2.8) B - i, 3+ My
Y 2H 2fee,H?
we solve (2.2) and (2.3) together, we get
£ GG,
(2.9) I,, =—=%—(GF, - FG,) ——
2 e H? 2H’®
we solve (2.1) and (2.4) together, we get
FE
&ER -1 g
(2.10) 2= 2 =%
Jeg H:  2H’
we solve (2.5) and (2.6) together, we get
&€, EG & FE
(211) 1—~2 374 u 3 4
. 2H* 2./e,6, H
finally we solve (2.2) and (2.3) together, we get
(2.12) = £1G, —+ €3€4EZGV . 4% .
2\/8354 H 2H &e,H

Theorem 2.1: If coordinate lines are normal each other, then F=0 and Gauss formulae are

E
w=—X,+ — X, +&Ln
2E 2e,8,G
E
w =X, +G X, +&eMn
2E G
X, = —G. X, + & X, +£&;Nn
288, E G

3. CODAZZi-MINARDI FORMULAE

If M C°- manifold then its replacement vector has to satisfy the following equations at point P(u,v).

(%), =(X,), . (%), =(X,,),

thus by using Gauss equations we get

(31) (rlll Xu +E21 Xv +€5Ln)v = (EIZ Xu +E22 Xv +85M n)v

(3.2) (T, X, +T2 X, +&Nn), =T, X, +T2 X, +&Mn),

rewrite the coefficients I“;‘ which we obtained for F' # 0 and we get
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&FE, £&,GE, FF, = &, FG, &,¢,GE,

+ s, =- +
2fee,H>  2H* H* " 2[ee H® 2H’

_&,(GF,-FG,) GG,

1
Fn‘

&,FE, &£,G E

I} =- + s L=

? 2Jee,H?  2H? ? Jee,H* 2H®
FE,

- &EF,-—%) gg .  £FG, &eEG, FF

11 -

Jee Y 2HP T B 2/e.e,H? YL £,6,H’

By taking partial derivatives of (3.1) and using the vector X, X, X , n, and n, then we get,
(3.3) AX, +AX, +Afi=0

where the coefficients A,, A,, A, are as following,

A = (Ffl )v - (Fllz )u + FIZIF;2 - I*1221“112 +&La, —&Ma,,

A, = (Flll )v - (1—-122 )u + I‘111F122 - F122F122 + rlzlrlzz - rllZFlzl +&Lay — €M ay,

A, =¢&L, —eM, +eMT), -T))+&NT] —&LT,

where En , 512 , ;21 and Ezz are the components of Weingarten matrix. Similarly, for (3.2) we get,
(3.4) BX,+B,X +Bji=0

where the coefficients B,, B,, B, are as following,

B, =(Ty,), - (T,), +TyL, + TAL, —TLT, ~TAT, + &N @, —£,M @,

B, = (Fzzz )u - (Flzz )v + rzlzrlzl * r2221—~112 - r112r122 - Iﬂ122F222 +e;Na, &M a,,

B,=¢,N, —eM, +T,e L+ (T2, -T))eM —T,e,N

Since the vectors X, , X, and n are linearly independent in (3.3) and (3.4) then we get

A =0, B,=0, (i=123).For A; =0 and B, =0 ;

(3.5) L-M, =M®T}-T})-NI}+LIL,

(3.6) N,-M,=MT},-T})+NI}-LT,,

The equations (3.5) and (3.6) are called Codazzi-Mainardi formulae of the surface X (u, v).

a) The case F=0 ; We calculate I“,.;‘ coefficients from Gauss formulae, we get,

E 1 E 1 - Gu 2 - Ev 2 Gu Gv

Flllz u , =TI, =— T = 1—‘12=_,I“222=__

2E" 2 2E’ % 266 " 266, 2G 2G

and substitute these values in Codazzi-Mainardi equations, then we get,
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E E £ G
3.7} L+M—~-N—"—=M +L—+M—=
2E 26,¢,G 2E 2G
Vi
(3.8) N,+M G, -L G, =M +M V+NG“
2G  2e&,F 2E 2

b) The case F=0 and M=0 ; In this case (3.7) and (3.8) equations will be as following
E E G G

_N—= =L—* N -L—% =N

" 26,,G 2E Y 2e,¢6,E 2

If the surface is compared with zero lengt curves-minimal curves then £, G will be vanish on the surface.

And we get following equations by using the equations (2.7), (2.8), (2.9), (2.10), (2.11), (2.12).

- FF FF F
l"1]1 = qu = 8384;72 28384(?J:€384(10gl}7'),,
5 —HFK, ~FF __F_v:
I, = 8384H2 T_F?F (10g|F,)v

and we obtain
l—‘121 :Fllz :F122 :lez =0
Thus the Gauss formulae are obtained as follows;
X, =&¢,logF|) X, +&ln, X,, =eMn, X, = (loglF|) X, +&,Nn
Furthermore Codazzi-Mainardi formulae will be as follows

L-M,=-eeM(ogF|), N,—~M, =-Mlog|F|)

T Mu_Lv _ Mv_Nu
M v M u
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