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Abstract Keywords
In a previous study, limits were calculated within the category of 2-crossed modules )
of groups over a fixed group R, where the group actions involved were specifically 2-Generalized crossed module,
taken to be conjugation actions. While this framework provides a rich algebraic ]I;mgt’t
roauc

structure for constructing certain homotopical and categorical structures, the
limitation of conjugation-based actions restricts the flexibility of this approach. In this
paper, we extend this framework by introducing the notion of 2-generalized crossed Time Scale of Article
modules (2GCM), which generalize the structure of 2-crossed modules by allowing
more flexible and arbitrary group actions, rather than restricting them to conjugation

actions. Furthermore, we prove that the category of 2-generalized crossed modules is Received :23 December 2024
finitely complete, meaning that it possesses all finite limits, such as products and Accepted : 07 April 2025
equalizers. This property is important for higher-level categorical analysis and Online date : 25 August 2025

supports the application of 2-generalized crossed modules in both theoretical and
applied contexts, particularly in higher-dimensional algebra and homotopy theory.

1. INTRODUCTION

A generalized crossed module w: F — K is a morphism of groups, together with the actions of F on F
and of K on K arbitrary instead of conjugation actions. Yavari and Salemkar defined the generalized
crossed modules in [1]. They get the generalized crossed modules category, GCM, and investigated the
relation between epimorphisms and surjective morphisms in GCM.

A 2-crossed module of groups F EkiH is a complex of groups, satisfying certain conditions along
with the actions of H on K and F, and a mapping {—, —}: K X K — F, which is often called the Peiffer
lifting of 2-crossed module, such that the action of H on H is conjugation, a; and o, are H -equivariant.
2-crossed modules were first introduced by Conduché in [2] as models for connected homotopy 3-types.
The commutative algebra version was also given by Arvasi in [3]. Later, the concept of a 2-crossed
module is extended to various algebraic structures; see [4,5-6] for further details.

Brown and Sivera [7], calculated algebraic (co)limits in the homotopy theory with using (co)fibred
categories. They proved that, the inclusion map i;: X; = X, where W: X — B is a fibration and J € B,
preserves colimits of connected diagram. In [8], they described colimits in the categories of crossed
modules (over groupoids) and modules (over groupoids), which are derived by reducing the colimits in
the category of crossed complexes. In many of the work, it is shown that a homotopically defined functor
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IT: (topological data) — (algebraic data)

in a fibred category preserves certain colimits [7,8,9-10]. In the literature, (co)limits of crossed modules
were studied over time for various algebraic structures, as seen in [11,12,13,14-15]. The 2-crossed
module version is studied in [16-17].

In this paper, we introduce the concept of 2-generalized crossed modules (2GCM), where group actions
are arbitrary rather than restricted to conjugation actions. Furthermore, we prove that the category of
2GCM is finitely complete. Put differently, we construct the product, pullback and equalizer objects
within the category of 2GCM.

2. GENERALIZED CROSSED MODULES

We recall the definition of a generalized crossed module from [1].

Definition 2.1 A generalized crossed module (F, K, w), consists of a group morphism w:F — K,
together with the following properties:

i) an action of F on F, denoted by f B f', for every f, f' € F,

ii) an action of K on K , denoted by k Bk k', for every k, k' € K,

iii) an action of K on F, denoted by k¢, for every k € K, f € F,

satisfying the conditions:

GCM1) w(kr) =k By w(f)

GCMZ) w(f)f/ — f B, f’

for all f,f' € F and k € K. If ® only satisfies condition GCMI1, we get a pre-generalized crossed

module.
Remark 2.2 Throughout this paper, an action of F on F is denoted by - instead of B for any group F.

A morphism (6,9): (F,K,w) - (F',K',w") of generalized crossed modules consists of group
morphisms 6: F - F' and 9: K —» K’ such that the following diagram is commutative.

0

F ———— F

K o K

V)
6(f) = *8(f)

forall f € F and k € K. Thus we obtain the category of generalized crossed modules, denoted by
GCM.

Some examples of generalized crossed modules are given below:

Example 2.3 If w: F — K is any crossed module, then it is also generalized crossed module.

Example 2.4 Let w: F = K be a group morphism. If all actions are trivial, then w becomes a generalized
crossed module.

Example 2.5 Let F and K be two groups. If the action of F on F is trivial and the actions of K on K and
K on F are arbitrary, then the trivial morphism 1: F — K is a generalized crossed module.

Example 2.6 For any group F and any action of on itself, then (F,F,id) is a generalized crossed
module.

ie. 9w = w0 and
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3.2-GENERALIZED CROSSED MODULES

Definition 3.1 A 2-generalized crossed module (F, K, H, p5, p1) is a normal complex of groups
P2 P1
F->K-H

i) an action of H on F denoted by h @ f forallh € H, f € F,
ii) an action of H on K denotedby h @ k forallh € H, k € K,
iii) an action of K on K and H on H denoted by k - k"and h - h' for all k, k' € K and h,h' € H and a
mapping {—,—}: K X K > F which is called Peiffer lifting, such that p, and p, are H-equivarient,
satisfying the following conditions:
2GCM1) p,{ko, ki3 = (ko - k1)(p1(ko) B ki™)
2GCM2) {p; (fo), p2(f)} = (fo - FOFT!
2GCM3)

D) (ko kikz} = Ko®kD{ko, ke ko, ki)

i{koky, ka} = {ko, kikz3(p1(ko) B {ky, k2})

D{p2() k= fCF
i) {k,p2(F} = (o) B

or

2GCM4) {p,(f), kHk, p ()} = f(p1 () B f71)
ZGCMS) h {ko, kl} = {h ko, h kl}

forallh € H, k, ko, ki, k, EKand f, fo, fL EF.

2GCM4)

There is an action of K on F, defined as

ke = {k, p2(F)}(p1 (k) B f)
forallk e Kand f € F.

Let (F,K,H,p,,p1) and (F',K',H', p5,p1) be two 2-generalized crossed module. A morphism of 2-

generalized crossed modules is defined by the following diagram:
19[1

F ——— F

P2 P2

P1 P1

v v

H———— H

where the diagram is commutative, i.e. 9p; = p19’ and 9'p, = p39". Furthermore the following
equations are satisfied:

9" (hB k) = 9(h) B9 (k)
9"(hB ) =9(h) B (f)

{— -3 x9 =9"{—, -}

forallh€e H,k € Kand f €F.
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Thus, we get the category of 2-generalized crossed module, which is denoted by 2GCM.

Example 3.2 Any generalized crossed module gives a 2-generalized crossed module. If (K, H, p) is a
generalized crossed module, then F — K — H is a 2-generalized crossed module by taking F = 1.
Thus, we have a functor:

A: GCM — 2GCM

defined by A(K, H,p) = (1,K,H, 1, p).

P p . . .
IfFS3KSHisa 2-generalized crossed module, then Imp, is a normal subgroup of K. Thus, we get an
induced generalized crossed module, p": K/Imp, — H. Hence, we get a functor:

¥Y: 2GCM — GCM.
So, A is the adjoint functor of ¥. Therefore, we have the adjunction:
Homgem(W(T), X) = Homyeem (T, AX)
between the category of 2GCM and the category of generalized crossed modules.

4. THE COMPLETENESS of 2GCM

Recall that, the ({e},{e},id) is the terminal object in the category of generalized crossed modules.
Moreover, for given two generalized crossed module morphisms (6, 6"): (K;, H;, @) — (K3, Hs,y) and
(9,9"): (K5, Hy, B) = (K3, Hs,y), we get the generalized crossed module (Pg, Py, i), where Py =
{(kq,k3)|0(ky) = 9(ky)} and Py = {(hq, hy)|6'(hy) = 9'(h,)}, is the pullback of (68,0") and (9,9")
in the category of generalized crossed modules GCM. Therefore, we say that GCM is finitely complete,
[1].

In this section, we will prove the completeness of the category of 2GCM.

Proposition 4.1 If (F;, Ky, H, p3, p1) and (F,, Ky, H, 05, 01) are two 2-generalized crossed module, then
(Pg, P, H, 1, w) is a 2-generalized crossed module, where

Pe = {(fu. f2) | p2(f1) = 02(f2)} € Fy X F,
Py = {(k1,k2) | p1(k1) = 01(kz)} © Ky X K,
with the peiffer lifting
{—= =} Pg X Px - Pp

defined by
{(kp kz); (k1’; kzl)} = ({kp kz}, {k1’: kzl})
for all (kq,k5), (k{, ké) € Py.

Proof Define w: Py » H by w(ky,ky) = p1 (k1) = 0,(ky), u: Pr = Py by

u(f1, f2) = (p2(f1), 02 (f2))

for all (f, f2) € Prand (kq,k,) € Px. Forall h € H and (fy, f5) € Pg;
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w(*(fu, ) w(*f1,"f2)
.01(hf1)
h-py(f1)

Then (Pk, H, w), is a pre-generalized crossed module. For all h € H,
(kO' k(,)): (kl' k:,l): (kZ' ké)' (klr kz): (k:,b ké) € PK and (fl’ fZ)I (flli fZI) € PF;

2GCM1)
p{(ky, ky), (ky,k3)}

u(the, k1 {k2 k2"

(p2iky1, k1) o2{k2, k2"

(Uey - k) (py(key) B ()71, (ko - k) (01(k2) B (kz)™H)
((key - ki); (ks - ké))(pl(kl) (kl)_l'al(kz) (kz)_l)
((kq, ko) - (k1,k2")) (o1 (key) B (ky) ™1, 04 (ko) B (k)™
(Uey, k2) - (ki kD)) (w(ky, k) B (kg kz)™)

2GCM2)
{.u(flJfZ)JM(fllerI)} = {(pZ(fl)JUZ(fZ))' (pZ(fll)'UZ(fZI))}
= {p2(f), 2 (FD} {02 (F2), 02 (£
((Fr- D™ L EDTY)
= ((fuf) L)AL DT
2GCM3)
i)

{(kO' k(,))' (kl' ki)(kZ' ké)} {(kO' k(,))' (klkZ! kiké)}

({ko, k1kz}, {ko, k1k3})
(™o, ko }ko, ka}, Ve, ke, ki)

(o) Geo ™) e ke, Yk, ko, (kb3 ke, K4 D)
= (o kokd g 13 (el kD) (lko, k), (kD kD)
= (ko) Gakidep kry (g, kb)}Cko k), (K, K3

ii)

{(ko, ko) (kq, k1), (ko k2)} {(koky, kok1), (k2, k3)}
({koky, k23, {kok1, k23)
({ko, k1ko3py (ko) B {kq, k23, {ko, k1k3}oq (ko) B {kq, k3})
({ko, kakz3, tho, k1ko}) (p1(ko) B {ky, k23, 01(ko) B {ky, k33})
{(ko, ko), (kq, k1) (k2 ka)}w(ko, ko) B {(ky, k1), (k2, k3)}

96



Giilsiin Akay / Estuscience — Theory 13 (2) — 2025

2GCM4+)

{ufr, f2), (ke k) H (ko ko) u(fr, f2)) = {(Pz (f1), o2 (fz))’ (kpkz)}{(kp k2), (Pz (f1), o2 (fz))}
({p2(f1), k13 {02 (f2), k2D ({key, p2 (f1)}, {k2, 02 (F2)))
({p2 (1), ki Yk, p2 (f) ) {02 (f2), k2 3 ko, 02(f2))

(fi (o1 (k) B (f)™), fo (o1 (k) B (f2)™1)

(fu f2)(p1(k) B (f1) 7Y 01(k2) B (f2)™H)

= (fuf2)(w(ky, k) B (fi, )™

2GCMS)
h B {(ky,k2), (k1,k2)} = hB ({ky, ki} {kz k3})
= (h {klfk:’L}rh {kZ,ké})
= ((hBky,hBK}{hBky, hB kL))
= {(hDky,hBky), (hB Kk} hDk)}
= {(hB Uy, ky),h B (ki k)))
Then,

u w
Pr—> Py —>H
is a 2-generalized crossed module.

Proposition 4.2 (F;, Ky, H, p,, p1) and (F,, K,, H, 0,,0;) are two 2-generalized crossed module, then
we have natural morphisms of 2GCM;

(pill'pl' ldH) (PF' PK' Huu'w) - (Fl'Kl!H'pZ'pl)

and

(Pé, P2, ldH) (PF'PKJ H,y,w) d (FZ'KZ'H' 0-2'0-1)'

Proof Consider the following diagram:
!

p1
pp——— F

u P2

v
Py — > K

P1

w P

idy v
H — —— H

For allh € H, (kl,kz) (S PK and (flle)l (fll,le) € PF;

pi(hB (ky,ky)) = pi(hBky,hBky)
= h kl
= idy(h) B py(ky, k2)
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p1hB(f,f2)) = pi(hBf,hBf)

hB f

idy(h) B f;

idy(h) B p1(f1, f2)

{= o xp (. 12), (1, f2)) = {=-Ipi(fu. f2) x o1 (f1, f2)

v, fi}
pi{(fi. f2), (fi, f2)}

Moreover, the verification of the following equations is straightforward and follows directly from the
definitions:

pipr =idyw and  pp; =p1 .

Thus, (p1,p1,idy): (Pg, P, H, 1, w) = (F1, Ky, H, py,p1) is a morphism of 2GCM. Similarly, it is
shown that (p3, p,, idy): (Pp, Pk, H, u, w) = (F,, K,, H, 0,,0;) is a morphism of 2GCM.

Theorem 4.3 The category of 2GCM has product object.

Proof: We just need to prove the universal property. Let (T, R, H,T1,75) be a 2-generalized crossed
module with two morphisms of 2GCM;

(a1, B1,idy): (T, R, H,74,72) = (F1,K1, H, p2, p1)
(a2, B2, tdy): (T, R, H,T1,72) = (F2, K3, H, 03, 01).
Then, there is a unique morphism of 2GCM,
(p,,idy): (T, R, H,71,73) — (Pp, Px, H, 4, w)

such that the diagram commutes:

- 2 P
K <" F =" P -

- T T2
-
"
as
T
/.// -
P
il
Ky F = = Pr "
Diagram 1.

Define ¢(t) = (a1(t), ay(t)) and Y(r) = (B1(r),B,(r)) for all t €T and r € R. (¢, Y, idy)
defines a morphism of 2GCM with the following diagram:

P

T ————— P;

98



Giilsiin Akay / Estuscience — Theory 13 (2) — 2025

o H
H A

Yhr) (Br(hBT),B2(hBT))
(h8 B (r), h B B,(7))
idy(h) B (B1(1), B2(1))

idy(h) By(r)
(ay(hBt),ay(h@t))
(h (ll(t), h az(t))
idy(h) B (aq(2), az (1))
idy(h) B (t)

Y@, ("}

{(31 (r), B, (T))r B, B2 () }
{B1(), B1 (")} B2 (r), B2 (r")})
(ar{r, 7'}, (az{r, 7'}

ofr,r'}

o{— -} 1")

p(hBt)

{_, —}ll) X ll)(T, T,)

forallt e T,r,v" € Rand h € H.

Furthermore, forallr € R andt €T,
p(r) = P1(ﬂ1(7")' B (T)) = p1(r)
p1p(t) = pi(ai (), az (1)) = a1 (o).

Then, we get (p1, p1, idy) (@, ), idy) = (ay, By, idy), similarly (p3, pa, idy) (@, ¥, idy) =
(ay, B, idy). Thus, the diagram 1 is commutative. Finally, let

(@' ', idy): (T,R, H,71,72) = (Pp, Py, H, 1, w)
be a morphism of 2GCM with the same properties of (@, ), idy). Define (f;, f2) € Pr by ¢'(t) =
(f1, f2) and (kq, k) € P by ' (1) = (ky, k2).

P19’ (®) = a1 (t) © p1(f1, f2) = a1 (O) © f1 = a1 (D)
p2¢' (1) = a2 () © pa(f1, f2) = 22 (8) © fo = a2 (0)
Py’ (1) = B1(r) © p1(ky, ky) = B1(r) © ky = B1(1)
D' (1) = B2 (1) © pa(ky, kz) = Bo(r) © ky = Bo(7)

forallr e Randt €T.

Thus, this proves that (¢, Y, idy) is unique. Consequently, we get the following product diagram of
2GCM:
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[T‘R‘H.TQ‘T”
AN
(ag,f1,dd g )— o ~{az,2,idx)
/_/') ;-,.s.'l_.'.'ézdu; ~ ~_
/// \1“““\“
j_/_/ v ~
(F1, K1, H, p2, p1,1dy ) =———— (Pp, Pg, H, p,w, idy ) ———— (F2, K3, H, 02,01, idy )
(py.p1.idm) (paspa,idy)

Theorem 4.4 The category of 2GCM has pullback object.

Proof: If (vy, vy, idy): (F1, K1, H, py, p1) = (F3, K3, H, 3, 41) and (v,, vy, idy): (Fy, Ky, H, 05,01) =
(F3,K3,H, A5, ;) are two morphisms of 2GCM, then we know from Proposition 4.1 that,
(P, P, H,1m, €) is a 2-generalized crossed module, where

Pr ={(fu,f2) |vi(fp) =v. ()} € Fy X F,
Py = {(k1, k) |vi(ky) = vy(kp)} € Ky X K,

with the peiffer lifting
{_'_}:PKXPK_)PF

defined by

{(li kZ)' (ki, ké)} = ({klr ki}' {kZ' ké})
for all (kq, k), (k1,k3) € Pk. Also, we have two morphisms of 2GCM,

(pi' b1, ldH) (PF' PK' H'U' 8) - (Fl'Kl»H'Pz'Pﬂ and (pé'pz, ldH) (PF:PK'HI n, 8) -
(F,,K,, H, 05,0,) from Proposition 4.2. Thus, we get the following commutative diagram:

’J Ild
(Pg, Px,H,1, €) M, (Fy, Ky, H, 05, 0,)

(p1, p1,idy) (va,vp,1idy)

(F1, K1, H, p2, p1) ; > (F3,K3,H,25,41)
(v1, vy, idy)

Now to check that (p1, py,idy) and (p5, P, idy) provide the universal porperty. (P, Pr, H,n',€') be
any 2-generalized crossed module and let (vi,vq,idy): (Pt Px, H,n', ") — (Fy, Ky, H,p,,p) and
(vy,v3,idy): (Pp, Pr, H,n', ") = (F,,K,, H, 05, 0,) be two morphisms of 2GCM such that the diagram

r r
vy , 1 . va . V2
PL Fy Fy F, P
0’ P2 Ao T2 n’
1 afe
,
! - g - va - Uy
P;& = }-‘i 1 = I‘i i I‘;. 2 — P;&
- — /(4/’_
T Ay B / T
= 1 _—
= . we ‘_/""‘ -
SH=
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commutes, i.e. (v1,vy,idy)(vy,v1,idy) = (Vo 0y, idg) (V4,V5, idy). Then, there is a unique morphism
of 2GCM (0,y,idy): (P;, Pg, H,n',€") > (Pp, Px, H,n, €) such that the following diagram is
commutative:

(Pp, Pyc, H,1', ')

{1/.5 13 Jgdp)

(6y,ide)

(Pp, Py, H,n,¢) (Fo, Ko, H,09,01)

(ph.pa.idm)

(py.p1.idi) (va,vo,idy)

I:Fl.f{l.H.pg.pl} {F;_;.I(‘_:,.H.)\g.)\lj]

{1y, 0y, id g )

Define 6:Pp - Pp by 0(f],f2) = (vi(f{),v2(f2)) for all (f1,f2) € Pg, and y: Pk - Py, by
y(ki, k3) = (v1(ky),v5(k3)) for all (ki,k3) € P;. We can easily show that (8,y,idy) is a
morphism of 2GCM. Furthermore, we get

(pi! P1 ldH)(eJ Y, ldH) = (V{P U{; ldH)
(pé! P2, ldH)(eJ Y, ldH) = (Véﬁ Ué, ldH)

and this prove the commutativity of diagram above. The uniqueness of (6, y, idy) is shown similarly to
the previous proof.

Lemma 4.5 As a result, in the category of 2GCM, an equalizer object can be constructed using the
product and pullback objects. More precisely, in any category, the equalizer of the parallel morphisms
(6,9):T - S, is the pullback of (17,0):T - T X Sand (14,9):T - T X S.

Remark 4.6 The category of 2GCM has a zero object ({e}, {e}, {e}, id, id), where ({e},{e}, id) is the
zero object in the category of generalized crossed modules.

Theorem 4.7 The category of 2GCM is finitely complete.

Proof: Follows from Theorem 4.3, Theorem 4.4 and Lemma 4.5.

5. CONCLUSIONS

We already know that, we have the adjunction:
Homgem (¥ (R), €) = Homygem (R, 2(F)),

between the category of 2GCM and the category of generalized crossed modules, where € is a
generalized crossed module and R is a 2-generalized crossed module. As a result of this adjunction, we
can say that the functor {2 preserves limits, while ¥ preserves colimits. Consequently, all the
constructions discussed in the previous section, which are the certain cases of limits, are preserved under
the functor 2. For instance, let 7 and R be two generalized crossed modules with the same codomain
and P be the product of them. By using the adjunction above, we can say that, the product of 2GCM
N(H) and NQ(R) is 2(P). Moreover, as mentioned above, similar properties can be applied not only to
the product object, but also to all of the notions we have defined.
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